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PREFACE 


'This hook is ii continuation of, and companion volume to, Photo- 
('lasiicilj/j Volume^ 1, w hi(*h was publislHHl in 1941. Tak(‘n together these 
two books cover the theoretical prin(*iples and laboratory procedures of 
mod(u*n photoelasticity. 8(4ect(Hl applications to pra(d-ical ju'obkms of 
str(\ss con(*(‘ntration an^ also included. 

Th(‘ six-y(‘ar interval between the publication of the two volumes 
was not witiiout. luaK'fit. In s])it(^ of the int(‘rruptions caused by the 
war, som(‘ iu‘W work was done during this period in this country’ which 
is incorporat(‘d in the pr(^s(mt volume. This includes sev(*ral iiit(T- 
(‘sting d(W'(‘loi)m(‘nts in thr(HMlim(‘nsionaI photoelasticity, su(*h as 
the a])i)lications of oblicpu^ incidcaice to Saint V^cmant torsion and to 
tlu' s(‘i)a.ration of i)rincipa.I stresses, the application of the? rotational 
(4’f(‘ct to bending stresses, the studies in thrc'e-dimc'nsional stress 
(*on(*ent rations, and progi’c^ss in threcMlimensional techniejues. Im- 
])rovem('iit.s have also b(‘(ai made in the numerical solution of Laplace’s 
(‘([nation. The most im[)()rtant single achiev(‘ment is no doubt the very 
r(*cent announcement by the West.inghous(‘ R.(‘seai’(*h Lal)oratories of a 
iKwv material, known as Fosterite, especiiilly suitable for three-dimen¬ 
sional pli()to('lasticity. ddiis is a contribution of far-rciaching import¬ 
ance. It. will stand out as a landmark in the history of the optical 
method of stress analysis. When Fosterite becomes commercially 
a\'ailable, th(‘ scope and pow er of three-dimensional phot-oelast icily will 
b(‘ vastly incr(*as(‘d. Fosterite is essentially free of time stress(‘s and 
hns aheady b(‘en successfully cast into cylindcTS 80 in. long and (> in. in 
diamet(*r. Although there still are difficulti(‘S to be ovc'n^ome, one can 
(‘11 visage tJi(‘ time when it will be possible to study photoelasti(rally 
c()mj)licat(xl machine parts such as pistons, camshafts, and even crank¬ 
shafts. 

The book consists of fourteen (chapters and an appendix, w4ii(;h may be 
divid(‘d into thr(‘e parts. The first part, comprising the first six chap¬ 
ters, is intended as a bri(if introduction to the tluroiy of elasticity for 
engineers. Although photoelasticity is an experimental method of 

‘ lu)r(‘ign work done during this [period has not come to the authoFs attention, 
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stress analysis, its effective utilization requires an understanding of the 
fundamentals of tlie tlieory of (‘lastieity. Also, in this part, the ap¬ 
plicability of phot()elasli(* n^sults to structural materials is considered. 
Th(‘ basic (juestion of th(^ influ(‘n(*(‘ of tlu* matei’ial on tlu' state of str(‘ss 
is here examined, and it is sliown tlial, for j)ravtical purpose's, this slate 
is independent of the elastic constants. 

A pai’allel study of a ratlu'r large' numbe'r e)f i)roble'ms is made f)e)th 
mathe'inatically and ])liotoelastically. '^riie? two se'ts of I’e'siilts are 
presemte'd sielc' l)y side* in the' fe)rm of comparative st re'ss patterns. Th('S(^ 
paralbl studie's sliould e-eait ribute' much tej the be'tt.e'r unele'rstanding e)f 
be)th phot.oelasticity and tlu' tlu'ory of ('lastie*itv. In addition, there are 
presente'd din'd e'onqnirisons Ix'twe'e'U tlu' re'sults from steel and alumi¬ 
num with those from Bake lite and Ce'lluloid. 

A s])(‘(*ial effort has be(‘n made'to a.tta.in clarity and simplie*ity. d'he 
arrange'me'iit of tlie toi)ics (lifters sonu'wliat/ from that traditionally 
followe'd in works on e'la-sti(‘ity. It is hojX'd that tliis ih'w arraiige'iTU'nt 
will re'sult in a. gn'ate'r mea-sure' of unity, "riu'ore't ical topics are't n'ate'd 
with more' than usual mathe'inatica.I de'tail. Oih' full chapter is thus 
d(^vot(‘d to (‘ach of the' thi‘e'(' to])ie*s: the se'ini-intinite^ ])late, the we'dge', 
and the' disk. 

(liapte'i’s 7, 8, and 9 constitute' the^ see'ond ])art of the' book. In 
tlu'se chapte'rs we conside'r ine'thods for de'te'rmining the sums of the' 
principal stre\ss(*s at isolate'd point-s, as we'll a.s (*e)m])l(^t(^ isopae'hic patterns 
in two-dirneaisional proble'ins beyond those' tre'ate'd in Volume' 1. 

Chapte'is 8 and 9 are', jK'ihaps, of s])(‘cial inte're'st. d'hey contain a 
systemiatic tre'atme'nt, of the' nunie*ri(*al ine'thods for the solution of 
Jja])lac(^’s ('(Illation. 9 he'se^ ine'thods have' in rece'nt ye'ars bex'H much 
improvexl and appe'ar iire'lerable' to most othe'r ine'thods in the geiu'ral 
liroblem of de'te'rmining isofiachie*. ])a,tt('rns. In addition, the numerical 
solution of J.a|)la(*(‘’s eeiuation finds many apiilications in othea* fie'lds 
of ('iigine'e'ring and ])hysics, sueii as he'at transfe'r, e'le'ct ricity, hydro¬ 
dynamics, and ('lasticity. k'or comple'te'iu'ss the the'ory of conformal 
t ransformations and its use's in the' numerical solution of Laplace’s 
('(Illation ai(' tre'ate'd in (iiapte'r 9. 

Tlie last five chapte'rs, i.e., (iiapte'rs 10-14 inclusive, and the ap- 
jK'udix, make iqi the tliird part of this volume. This part is devotod to 
the theory, tee*hnieiue, and a])])lie*ations of threH'-dimensional photo- 
('lasticity. Here' are' include'd a lU'W de'inonsti’ation of the goneral sti-ess- 
eiptic law in thive dimensions which is made possible by the develeip- 
ment of the frozen stre'ss pattern, a discussion of laborateiry technieiue, 
the theory and some' applications of oblieiue ine'iek'iice', studies in stress 
e'oncentrat ions including a correlat ie^n with result s from fatigue tests 
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and strain measurements, an exposition of the method of scattered light, 
and a description of Fosterite. 

Unfortunately, space did not permit a treatment of many applied 
phases of phot^oelasticity. We were thus (*omp('lled to omit the iiiUirest- 
ing applications to structural problems and most of the material on 
stress concentrations. 

Some material in tliis book a]ip(\‘i!-s in print for tlie first time. To 
these topics belong all the conn)ai*a1 ive stress patterns, a good many 
aspects of the numerical solution of Laplace’s ecpiation, the demonstra¬ 
tion of the stress-optic law in Chapter 10, and the appendix on the new 
material. 

Much work remains to be done. The possi))iliti(\s in th(‘ metliods of 
scattered and convergent light are still to be explored. The rotational 
effects need further investigation. CreatcT (efforts must be made to 
ap]}ly i)hotoelasticity to dynamical and impacd. probIcans and also to 
fluid flow. The ('xbmsion of th(‘ optical irndhod into the fi(dd of plas¬ 
ticity is one of the challenging tasks for the futiin^. Th(\s(^ are but a few 
of the problems Indore us. In addition, tlu're Jire numei'ous practi(‘al 
problems that can bo solved with present-da}^ methods and mat(a*ials. 

There remains the pkaisant task of acknowk^dging the assistance 
which the author geruTously nnaaved from his colleagues and friends. 
J)r. D. C. Drucker n^ad all the matca-ial on threcMlimcaisiorial photo¬ 
elasticity and made many important coiTections and sugg(^stions. Idle 
introduction to the theory of elasticity was read by Dr. D. Moskovitz, 
Dr. K. Sailxd, and Dr. E. St(‘rnb(a’g, all of whom mad(‘ vaduable 
suggestions. 

Early drafts of Chapters 8 and 9 on th(' numeri(‘al solution of Laplace’s 
ecpiations were also read by Dr. T. L. Smith and Dr. D. Moskovitz. 
The author has also had valuable convcasal ions with J.)r. L. 11. Donnell. 
To all thes(^ he exprc^sses his deep appr(*ciation. 

The author has fr(H‘ly drawn upon numerous put)li(^ations and books, 
reference to which is made in the footnotes. In particular h(^ drew 
upon the invcistigations by J^ruc.ker, Mindlin, and W’elku*. Jle also 
(k^rived gn^at beru^fit from the Theory of Kldsticitij by S. Timoshenko, 
and the Theory of Elasticity by K. V. Southw(‘ll. 

The author’s work was sponsored by the C>arnegie Institutes of Tech¬ 
nology and carried out in its Photoelastic Laboratory. In theses investi¬ 
gations he was assisted by M. M. Leven and J. R. McDowell, who made 
most valuable contributions. Mr. A. C. Otto assisted in preparing the 
tables for Chapter 8. The author also wishes to thank all those who 
helped in the reaeling of thei pre:)of anel in the ('hecking of the drawings, 
and in particular Dr. Le Van Griffis for providing much of this help. 
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The author deems it a pleasure to record his indebtedness to Messrs. 
R. E. Peterson and M. M. Leven from the Westinghousc Research 
Laboratories for making available to him the data, curves, and stress 
patterns on Fosterite which appear in the Appendix. 

Finally, the author wishes to thank his wife, not only for editorial 
and secretarial assistance, but perhaps even more for the patience 
shown during the years required to bring the manuseriyA to completion. 

Max Mauk Frocht 
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CHAPTER I 


THE COMPATIBILITY EQUATION AND ELEMENTARY 
STRESS FUNCTIONS IN TWO DIMENSIONS 

PART I THE COMPATIBILITY EQUATION AND THE 
STRESS FUNCTION 

§1.1 Introduction. In the first several chapters of this book we treat 
some problems of the mathematical theory of elasticity which are of 
immediate int.cin^st to photoelasticdans. Although photoelasticity is an 
experimental method of stress analysis the interpretations of the stress 
data obtained from the p()laiis(M)pe ti*e(iuently rest on propositions and 
relations developed in the theory of elasticity. 




I'Ki. 1.1 Sketches Showing Rigid Body xMotions. (a) Pure tnuLslation; (6) pure 

rotation; (r) plane motion. 

This theoiy concerns itself with basic relations between stresses and 
strains, and the loads whhdi produce them. The concept of strain is 
derived from tliat of deformation, which in tui-n is associated with the 
dis))la(aments of points. Hert? we must distingtiish between rigid-body 
dis])lacern('nts and the displacements which give rise tx) deformations 
and strains. 

In rigid-body motions the shape and size i*emain unchanged. The 
distances betwt'en any t wo points in a body stay unaltered, and so do 
the angles between any two lines. Fig. 1.1 shows the three basic types 
of plane rigid-body motions, i.e., pure translation, pure rotation, and 
their combination (general plane motion). These are motions of fic- 

1 




2 


COMPATIBTTJTY EQUATION 


Chap. I 


titious bodies which remain free from all stress and strain. Rigid-body 
motions are treated in dynamics. 

The theory of elasticity deals with displac^ements resulting in defor¬ 
mations. Here, tlu^ shape, size, distances between points, and angles 
between lines always change, although in metals tlu^ changes in the 
dimensions may at times be extremely difficult to measure. Bars in 
tension, beams in bending, shafts in torsion are simple examples of 
strained or d(‘formed bodies. 

The s(^ope of the theory of elasticity is generally confined to homoge¬ 
neous isotropic bodies in the elastic range where Hooke’s law holds. In 
this range thei'e is complete rec.overy of stress and defoi-mation when the 
loads are removed. Deformations beyond the eleastic range are t reated 
in the theory of plasticity. 

§1.2 Components of Strain in Rectangular Coordinates. Fig. 1.2 
shows a section of a strained body and a set of fixed refc'reiicc' axes OX 
and OY. Consider now the two intersecting sti’aight lines OA and OR, 
which, before the loads are applied, coincide with the (‘.oordinat(> ax(^s. 
The application of the loads will cause points 0, /I, and B to be dis¬ 
placed to new positions O', A \ and R' and the right angle AOB to changes 
to an angle A'O^B^ The displacement of a point will be ix'presented by 
three rectangular components w, v, w paralh'l res])(u*tively to the A", 1^, 
and Z ax(is. These displacements will be assumed to be continuous 
functions of the coordinates .r, ;//, zA Limiting ourselves to two dimerj- 
sions, let u, v denote the displacennmts of the origin O. Th(i components 
fiay Vay Uhy Vb of the displacements at A and R respectivc'ly arci then given 

by 

du 

Ua — II A - (fJC, 

Ox 

Ov 

Va = V + — d.r, 


Ub « + — <lu, 


dv , 

= »’ + — ffy, 

* It is further assumed that, the ])artial <lenvativ<*s of th(\s(* displaeements with 
n^speet to the coordinates are small, in the si'iist^ that all higher powers of th(\se 
derivatives may be neglected in comparison with tht'ir first powers. This is usually 
referred to as the assumption of infinitesimal deformation.s. 
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Further, remembering that A^x and A 62 are small angles, we have 


tan A^i = A^i = 


'dx 

dv 

dx 

approximately, 

tan Afla = M 2 = 


)± 

'dy 

du 

approximately. 


Hence, the shear strain yxy at the origin O, which is defined as t he angular 
change in the right angle AOB (§1.18, Vol. I), is 


7., = Ae,+ Ae. = - + 


( 1 . 2 ) 


In general in three-dimensional problems there ai-e six components of 
strain which are given by 


du 


dv 


div 


* dx " dy dz 

du dv du dw dv dw 

y^y ^ IT 7x2 = — + — > 7i/2 ~ • 

dy dx dz dx dz dy 


In two-dimensional or plane problems two states are distinguished: 
plane strain and plane stress. Plane strain is defined as a st ate of strain 
in which the displacements u and v are functions of x and y alone and 
the displacement w vanish(\s. The strain components e., 7 ^^, and jyz 
therefore vanish, leaving only 


€x = 


du 


€/y 


du _ du du 


The stress components resulting from plane stiain an* cr^, o-,^, o-,, and 
Txyj all of which are functions of x and y only. 

An essential characteristic of the state of plane strain thus lies in the 
fact that vanishes but the corresponding stress Oz does not vanish. 

Plane vstress, on the other hand, is defined as the state of stress in which 
(Tz = Txz = Tj,z = 0. 

This means that the existing stresses are all parallel to the plane. 
The stress components (Ty, and Txy will in general be functions of 
the coordinates x, y, z. However, in very thin plates the stresses may 
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be treated as functions of x and y only, i.e., as constant across the thick¬ 
ness at each point. ^ 

§1.3 Components of Strain in Polar Coordinates. Let ABCD, Fig. 
1.3, represent the position of an unstrained element, and lei A'B'C'D' be 
the position of the same element after deformation. We denote the 
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radial and tang(*ntial displactanents of point A by u and /> respectively, 
and t he coi-responding st rains by Cr and ee. The shear strain we denot e 
by yr 0 . By inspect ion w(^ have 

A'B” = dr + -dr. 

dr 

Hence the deformation in the radial direction is 

A'n" ~ AH = 8, = -dr, 
dr 


and the expnission for tlu' radial strain b(‘coines 

( 1 . 

^ Filon introduced the concept of generalized plane stress in which the mean 
stresses across the tliickness replace the actual stresses. The mean stresses can be 
shown to satisfy the differential ecjuations of (Kiuilibrium and other basic relations. 
See Treatise on FhotoelasHcity by Cbker and Filon, §2.23. 


Or dU 

dr “ ar ‘ 
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In order to obtain the expression for the tangential strain we observe 
that the element AD has a twofold deformation: one due to the displace¬ 
ment in the radial direction and the other due to tangential displace¬ 
ments. Thus let the arc AD first be displaced in the radial direction to 
the position EF. Its length would then be (r + u) dd. Next let us 
displace the element EF to the position A'D". The length ED" 
would then be 

ED" = {r + u) de + V + ^de. 

dd 

The tangential deformation 8 ^ in the length AD is then given by 

dv 

3 ^ = (t A" dd V ~\—-dd — T dd — V 

dd 

dv 

= udS - do 


and the tangential strain ej becomes 


Sg _ *f , 
rd9 r ^ r 30 


(1.4) 


We thus see that the strain in the tangential direction is a function not 
only of the tangential displacement v but also of the radial displacement 
u. 

Lastly we determine the shear strain yre, that is the angular change in 
the right angle at A'. This angle is made up of two parts: yi which 
represents the angle betw(!(!n the side A'B' and the radial line through 
A', and 72 which is the angle between the side and t he t angent Ta> 
to the circle at A'. Wo draw an auxiliary line A'B" through point A' 
parallel to the side AB and denote the angh; between it and the radial line 
through A' by (8. Tliis angle represents the rigid-body rotation of the 
element as a whole. 

Let 

7i -f- 0 = a. 


From Fig. 1.3 we have, considering a a small angle, 


tana = a 


B"B' 

B"A' 



^ > approximately. 


Similarly 


tan j3 = /3 = -» 
r 
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whence 


Further, in the limit 


dv V 

Ti = r-- 

dr r 


GD' 

= tan 72 = 72- 


( 1 . 6 ) 


But the limiting value of GD' is (du/dd) dO, and for purposes of division 
GA' may be taken as r dd, approximately. Hence 

GD' 

GA' 


y /du \ 1 


and 


du \ • X 1 

72 = approximately. 


( 1 . 6 ) 


The value of the shear strain is thus 
lire = 71+72 


- ^ 1 

00 r ^ ar r 


(1.7) 


§1.4 The Compatibility Equation in Terms of Rectangular Strain 
Components. In §§1.18 and 1.19, Vol. I, it was shown that given 
tyy and yxy it is possible to calculate the linear strain in any arbitrary 
direction, as well as ye, the angular change between any two perpendicu¬ 
lar lines, or for that matter the angular change between any two lines. 
However, in those articles the components of strain were treated as if 
they were independent quantities. That they are not independent can 
be seen both from physical and from mathematical considerations. If a 
body be thought of as consisting of small cubes, these cubes will be 
deformed in shape and size but they must fit together if the body has not 
failed by rupture. The components of the strain must therefore be inter¬ 
related. Considered mathematically the problem can be stated thus. 
In plane strain problems there are three strain components e^;, ty, 
yxy related to u and v by the expressions 


= 


du 

dx 



du dv 

7xj/ = T f" 

dy dx 


It is clear therefore that a particular set of u and v functions determines 
not only and ^y but also the shear strain yxy 
In order to obtain the specific relations between the strain components 
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we form 

Thus^ 

Adding) we obtain 


d^€x 

dy^ dx^ dx dy 


d^€x 



dx dy^ 

1 

561 

^ 1 



dx^ dy 


^Ixy 

d^u 

d^v 

1 

dx dy 

dx dy^ 

dx^ dy 


, 



^ dx^ ' 

dx dy 


( 1 . 8 ) 


This equation is known as the compatibility or continuity equation. It 
marks the essential difference between the elementary methods used 
in calculating nominal stresses and the rigorous methods of the mathe¬ 
matical theory of elasticity. In the first instance a simple distribution 
of the stress is assumed and the analysis is based exclusively upon the 
laws of equilibrium; in the second instance the solution rests not only 
on the laws of statics but also on the compatibility equation. Here the 
distribution of the stress is not assumed but is determined analytically 
§1.6 The Compatibility Equation in Terms of Rectangular Stress 
Components, (a) Plane Stress. In §1.2 we dc^fiiUKl plane stress as a 
state of stress in which ag = 0. The equations of Hooke's Law for this 
case are 

1 

^ {(Tx - r<7y), {a) 

^ K(1.36), Vol. I] 

= ~ {<Ty rcrx)y (?>) 


2(1 + p) 


[(1.41), Vol. 11 


^ We assume that all functions used are continuous functions and that they have 
continuous partial derivatives of sufficiently luRh order to insure that all partial 
derivatives used are independent of the order of differentiation. These conditions 
will be satisfied if the functions are analytic. 

^ It can be shown that the average strains as.sociated with (he state of generalized 
plane stress are also characterized by eq. (1.8). See Treatifie on Photoelasticity by 
C>)ker and Filon, §3.23. It should l)e noted that eep (1.8) is independent of it 
is valid whether is z(to or not. 
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Substituting these expressions in eq. (1.8), the continuity equation from 
the preceding article, and multiplying by E we have 

^ {ax — v(Ty) + ^ (<^ 1 / — vax) = 2(1 + v) 
dy~ dx~ “ dx dy 


or 


d^(Jx 

dy"^ 


+ 


S-''(^ + S) = 2(l + r)^. (1.9) 

dx^ \dx- dy- f Bxdy 


Further, from the equations of eciuilibrium 


dffx 

dx 


+ 




+ Xt = 0, 


^" + ^ + n = o, 

dy dx 

it follows from differentiation and addition that 

d-<Tx d'^Txu <9V„ dXu dYb 


dy 

[(2.5), Vol. H 
[(2.6), Vol. I] 


dx dy ' dy^ ' dx ‘ dy 


( 1 . 10 ) 


whence 


„ {9Xb dYb\ 


Substituting tlu; last ex])r(!Ssion for 2{d-Txy/dx dy) in eq. (1.9) we obtain 
d-a 

/ dXb dYi 

V dx 




whence 


d^a 


dx'^ dx^ 


^ _4_ ^ I n 4- ^ J- /I io\ 


or 



(tTx + a„) = — (1 + v) 


/dXb ^ drb\ 
\»x ''' dy)' 


(1.13) 


This is the compatibility equation for plane stress for general body forces 
Xby Vb‘ When the body forces arc constant or absent this equation 
reduces to 


/a^ 02\ 


(1.14a) 
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Recalling that at a given point [see eq. (1.9), Vol. I] 


+ o-y = P + g = S, a constant, 


we may write the last equation as 


dx^ dy^ 


- 0, 


(1.146) 


i.e., the sum of the principal stresses satisfies Laplace's equation. 

(6) Plane Strain. In §1.2 we defined plane strain as a state of strain 
in which Cg = 0, that is, a plane transverse to the longitudinal axis of the 
body, the Z axis, remains a plane. Since 

cz = ~ l<Tz - + ay)i [(1.35c), Vol. I] 


it follows that for plane strain 

(Tz = v{ax + Oy). (1.15) 

The expressions for €x and ty given by eq. (1.35), Vol. I, then become 


1 “h p 

«* = ••• 1(1 - - wj, 


«„ = " 4 "-*' ((1 - v)(r„ — vffx]. 


E 


( 1 . 10 ) 

(1.17) 


Substituting these in eq. (1.8) and replacing yxy by [2(1 + v)Txy]IE and 
2 {d^Txy/dx dy) by the expression from eq. (1.11) we obtain upon simpli¬ 
fication 


/a"* a2\ 

(5? + VV*'’' 


+ O-y) 


1 /OATb an\ 

1 - V \ Ox ay / 


(1.18) 


Comparison of eqs. (1.13) and (1.18) shows that, when body forces 
are absent or constant, the compatibility equation for plane stress is 
identical with that for plane strain. 


§1.6 Boundary Conditions. The equations of equilibrium [eqs. 
(2.7), (2.8) of Vol. IJ express the relation between the stresses acting on a 
small rectangular element free of body forces. At a boundary an element 
which includes a portion of the boundary among its faces is generally not 
rectangular, and the relations must be modified to take into account the 
shape of the boundary and the surface forces acting upon it. Equilib¬ 
rium must exist between the stresses acting on the internal faces of the 
element and the surface forces or tractions acting on the outside face. 
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Consider, for example, the prismatic element ABC^ Figs. 1.4(a) and 
(6), in which X and Y represent the average components of the surface 
forces on CB. Neglecting infinitesimals of higher order, a small curved 
segment CB may be tn^ated as a straight line, regardless of the curvature 
at the boundary. 



Summing forces in th(» A" and F direct ions, respectively, and neglecting 
body forces, wc have 

Xt ds — (Txt ds cos ax — Txyt ds cos Uy = 0, (1-19) 

Y^t d«s ““ (Tyt ds cos ay "^xy^ ds cos ax — 0, (1.20) 


in which t is the thickness of the prism perpendicular to the plane of the 
paper and the angles ax and ay are as shown in Fig. 1.4. Simplifying and 
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replacing cos a* and cos ay by I and ni respectively, we get 

X — tCx "b ^Txyy (®) 

F = jrUTy + l-Txy (b) 

These equations express the boundary conditions necessary for equilib¬ 
rium. When the boundary is rectangular we take the coordinate axes 
parallel to the sides of the rectangle and th(‘reby simplify materially 
eqs. (1.21). 

Thus, at a point, such as on the vertical edges. Fig. 1.4(c), I = 1, 
m = 0, and the above equations reduce to 

X = (Txy r = Tj,y. (1.22a) 

Similarly at a point B on the horizontal (jdges 

X == Txyy y = (Ty. (1.226) 

This means that for equilibrium tlu; surfa(^e forces per unit area must in 
this case coincide with the stresses at, th(i boundary. It is to be noted 
that eqs. (1.21) remain valid even when body fon^es are present. 

§1.7 The Airy Stress Components and the Stress Function, (a) 
Cartesian Coordinates. Let 0(a:, y) be an arbitrary function^ of the 
coordinates (x, y). Direct substitution in the ecjuations of equilibrium 
below. 



dy ' 


dy 


dr^ 

dx 


- pg 


0 , 


[(2.7), Vol. I] 
[(2.(i), Vol. I] 


which contain the weight —p(jy as the only l)ody forego, shows that they 
can be satisfied by a system of sti*ess components Cx, (Ty, Txy, formed in 
the following manner:^ 

a2<j> ^ 

^ («) 

0-.,=^’ (6) [(1.23) 


+ 99X- 


^ See footnote, p. 13. 


2 It can be shown that eqs. (1.23) are in n^ality the general solution of the ecjuatioiih 
of equilibrium for the plane problem, S(v Theory of FAasticity by H. V. Southwell, 
§4.02, Oxford University Press, 
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Thus, substituting the above stress components into eq. (2.7), Vol. I, 
we obtain 


dx 




= 0 , 


or 


a'V 

dx dy* dx dy^ 


which is obviously true. In like manner it can be verified that eq. 
(2.6), Vol. T, is satisfied. 

There is thus no difficulty in satisfying the laws of statics at each 
internal point. An infinite variety of rectangular stress components can 
be found, all of whic^h would be in equilibrium. However, in addition 
to satisfying the laws of statics, which is automatically effected by eqs. 
(1.23), the stresses o-j., and Tj.y must also fit the compatibility ecpiation 

(£2 + £ 2 ) (<^x + <ry) = 0, (1.14a) 


as well as t he boundary condit ions given by eqs. (1.21). The last require¬ 
ment s furnish the greatest mathematical difficulties in the solution of 
problems by the theory of elasticity. 

The function </>, from which the stresses are formed, is called the Airy 
stress function^ or briefly the stress function^ named after Professor Airy,^ 
who was the first, to suggest this approach. 

(6) Polar Coordinates. In a similar manner we find that, neglecting 
body forces, the eejuations of (equilibrium in polar coordinates, i.e.. 


dar 
r — 
dr 


+ {<Tr — (To) + = 0 , 


dae dTre 

— + r— + 2Tre = 0, 

dO dr 


[(2.9), Vol. I] 
[(2.10), Vol. I] 


are satisfied if the stress components are chosem as follows: 


1 94) 1 a=*4) 

“ rdr 90"’ 


(o) 

9"4> 

dr^ 


H) 

1 d<|> 1 d^(|> d 1 

~ r" 90 r 9r 90 ~ ar' 

U »/ 

(c) 


(1.24) 


^ See G. B. Airy, British Assoc. Adv. Sci. Rept.^ 1862. 
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It is left to the reader to show that this is true. Eqs. (1.23) and (1.24) 
represent basic steps in the mathematical solution of a stress problem. 

§1.8 The Compatibility Equation in Terms of the Stress Function, 
(a) Cartesian Coordinates. The compatibility eq. (1.14a) can now be 
readily expressed in terms of the stress function. 

Thus, if, in the equation below, 

/ 


we replace and Cy by d^<()/dy^ and d^<t>/dx^ respectively, which are their 
values in terms of the stress function <^, eqs. (1.23), we obtain 



A more condensed way of writing this is 

V^<|> = 0 (1.26) 

in which V^</> is read del^ <t>. 

(6) Polar Coordinates. Among the most useful stress functions are 
those given in polar coordinates. We therefore' proceed to transform the 
expression (1.26) into the corresponding polar coordinate form. 

The basic relations between the two sets of coordinates. Fig. 1.6(a), 
are furnished by 

7^ = + (1.27) 

tan « = - (1.28) 

X 

or 

y 

0 = arc tan - • 

X 

From these, as well as from inspection of Fig. 1.5(6), it follows that 


dr 

— = cos 0, 
dx 

(1.29) 

dr . 

— = sinO. 
dy 

(1.30) 


From Fig. 1.5(c) we note that, if x be given a positive increment Ax, the 
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radial line OA turns clockwise, making AS negative, 
that 


whence 


r M 
Ax 

dx 


—sin 6, 


sin d 
r 


We further note 


(1.31) 




Similarly, if ij be given a positive increment Ay, the radial line turns 
counterclockwise, and Ad is theix^fore positive. Fig. 1.5(c), and 


whence 


r AS 
Ay 


cos 


dd cos d 
dy r 


(1.32) 


These expressions also follow directly from eqs. (1.27) and (1.28) by 
different iat ion. 

Treating 0 as a function of r and d we recall that 


a</> 

dx 


d<j> dr d(j) dd 
dr dx dd dx 


(1.33) 


which in terms of the expressions obtaiiK'd above becomes 


d<t> 

dx 


d<l> 

= — cos d 
dr 


sin d 

Td ~r 




By analogy 

d<l}i d(f>i d<t>i sin 6 

-= -cos 6 -- 

dx dr dd r 


(1.34) 


(1.35) 
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Remembering that r and B are independent variables, i.e., dB/dr 
dr/dB = 0, we have 


d<t>i d /d<l> d4> sm 

= — = cos B — I — cos B --- I 

dx dr \ dr dB r / 


/ dfi) d4> sm 

( — cos B -) 

\ dr dB T / 


r d^<t> ( d<t) sin B s 

= cos B] cos 0 —2 ~ I-— -j- + - 

L dr \ dB r 

sin er d<l) . d^<l> \ /d4> 

r L dr dr dd r \ dd 


sin d d 
r dd 

sin d d^<t> 
r dB dr 

d^<l> 


)] 


COS B + sin d 




Hence 


d^0 o d^<t> ^ sin d COS d d</> sin d cos d d'^d> 


— COS d —^ “I- 2 ■ 


dx^ “ d>^ 


(W 


- 2 


dd dr 


We next write 


sin^ d d(f> sin^ d d^0 
r dr~^ r'^ dB'^ 


d<t> d<t) dr d<l) dB 

dr dy dB dy 

d<j) , d(f) COS d 

= — sin B -== (ho. 

dr dB r 


Therefore 


d^<j) 


__ ^ 

dy^ dy 

Differentiating and simplifying we obtain 


d<f >2 . d<t >2 cos B 

-sm 6 H-- 

dr dB r 


(1.36) 

(1.37) 

(1.38) 

(1.39) 




sin d cos d d^</> 


dy" 


dr^ 


cos*^ d d0 

H- — + 2 

r dr r 


dB r 

cos^ d d^(t> 

^ ’ 


dd dr 


By addition of (1.36) and (1.40) we get 


a2<j) a2<t> 10<|) 1 

- „ , + _ . + ^2 302 ' 


dx^ ^ ar^ ' r ar 


Thus the compatibility equation may be written either as 

/a^ , an/a^d, , ^ 


(1.40) 


(1.41) 


/■I rtr _\ 
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or in terms of polar coordinates as 


i 1 4 . A 4 . i , A 

\0r^ ^ r dr ^ d0^/\dr^ ^ r dr ^ dd^J 


= 0 , 


which can also be written as 


0^<|)i 1 d^i 0^<j>i 

dr^ ^ r dr ^r^ 06 ^ 


(1.42a) 


(1.426) 


where 


0^^ 1 0<j> 1 0^<j) 

0r^ r dr ^ r^ 00^ 


(1.42c) 


§1.9 The State of Stress in a Bar of Finite Thickness. Thus far we 
have considered the two ideal states of plane stress and plane strain, 
which can be well approximated in practice? in very thin, long bars 
subjected to axial loads, and in infinitely long cylinders under uniform 
transverse pressures along the axis, resp(?ctively. 

It is of some interest also to consider a bar of finite thickness, say 
subjected to axial tensile loads P, Fig. l.G(r/). The bisecting planes 
A-A and B-B are inherently })lanes of symmetry w4iich remain planes 
and undergo no lateral deforrntition even when the bar (‘ontains a dis¬ 
continuity, such as a central hole or slot. The total lateral defor¬ 
mation, 8, in the thickness tj may bc^ vdewed as the sum of the accumu¬ 
lated or integrated dc^formations which start at the plane .4-^4 and 
gradually build up to a value of 8, 2 for each half of the bar. 

Photoelastic experiments^ with thin slotted plates, Fig. 1.6(a), 3 in. 
by 0.1 in. in cross section, subjected to pure tension in the region sur- 
j*ounding the slot failed to reveal the presence of a transverse stress, 
cTz, i.e., a state of ])lam? stress is approximated in such plates even at the 
roots of the slot. Here then the deformation is given by the familiar 
expression 


8 = 


— vtjerx + (Ty) 

E 


vt{p + q) 


E 


f 


[1.37(c), Vol. I] 


the graph of which is clearly a straight line. Fig. 1.6(6). 

However, in thick bars wdth smalP discontinuities the state of stress 

' The photoelastie results quoted in this section are from an investigation made by 
the author for the David Taylor Model Basin of the V. 8. Navy. The author is 
indebted to Dr. D. F. Windenburg, chief physicist for the Basin, who secured per¬ 
mission to publish the findings. 

^ The state of stress in a thick plate is no doubt a function of the ratio of the critical 
<limension of the discontinuity (the radii of curvature) to the thickness of the plate. 
When these critical dimensions are larger in comparison with the thickness the three- 
<1imensional effects no doubt diminish. 
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near the discontinuity is in general three-dimensional. Experiments 
show that in such plates: 

1. The stresses and (jy, in the plane of the plate, are essentially the 
same as in similar thin plates. They have the same distribution, essen- 



Fig. 1.6 Sketches Showing Variation in the TransvtTse Dis])la(Hnnents and Str(\ss(is 

in Thick Slotti'd Plates. 


tially the same magnitudes, and are substantially constant, across the 
thickness. 

2. A transverse stress is developed which follows a curve of the 1yp(‘ 
shown in Fig. l.OCc). 

3. The sign of the transverse stress cfz is the same as the sign of the 
main longitudinal stress Uy. 

From the general Hookers Law we then have 


+ (T y) , 2 Z' 

K ^ >; Jo 


+ 0r„) , < 

+ ■ 


E 


(1.43) 
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Eq. (1.43) shows that the effect of <Tz is to reduce the lateral deforma¬ 
tion. Since (Tz is a maximum at the center of the plate it follows that 
the central core of the plate contributes least, t o this deformation, which 
is in the main due to the ext ernal layers of the bar. '^rhe graph of 5 is 
therefore as shown in Fig. 1.0 (d). The slopes of this curve represent the 
lateral strains 





(c) 

Fic. 1.7 (a) Sinii>ly C’oiiiKvlt'd Body; (h) and (r) Mu]tii)ly C'onnectod Bodies. In 

(a), line AH divides tli(‘ hody into two distinct and separate parts. In (6) and 
(c) the bodies remain unseparated by sections .1/?. 

The existeiKHi of the transvtirse stresses in thick plates has an important 
bearing on the methods which employ lateral exteiisomt'ters for the 
dtdermination of the sum of the imncipal stresses at a point. See §7.7. 

§1.10 Simply and Multiply Connected Bodies. If a plate has no hole 
it. is said to be simply connected; if it is perforated by holes it is mvltiply 
connected, A simply connected body is said to have one boundary; a 
multiply connected body has more than one boundary. Fig. 1.7 shows 
examples of sim])Iy and multiply connected bodies. In a simply con¬ 
nected body every (dosed curve can be shrunk down to a point. Tliis is 
not true in a mult iply connected body. In a simply connected body a 
section passing through any two points on the boundary cuts the body 
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into two separate pieces. Inspection of Fig. 1.7 shows that such is not 
the case in a multiply connected body. 

§1.11 The Mathematical Conditions for an Exact Solution in Two- 
Dimensional Elasticity. We can now formulate the mathematical con¬ 
ditions which an exact solution of two-dimensional stress problems must 
fulfill. The stresses must first obey the laws of statics, i.e., the differ¬ 
ential equations of equilibrium, {2.5), (2.6), (2.9), and (2.10), Vol. I. 
They must also satisfy the compatibility or continuity requirements 
given by eqs. (1.25) or (1.42). Lastly, the stresses, which necessarily 
have to be single valued, must agree with the boundary conditions 
expressed by eqs. (1.21). 

The mathematical procedure in the solution of a stress problem thus 
consists of assuming, or finding, a function <|> which satisfies the require¬ 
ments of compatibility, and to form from it the stress components by 
means of eqs. (1.23) or (1.24), which inherently satisfy the conditions of 
equilibrium. When the stresses so obtained also meet the boundary 
conditions we have obtained the required solution.^ 

Inspection shows that the only physical constant which enters into 
these equations is Poisson’s ratio v, and that it appears only in the com¬ 
patibility equation. Further, even this constant vanishes for constant 
body forces. This leads us to an observation about stress distributions 
which is of fundamental importaiuie in photoelasticity. We conclude 
that, neglecting body forces, and assuming all boundary forces to be 
given, the stress distribution in two-dimensional problems is independ¬ 
ent of the material. The ecpiations cib'd abov(^ constitute the theo¬ 
retical justification for the employment of transparent plastic or glass 
models for the study of stresses in structural materials. This conclu¬ 
sion is valid for simply connected bodies in which the boundary condi¬ 
tions are expressed in terms of stresses. In such cases single-valued 
stresses of necessity produce single-valued strains and displacements. 
It can be shown, however, that in multiply connected bodies the pos¬ 
sibility exists that the strains may be many valued even when the 
stresses are single valued; see %5.2. In such problems, not only must 
the mathematical solution satisfy the conditions stated in this article, 
but in addition the expressions for the displacements must be examined 
to see that they are single valued. The stresses in multiply connected 
bodies, in contrast to those in simply connected bodies, may be func¬ 
tions of the physical constants of the material, although the numerical 

' For a proof that this solution is unique see Theory of Elasticity by S. Timoshenko, 
§64, McGraw-Hill Book Co. 
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effect of these constants is, from a practical point of view, negligible. 

An understanding of the influence of the material on'the stress distribu¬ 
tion is of such vital importance in the optical method of stress analysis 
that further, and more direct, evidence substantiating the above con¬ 
clusion will be presented in Chapter 6, 

PART n ELEMENTARY RECTANGULAR STRESS FUNCTIONS 
Saint Venant’s Principle 

§1.12 Stress Function for Pure Tension, (^^onsider a prismatic bar 
subjected to a uniform tensile stress p, acting on the vertical planes 



Fig. 1.8 Prismatic Bar in Pure Tension. 

X = a and x = b, Fig. 1.8. We wish to find the rectangular stress sys¬ 
tem at any point within the bar. 

We assume the function 

<!>(*» y) = (1-44) 

and observe that it satisfies the compatibility equation (1.26). Thus 

^ d*<f> ^ dV 

dx* dy* dx^dy^ 

Hence 

VU = 0 . ( 1 . 26 ) 

In general, any integral power function of x and y not higher than the 
third degree will always satisfy the condition of compatibility. 

We next form the stress components a*, ay, and in accordance with 
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eqs. (1.23) on the assumption of no body forces. Thus 



(a) {b) 

Fig. 1.9 Stress Patterns of Four Struts Sei)aiate(l by Cardt)oard Oask('ts in 

Conipn'ssion. 

The stress patterns show that uniformly apjdied loads are tiansinitt(‘d as uniform 
stresses even in extremely short blocks (a) Load, P = 50.5 lb. (5) P — 30.1 lb.; 
thickness, t = 0.266 in.; inod(*l fringe value, F = 162 jisi. shear, width = 0.401 in.; 
length of blocks from top to bottom = 0.641 in., 0 320 in., 0.587 in., and 0.641 in. 

Hence, if we put C equal to the applied tension p the boundary con¬ 
ditions become satisfied. We thus see that uniform tension applied to 
the boundary is transmitted without change through a rectangular bar, 



Sec. 1.13 


STRESS FUNCTION FOR PURE BENDINCi 


23 


Fig. 1.8. The same conclusion evidently holds for compression. The 
resulting stress system is 


0-* = p, 

(a)' 

<r„ = 0, 

(b) 

Txy = 0. 

(c)J 


The conclusion regarding the state of stress produced by pure tensile 
or compressive for(*es acting on a prismatic bar is clearly corroborated by 
the photoelastic stress patterns shown in Fig. 1.9. It is seen that even in 
very short blocks the state of stress produced by uniformly distributed 
loads is one of pure compression, 

§1.13 Stress Function for Pure Bending. Consider next a prismatic 
bar, Fig. 1.10, bent only by two couples M formed by longitudinal 
boundary stresses in which k is a constant and y is the distance 

from the axis of the bar to the stressed point. The state of stress pro¬ 
duced by a constant bending moment is generally defined as pure bend¬ 
ing. 



In order to find the true state c)f stress in this bar, we choose 


<t>(x.y) = 


(1.4(1) 


It can b(* easily verified that the function 0(.r, y) satisfu's the compatibil¬ 
ity equation V^<j> = 0. We now form the Airy stress components 

dr 

d^(l> 


(Tu == 


dx 


= Cy, 

2 0 , 


"Txv — 


d^(t> 
dx dy 


= 0 . 
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In order to satisfy the boundary conditions, we put C = k, so that 

>{IA7) 


q 

H 

II 

(a)' 

<Ty = 0, 

(b) 

6 

II 

H 

h 



Since the stresses do not depend upon x it means that all transverse sec¬ 
tions are subjected to identical systems of stresses. The solution further 
shows that these stresses follow exactly the same linear distribution as 
the applied forces. They are positive or tensile in the' uj)per fibers where 
y is positive and negative or compressive in the lower fibers where y is 
negative. In every transverse section the points on the line through the 
centroid parallel to the Z axis are free from stresses, and these points 
form the neutral axis. As in pure tension, the applied boundary trac- 
Hons are here also transmitted without change. 

In order to identify this solution with that from the elemc^ntaiy beam 
theory, we take moments about the neutral axis. The bending moment 
is then given by 

M = J yox dA = k J* y^ dA = kl^ 


in which / is the moment of inertia of the area of a transverse section 
about the neutral axis. The const ant, k is then given by 



and therefore 



which is the well-known flexure formula deprived in first courses of 
strength of mat erials. 11 follows that, for beams of uniform cross section 
in pure bending, the solution from the elementary beam theory agrees 
with that of the mathematical theory of elasticity. It will be shown later 
that, in beams subjected also to shear, the stresses may differ radically 
from those given by the elemcintary theory. Moreover, even in pure 
bending, the longitudinal stresses do not follow a linear law unless the 
beam is of uniform cross section. Wlien a beam has discontinuities such 
as fillets, grooves, or holes, there are pronounced deviations from this 
linear law which are characterized by high local stresses, known as stress 
concentrations. (See example 8.4, Vol. I.) 
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§1.14 Stress Function for Pure Shear. We next consider the prob¬ 
lem of pure shear, Fig. 1.11. Letting 


1 

1 

II 


(1.48) 

we find that the compatibility equation is satisfied, 
components are 

The Airy stress 

II 

p 

(o) 


d^<l> 
dx^ ~ 

ib) 

■(1.49) 

r - -c 

ax ay 

(c) 

i 




Choosing C = Txy\ the value of the applied shear stress on the boundary, 
we satisfy all the reciuirerncnts for th(? exact solution of the problem. As 
in pure tension, and pure bending, we see that also in pure shear the 
applied stresses are transmitted without change. Every rectangular 
element within the body is subjected to the same shear stresses as the 
boundaries. This conclusion has been verified experimentally by 
Tuzi.^’^. 

§1.16 Equivalent Systems. Two systems of forces are said to be 
statically equivalent if their resultants are equal. In coplanar systems 
this means that IX, SF, and SM must be the same for both systems. 

^ See “ The Effect of a Circular H<»le in the Uniform Shear Field and the Stresses 
of Stiff Frames,” by Ziro Tuzi, Institute of Physical and Chemical Researches, 
Tokyo, Japan, 11)30, or Proc. of International Congress for Metallic Structures^ Li4ge, 
September, 1930. 

^ See also Stress Distribution around a Circular Discontinuity in any Two- 
Dimensional System of Combined Stress,” by A. J. Durelli and W. M. Murray, 
Proc. of the Fourteenth Semi-Annual Eastern Photoelasticity Conference, Yale Univer¬ 
sity, December, 1941. 
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Consider, for example, the three sets of forces shown in Fig. 1.12. In 

(a) the force is assumed to be concentrated and to have a value P. In 

(b) the forces are compressive and uniformly distributed over a semi¬ 
circular groove of diameter d and thickness t and have an intensity 
P/td. In (c) the compressive forces are also distributed ov(ir a semi¬ 
circular groove, but they vary in accordance with the expression 


4P cos d 



Fig. 1.12 Three Statically Equivalent Systems. 


in which 0 is as shown. In spite of the differences in the distribution, 
the three systems are statically equivalent because their resultants are 
equal. It is left to the reader to show that this is true. 

§1.16 Saint VenanUs Principle. Saint Venanfs principle states 
that, if the forces acting on a small area be replaced by a statically 
equivalent system on the same area, the new system will only produce 
changes in the immediate vicinity of the applied loads, but that it will 
not affect the stresses at distances which are large compared with the 
linear dimensions of the area on which the boundary forces act. This 
principle rests in the main on g('nei‘al plausibility and exp(Tim(iiil.al verifi¬ 
cation, although it has been poiiih^d out that it follows from the broadcu* 
principle of conser\^ation of energy.^ 

An experimental illustration and corroboration is furnished by the disk 
of Fig. 1.13, in which the load at the top is applied through a cylindrical 
pin and the sui)port is provided by a flat bar. The distribution of the 
forces at- the to]) is therefore diffcirent from that- at- the bottom. The 
resultant- forces are, however, clearly equal so that, except for direction, 
the downward and ui)ward forces are statically equivalent. 

Inspection of the magnified portion of the stress patterns, Fig. 1.14, 
shows that in the immediate vicinity of the loads there are several dififer- 

^ See J. N. Goodier, Phil. Mag., series 7, Vol. xxiii, p. 607, 1937; also Vol. 24, 
p. 325, 1937. 
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Fig. 1.13 Illustration of Saint Venant’s Principle. 

(a) Stress pattern of a disk resting on a flat bar and compressed by means of a pin at the top. (b) Curve shoeing effect of loading 
conditions on stress distribution. Diameter of disk = 2.00 in.; thickness = 0.200 in.; load = 99 lb.; material fringe value = 43 psi. 
shear stress. 
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ences ia the stress distribution. At the pin there is a pronounced con¬ 
centrated plastic zone, while at the flat support this zone is much smaller 
and diffused. The shajx^s of the frini?(is are also different. At the pin 
the fringes are (urcular and merge with 1 he plastic zone, whereas at the 
base the fringes arc? more nearly horizontal ovals. Last ly, at the top the 
maximum fringe order is right at the pin, whereas at t lie bottom it is in 
the center of the oval, which is at some distance above the line of c.ontact 
with the bar. 

It is to be observed, however, that these differences in the stress dis¬ 
tribution are confined t-o a very small region close to the loads and that 
they rapidly die away. Thus, at points A and B dist ant 0.17) from the 
loads the stresses are the same. Except for small regions near the loads 
the stress distribut ion in the upper half is the same as in the lower half, 
as can be seen from the curves of Figs. 1.13 and 1.14. It is also to be 
noted that the restriction on the absolute equality of the areas on which 
the forces act is not altogether necessary. Th(^ result is nearly the same 
even if the areas are somewhat different, which is obviously the case in 
the disk under comnderation. 

It should, howev(T, be added that, when the differences in the areas on 
which the loads act are pronounced, the regions in which the stresses are 
dist urbed are markedly increaseid. Thus, when a bar is compressed by 
means of concentrated axial loads instead of uniformly distributed 
loads, the ratio of the length of the bar to the width must be at least 2.5 
before a state of uniform compression is developed, Fig. 1.15; whereas 
for uniformly distributed loads the bar may be extremely short. Fig. 1.9. 

The solution obtained in §1.13 for a beam bent by linearly distributed 
forces may be extended by Saint Venant's i)rin<*iple to any kind of pure 
bending, regardless of the manner in which the Ix^nding mom(mt is 
applied. From the stress pattern in Fig. 1.10 it- is seen that even when 
the couples are formed by concentrated vert ical loads the stresses become 
linear at sections fairly close to the inn(‘r pin. The validity of this 
principle in pure bending has also hvrn investigated theoretically. 
Thus, Goodier^ analyzed the stress distribution in short beams bent by 
forces on the ends of an intensity proportional to the cube of the distance 
from the neutral axis and found that linear distributions are probably 
attained at distances from the ends equal to half the depth of the beam. 
This conclusion evidently agrees with the photoelastic results from 
Fig. 1.16. 

^ See “ Compression of RectanRular Blocks and the Bending of Beams by Non- 
Linear Distributions of Bending Forces” by J. N. Goodicr, Trans, A.S.M.E.^ 
DecemV)er, 1931. 
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Lower curve folded 

un for comnarison 



0 2 4 6 8 JO 12 14 

Fringe order along 
vertical diameter 
(d) 

Fig. 1.14 Stress Patterns and Curves Illustrating Saint Venant’s Principle. 
Dimensions and loads are tin? same as in Fig. 1.13. Region near pin and flat 
surface enlarg(Hi for better comparison of sti'ess distribution. It. is seen that at 
points distant />/10 from the load the stresses become identical. 
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There are variations in the statements of Saint Venant^s principle. 
One statement is as follows: the stresses that are produced in a body by 
the application to a small part of its surface of a system of forces stati- 



(0) (h) (c) 


Fio. 1.15 Sl.niss J^attorus of Short Struts CV>inprosse(l by Moans of C/onoonlratod 
Loads, Showing that J^ure or L'niforni (^)mj)r(5s.sioii is Not Developed unless the 
Ratio of Ileiglit to Width is at Least aiwut 2.5. 

(a) Load, P ~ 112.2 lb.; thickness = 0.253 in.; width, d = 0.450 in.; height, 
h = 0.019 in.; ratio h/d = 2. 

(h) Load, P = 133 lb.; thickness = 0.253 in.; width, d — 0.522 in.; height, 
h == 1.298 in.; ratio h/d = 2.5. 

(c) Load, P ~ 98.9 lb.; thickness = 0.253 in.; width, d == 0.567 in.; height, h — 
1.699 in.; ratio h/d = 3. 



Fig. 1.16 Stre.ss Pattern of a Straight Beam Subjected to Pure Bending. 

Applied bending moment. = 50.0 Ib.-iii.; depth of beam = 0.763 in.; thickness = 
0.250 in.; distance between downward loads = 3.00 in.; distance between upward 
reactions == 4.00 in. Loads wctc applied by means of pins. 

cally equivalent to zero force and zero couple are of negligible magnitude 
at distances which are large compared with the linear dimensions of the 
area on which the forces are acting. This statement is upon reflection 
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seen to be equivalent to th(^ statement giv(^n in the beginning of this 
article. 

Saint Venanfs principle is of great value both in the mathematical 
theory of elasticity and in photoelasticity. In elasticity it enables us to 
extend the theoretical solution obtained bn’ idealized boundary forces to 
more realisti(!ally applied statically equivalent systems. In photo¬ 
elasticity, and for that matter in other ('xperimental methods of stress 
analysis, it provides a mcithod to produce (xa tain desired states of stress 
by means of simplifuid boundary stresses. 



CHAPTER 2 


RADIAL STRESSES IN THE SEMI-INFINITE PLATE 

§2.1 Radial Stresses. Notation. When a concentrated load acts on 
the straight edge of a semi-infinite plate* the stress distribution is purely 



Fig. 2.1 Sketches Showing Cont*eiitrat(?d Loads on a Semi-Infinite Plate and the 

liesuiting Radial Stresses. 


radial, Fig. 2.1. One of the principal stresses vanishes, and the other, 
which may be a tension or compression, acts along the radial line r 
connecting the stressed point with the point of application of the load. 

^ A semi-infinite plate will be defined as any portion of an infinite plate separated 
from it by a transverse plane section, Fig. 2.1(a). 
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The general expression for these strasses is 


(Tr = 


A cos B 

-I 

r 


( 2 . 1 ) 


in which B and r are polar coordinates, and .4 is a constant. 

Throughout this chapter we have consistently followed the simple rule 
of placing the origin of the coordinate system at the point of application 
of the load and choosing the direction of the X axis parallel to that of the 
load. The positive branch of this axis is taken into the body of the plate 
and the positive branch of the Y axis 90^ counterclockwise from it, 
Fig. 2.1. The angle 6 is a directed angle and is always measured from 
the positive branch of the X axis to the radius vector r connecting the 
stressed point with the origin. The usual convention of treating the 
angle as positive when it is counterclockwise is followed. The sign of a 
conceiiti*ated force will be takcm as positive if its direction is the same as 
that of the positive branch of the axis, so that a normal force, for 
('xample, which produces compressiv^e stresses will be called positive, 
Fig. 2.1. In this chapter only positive (concentrated loads are treated, 
although t he results are ecpially apjdicable to negative forces. 

Wh(ui boundary forces are distributed they are generally specified by 
their intensities, that is, by the load per unit area of external surface or 
per unit, lengt h. The int (uisit i(is of ext ernal boundary loading, t herefore, 
have all the characteristics of internal stresses and mast coincide in 
magnitude and dirccction with these stresses as the latter approach the 
boundary. It would, therefore, seem convenient and proper to speak of 
intensities of distributed loads as external or boundary stresses. A more 
convent ional terminology, however, is traction, or interiidty of boundary 
loading. 

Since it is generally agreed to treat compressive stresses as negative and 
tensions as positive not only in the interior of a body but also at the 
boundaries, it follows that the sign of a system of distributed boundary 
forces or tractions is opposite to the sign of their resultant. For example, 
in Fig. 2.2 the boundary forces on the semicircular groove are negative 
because they are compressive, but their resultant will be treated as a 
positive (luantity because its direction is the same as that of the positive 
branch of the X axis. 

A state of radial stress exists also in wedges when the loads act at the 
apexes. Those problems will be treated in the next chapter. Here we 
will discuss only the basic cases arising in connection with the semi- 
infinite plate, and we will treat these both theoretically and photo- 
elastically. 
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§2.2 Stresses Produced by a Concentrated Load Acting on Edge of 
a Semi-Infinite Plate. Flamant’s Solution.^ I'ig. 2.2 shows a portion 



Fkj. 2.2 Sketch Sliowiiijz; boundary Forces 
on a Semicircular (Jroove of a Semi- 
Infinite Platci Distril)Ut(Hl Acc^ording lo 
Eq. (2.2). 

These boundary forces arc staticrally 
equivalent to a normal concH'ntraU^d load. 


of a stmi-infinile plate of uniform 
thickness ^,on thestraight bound¬ 
ary of which there is a small semi¬ 
circular groov(i of radius r©. We 
assume that the straight portion 
of the plate is free, and that ex¬ 
ternal forc(5s act only on the 
semicircular groove. We further 
assume that the forces on the 
groove are compressive, and that 
their distribution is given by 



in which ( —g^/ro) is the pressure 
at the center, and 0 is measured 
from the X axis, which is normal 
to the st raight edge. 


In order to find the exact state of stress in this plate we choose a 
function 


<]> = Cr0 sin 0, 


(2.3) 


in which C is a constant. This function satisfies the compatibility ecpia- 
tion. 


in which 


1 a</)i 1 

dr^ r d/- r- ^ 


d"<t> 1 d</> 


1 d^4> 
d(F 


ib) 

(c) 


}ilA2) 


Differentiating eq. (2.3) we have 


d^<f> 

■^2 


= 0, 


1 d<^ _ (7d sin d 
r dr r 

^ This solution was found by Flamant from the more general solution obtained by 
J. Boussinesq for the case of a concentrated load acting on the boundary of a semi¬ 
infinite body. See Cornpl. rend., Vol. 114, p. 1405, 1802, Paris. 
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Substituting in eq. (1.426) we find that the compatibility equation is 
satisfied. 


The stress components are given by eqs. (1.24) 


ld<l> ] d^(t> 

r dr 7^ dO^ 

(«) 

d‘^4> 

(b) [(1.24) 

1 

II 

(c) 

which yield the following expressions: 

2(7 cos 0 

ffr = > 

(«) 

r 

<70 = 0, 

(,) (2.5) 

Tre = 0. 



Each element is thus seen to be in a state of pure radial compression as 
shown in Fig. 2.2. 

Next, we examine the boundary conditions. We consider first the 
straight edge of the semi-infinite plate. This edge is by assumption free 
from external loads. This necessitates that the normal stress ae and 
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the shear stress Ttb vanish, for d = ±lt:/2. Since ae and Tre are zero 
everywhere, eqs. (2.56 and c), it follows that the boundary conditions on 
the straight edge are completely satisfied. 

The boundary forces on the portions (jf the plate which are at infinity 
are by assumption approaching zei-o, and the same is true of the radial 
stresses (Tr, since 


^ . . 2C cos 0 

Limit- 

r 


= 0 . 


Lastly, we consider the semicircular groove. The compressive radial 
forces on this groove have been assumed to be distributed in accordance 
with the expression 

cos B 

Q ~ Qo [ * ( 2 . 2 ) 

and to be free from shears. Sirn^e the radial stresses are given by 
eq. (2.5a) it follows that by making 2C equal to ( —f/o) the radial stresses 
become equal to the applied forces, and the boundary conditions are 
everywhere satisfied. Consequently, the stresses given by eqs, (2.5), 
which were obtained from the stress function 

<|) = Cresin0, (2.3) 

provide an exact solution for the grooved semi-infinite plate shown in 
Fig. 2.2. 

Now, by Saint Venant’s principle, the same system of si resses would b(* 
produced at all points in the body, except those in the imrnediale vicunily 
of the grooves, by a statically equivalent system acting on 1 he same area. 
In order to obtain the statical equivalent of the applied forces, we form 
'LX and LY for the forces on the groove. The horizontal components 
LY obviously vanish. Hence, the resultant is furnished by LX. The 
statical equivalent of the boundary forces is therefore a concentTated load 
acting normally to the straight edge of the boundary, and j^assing 
through the origin 0. 

The stresses given by eqs. (2.5), and derived from the stress function 
(2.3), may thus be looked upon as representing the state of stress pro¬ 
duced by a concentrated load acting normally to the straight edge of the 
semi-infinite plate. This states of stress is one of pure radial compn^ssion 
and is inversely proportional to r, i.e., it varies from infinity to zero as 
r goes from zero to infinity. Along any semicircle of radius r with center 
at the point of application of the load the stresses follow a cosine dis¬ 
tribution, Fig. 2,3. It follows that, in the immediate vicinity of a con¬ 
centrated load, there must be a region, however small, in which the 
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stresses exceed the yield point. It will later be shown that experiments 
substantiate this conclusion. See Fig. 2.11. 

We now proceed to evaluate the constant C, which appears in eq. (2.6), 
in terms of the applied load P. To this end we consider a semicircular 



Fig. 2.3 Sketch Showing the Radial Presvsurc Distribution Produced by a Con¬ 
centrated lioad. 


section of arbitrary radius r and sum all the forces in the X direction, 
Fig. 2.3. Denoting the thickness of the plate by t we have 

r/2 

cos d (Jr dA — 0 , 


P = 2f 

I cos^ d do 

n 


cos 9 (Trtr do 

ir/2 


whence 


= Ctrr, 



Substituting this expression for 

O-r = 


C in eqs. (2.5) we obtain 

2P cos 6 
irt r 


<r, = 0, 

Trs = 0, 


( 2 . 6 ) 

(2.7) 


(o) 

(b) 

(c) J 


( 2 . 8 ) 
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the minus sign indicating compression, which will always be produced by 
a normal load P directed toward the edge of tUv plat(\ These are the 
final expressions for the stresses produced by a concentrated load P 
acting normally to the straight edge of a semi-infinite plate of thickness 

t} It may be argued that the coiK^entrated load P is also the statical 




Fui. 2.4 Another Syst(‘in of J^oundary Ftaees 
on a Seiiiicireular Groove AVhieh is also 
Equivalent to a Cone(‘ntrated Load. 


Fkj. 2.5 r.siial ^‘presentation of 
Boundary Foreiis JOtjuivalent to a 
Normal (\)neentrated Load Anting 
on llie Straight. Edge of a Semi- 
Infinite Plate. 


etjuivalent of other symmetrically distril^uted systtuns of pressures ac.ting 
on the groove, such as shown in Fig. 2.4, for example. This is no doubt- 
true, and it means tliat at disttinces far from the groove all su(4i systems 
of forces would product' the same state of radial compression, although 
in the immediat e vicinity of the groove there might be distinctly different 
stresses. Experiments show that when the load approaches a truly 
concentrated state th(^ radial system holds wt'll nigh to the boundary 
itself. From this w(^ (umcludc t-hat a concentrated load is best approxi¬ 
mated by the cosine distribution of forces shown in P"ig. 2.2. OtlKn’ 
mathematic^al approaches, which do not rest on Saint VenanFs])rinciple, 
lead to the same conclusions. See §2.15. 

In order to eliminate the difficulties due to plastics flow in 1h(' imnuHli- 
ate vicinity of the (Hmcentrated load it is often desirabh' to i*eplace such 
loads by radial pn^ssures acting on a groov(j of small radius and dis¬ 
tributed in accordance with the cosine law, eep (2.2.) P'ig. 2.5 shows the 
usual representation of forces statically equivalent- to this distribution. 

^ It is interesting to observe that the above theoretical solution was suggested by 
the results from a photoelastic investigation made by Gar us Wilson. Hin* Phil. Mag., 
Vol. 32, p. 481, 1891. The tlieoretical developments are due to Boussinesq, Flamant, 
and J. H. Michell. See, respectively, Compt rend., Vol. 114, pp. 1510 and 1465, 
1892; and Proc. Lomion Math, 8oc,, Vol. 32, p. 35,1900. 
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The horizontal thrust Y is obtained from 


f sin 6 (Tr dA 
0 

l> pir/2 

= — I sin 26 do, 

TT Jq 


y = 


p 

TT 


(2.9) 



FF{i. 2.6 Skotcli Showing «‘i Rocianjfuhir Block S»l)j(‘cl(‘(l to ConccaitmtcH Loads 
and tlic Indiic(‘(l Tensions. 

A concentrated load acting on the straight edge of a thin, large plate 
may therefore be replaced by an equal force on a semicircular groove of 
small radius accompanied by two thrusts, numerically equal to P, ir, and 
acting at right angles to the force P, Fig. 2.5. An intciostins application 
of the thrusts pi'odiniod by <H)ncentratod loads is found in rectangular 
blocks subjected to con(Hinti-at(>d forces, Fig. 2.(>(«). In the immediate 
vicinity of these loads the distribution of the; stressf's is the same as those 
produced by a conciaitrated load acting normally to 1 he straight edge of a 
semi-infinite plate. Hon(!e, if small grooves be ixmiovivl from around the 
points of application of the loads the resultant, of the stresses acting on 
each groove would consist of a vertical component P act^ompanied by 
(iqual and opposite horizontal thrusts C/tt. It follows that, across the 
vertical section of symmetry passing through the X axis. Fig. 2.()(6), 
there are set up temsile stresses of an average magnitud<i P/rrtd. Another 
application is found in the rolling of metals. 

§2.3 Photoelastic Corroboration of Flamant’s Solution. Let us 
define a theoretical stress pattern for a body under the action of specific 
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external loads as a pattern giving the loci of equal maximum shear 
stresses in planes perpendicular to the plane of the loads. Since the 
maximum shear is given by (p — q)/2 these loci would also represent 
paths of constant {p — q), and would con*espond to tlu^ fringes or iso¬ 
chromatics in photoelastic stress pat terns. 

It is relatively easy to determine the theoretical stress pattern for the 
problem discussed in the preceding article. 1^hus, if 



Fig. 2.7 Sketch of the Theoretical Stress Pattern for a Normal ConctMitrated Load 

on a Semi-Infinite Plate. 


then 



P cos 6 
wt r 


( 2 . 10 ) 


Now let us draw a circle of diameter d from a center on the line of the 
load P, and tangent to the straight edge of the boundary, Fig. 2.7 (a) 
Inspection of this circle clearly shows that for any point on the circle 

cos d 1 

- = T » constant. 

r (i 
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Substituting in eq. (2.10) we get for the shears along the circle 


P 1 

'''max. = 1 "1 > a constant. 
TTi a 


( 2 . 11 ) 


This means that the shear stres.ses are equal everywhere along the 
circle. Moreover, eq. (2.11) clearly .shows that r^ax. inversely pro¬ 
portional to the diameter d. Hence, if ri denotes the shear stresses on a 
(ircle of diameter d], then these stresses are doubled on a circle of diame¬ 
ter d 2 = di/2 and tripled on a circle of diameter = di/3. The theo¬ 
retical stress i)attern is therefore as shown in Fig. 2.7(6). The essential 
characteristics are the circular shapes of the fringes and the ratios of the 
diameters of the circles. 

Th(^ corn^sponding photoelastic stress pattern is shown in Fig. 2.8. It 
is seen that the fringes are cpiite circular, are approximately tangent to 
the boundary, and are of decreasing diameters. The comparison 
between the ratios of the diameters is shown in Fig. 2.9, in which the 
diameter of the largest th(H)r(‘tical circle is arbitrarily taken to equal the 
diameter of the first photoelastic fringe. It is seen that the diameters 
of the photoelastic iVinges of higher order equal very closely the diame¬ 
ters of the cori*esponding theoretical fringes. The photoelastic and 
mathematical results are thus seen to be in good agreement. 

§2.4 Isoclinics and Stress Trajectories. Since the stress system is 
radial the isoclinics must also be radial; i.e., they are straight lines con¬ 
verging at the point of application of the load, Fig. 2.10{a). Photoelastic 
observations support this conclusion. The principal stress trajectories 
form a system of concentric circles with centers at the point of applica¬ 
tion of the load, intersected by radial lines passing through the centers 
of the circles. Fig. 2.10(6). It is also u.seful to have the shear trajec¬ 
tories, i.e., curves giA ing the directions of the maximum shear stresses. 
Since these stresses are alwa^^s inclined 45° to the directions of the princi¬ 
pal stresses the shear traj('ctories (^an easily be constructed either from 
the isoclinic^s or fi’om the prirndpal isostatics. Fig. 2.10(c) shows the 
shear trajectories for a noT’mal concentrated load. 

Th(^ (Hpiations of the sh(*ar trajectories can be readily d(‘t(*rmined. 
Hefeiiing to Fig. 2.10(c), lei ^ demote the angle between an isoclinic of 
pai-arneter 9 and tlie tangent to a shear trajectory at some point A. 
Inspection of the figure shows that 


, r dS 
tan yf/ = -r— • 
dr 


Since the shear trajectory intersects the principal stress trajectories 



f. 2 8 Stioss Pat lorn of a S( ini-Tnfinitt* PI ito undti a Noinial Cone outiatod Lo id 
ot 30 3 Td) IdiKkiioss ()1 plat( is 0 211 iii 



Fig. 2.9 ComDanson of Theoretical and Photoelastic Stress Patterns. 
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Fid. 2.10 (/oncciitratdd IakuI on a Sdini-Trinnito Plate. 

(</) Theon^tic'jil isoclinics; (b) })rin(Mi)al sti'css traji'ctories; (c) maximum shear 
traj(*(;l()ries. 


(‘Verywhere at 'IT)® it follows lhai 

tail ^ 1 an 45® = 1, a constant. 

Substituting and separating varialiles we o])tain 



r 


Int('grating wo have 


log r — log C - 
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where C is a constant. Hence 


and 



r = Tr. 


These curves are known as logarithmic spirals. 

These shear traje^itories find an imf)()rtanl application in the study of 
plasticity, yielding generally occurring first on t hose planes. They also 
throw much light on the phenomena of metal cutUrig, such as turning 
and planing. 

Further corroboration of the Flamaiit’s solution giving th(5 stresses 
produced by a concent-rat ed load on a semi-infinit e plat e can be obtained 
from plasticity by examining t he slip lines produced by such a load in a 
plate of mild steel and revealed by the well-known Fry’s etching process. 
These slip lines represent plastu? zones and follow apf)roxiinately the 
directions of the maximum shear stresses. A comi)arison of the' theoreti¬ 
cal shear stress traject-oricjs with the flow line patt(‘in Ix^ars, therefore, on 
the validity of both the theoretical and photoelastic solutions. Tlu* 
flow line patterns are in substantial agrciement with tlu' ])liotoelastic and 
theoretical results,^ Fig. 2.11. 

§2.6 Inclined or Oblique Concentrated Loads.^ It is now a simi)l(; 
matter to extend the solution fiom §2.2 to include otlu'r problems. We 
begin with an oblkpie concent rat (h 1 load act ing at an arbiti’ary angle ct 
with the normal to the straight, edge of tlu^ s(‘nii-infinite plate, 
Fig. 2.12 (a). We will show t hat t lu* st r(‘ss system in t his cas(‘ is ident ical 
with that discussed in §2.2 in which tlu? load was normal, provided we 
again measure th(^ angk? d from th(^ liiu* of ac'tion of 1hc‘ load. Specifi¬ 
cally the st resses here are 



2P cos e 

{<0 

(Tf 

irtr 

<Te = 0, 


(ft) 

Tr9 = 0. 




As in the preceding case we again remo\'e a semicircular groove' from 


' See also Plasticity by A. Na'lai, McGraw-Hill Hook Co., N(^w York, Figs. 322, 
323, 324. 

^ The extension of Flarnant’s solution to the ease of an inelined load was made by 
J. Boussinesq, whose original w^ork on the thretMlimensional problem was used by 
Flamant. Sec Compt. rend., Vol. 114, p. 1802. See also paper by J. H Michell, 
Proc. London Math. Soc. Vol. 32, p. 35, 1000. 
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the plate and subject it to radial forces only defined by g = —go(cos Bj 
ro), Fig. 2.12(6). 

The stresses given by eqs. (2.8) fully satisfy the new boundary condi- 



( 6 ) 


Fin. 2.11 (a) Pliotograph of a Plate of Mild Steel under a Concentrated Load 

Showing Slip IJnes as U(‘V(*aled by Fry’s Etching Proc(‘ss. From Plasticity by 
Dr. A. Nadai. {b) Slip Lines in a Circular Disk Compressed by Diametral Loads. 

tions. The st raight edge remains free since ae and Trs vanish everywhere. 
On the semicircular groove the stresses become' equal to the assumed 
pressures q. Lastly all stresses vanish at infinity. Furthermore, the 
assumed forces on the groove are statically equivalent to a concentrated 
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load parallel to the X axis. These forc(\s are compressive on the 
arc ABC, vanish at C, and change into tension on the arc CD so that all 
the X components are positive. The Y components, on the other hand, 
vanish because th(^ (components of the tensile forc(?s on CD plus those of 



(a) 



Fkj, 2.12 Skotclips Sliowinjz; Inclinofl C()nc(‘ri(ni(c(l LotuI on a Semi-Infiriito l%(o, 
also Equivalent Cosine' Distribution and Notation. 


the compressions on AB balance the effect of the compressions on BC, 
The same conclusions can, of course, be obtained analytically. Thus, 
summing forces parallel to the X and Y ax(is respcjctively, we have for the 
numerical values 




+7r/2 


COS 0 (Tr dA 


r +TT/ 

■7r/2 

2P 

— / cos^ 6 dd 
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p r 1 >+»/2 

SA’ = - 0 + - sin 20 = P. 

’T L 2 Ja-T/2 

r +ir/2 

sin 6 <Tr dA 




- ^ r 

T Ja~ 


+ir/2 


2 sin 6 cos 6 dS 


a~ir/2 


P 


TT 


sin" e I 
_ Ja —1 


= 0. 


The statical equivalent of the distributed forces on the groove is there¬ 
fore a concentrated load parallel to the .Y axis. It follows that the 

stresses produced by the inclined concentrated load are also given by 
eqs. {2.8), provided the angle 6 is measured from the direction of the 
load. 



Fkj. 2.13 Sk(^tches Showing a Conctmtratcd Load Parallel to Edge of Semi-Infinite 
Plat(‘ and Its Statically lOciuivalent System on a Semicircular Groove. 

§2.6 Load Parallel to Straight Edge of Plate. A state of pure radial 
stress also exists when the concentrated load is parallel to the edge of the 
plate. Here the load P, Fig. 2.13, is the static.al equivalent of a dis¬ 
tributed system of boundary forces on the groove defined by eq. (2.2), 
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0 being measured from the direction of the applied load, which coincides 
here with the straight edge of the plate. This gives compressive forces 
on the arc AB and tensile forces on BC, The Y components vanish and 
the X components combine into a positive concentrated load. It is 
clear that the stress components derived from the Flamarit function give 
radial stresses exactly e(}ual to the boundary forces. Hence eqs. (2,8) 
also represent an exact solution for this system of boundary forces, and 
for their statically equivalent concentrated load acting parallel to the 
edge. 



Fig. 2.14 Sketch Showing Method of Superposition for Finding Slress(*s Due to an 
Inclin(*d Concentrated Load. 


It is interesting to point out that the solution for the oblique load P, 
Fig. 2.12, can be obtained by superimposing the solutions for the normal 
and parallel loads. Thus, resolving the inclined force P, Fig. 2.14, into 
two components P cos a and P sin a, normal and parallel t o the straight, 
edge of the plate, we get for the radial stresses (Xr and (Jr\ respectively 
produced by them, the following 


(Tr 


/ 


(Tr 


// 


2P cos a cos {6 ^ a) 

-; 

tt / r 

2P sin OL cos [90® + (0 — a)] 
irt r 


2P sin a sm {B — a) 

-, 

irtr 


( 2 . 12 ) 


(2.13) 


since 


cos [90® + (® — a)] = —sin {6 — a). 
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Hence 


<jf = <r/ + 


irir 


[cos 01 COS (0 — a) — sin a sin (B — a)] 


irtr 


cos [a + (^ — «)] 


2P cos ^ 
7r< r 


(2.8a) 


which is clearly identical with the expression for the stress resulting from 
a normal load. We thus see that eqs. (2.8) define the state of stress in 
the semUinAnite plate due to a concentrated load acting on its straight 
edge regardless of whether this load is normal, inclined, or parallel to 
this edge. 

§2.7 Photoelastic Corroboration for Oblique and Parallel Loads. 

(a) Oblique Loads. In Fig. 2.15 the origin is at the point of application 
of the load, the X axis along its direction, and the Y axis at right angles. 
We draw circles from centers on the line of the load and tangent to the 
Y axis. Such circles are clearly loci of equal radial stresses and therefore 
of maximum shear stresses. Along such circles 

cos 6 I 

-= -- > a constant, 

r d 


and therefore 


Pcos(? PJ , ^ 

Tmax. = -- = - "7 > constant. (2.11) 

wt r wl d 

The circles are therefore theoretical friug(\s. Furthermore, the trans- 
V(‘rs(‘ ])lane through the Y axis is a neutral surface, since <Tr vanishes for 
0 = 7r/2. This axis divides the plate into distinct regions of compressive 
and tensile stress(\s. The circl(\s in front of the load, marked C in 
Fig. 2.15(/>), represent loci of equal radial compression, and those back of 
it, marked P, are loci of (Hpial radial k^usioii. It is interesting to note 
that a tensile arc added to a compressive arc of the same diameter com¬ 
pletes a circle. 

The stresses in this instances are also inversely proportional to the 
diameter of the circle, so that the stress on a circle of diameter d/n is n 
times the stress on the circle of diameter d. The diameters of the fringes 
therefore decrease rapidly for large values of n and the circles become 
rather crowded as we approach the ]X)int of application of the load, 
Fig. 2.15(6). 
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A corresponding photoelastic stress pattern, with the load in a vertical 
position and the edge of the plate inclined, is shown in Fig. 2.16. It is 
seen that the fringes follow the theoretically determined shapes quite 
closely. The agreement between the diameters of the fring(‘s of different 
orders can be seen more clearly from Fig. 2.17. 



( 6 ) 

Fig. 2.15 Thoorotical Stress Pattern for an Inclined C\^nc('ntrated Load on a 

Semi-Infinite Plate. 


(6) Load Parallel to Edge of Plate. In this case the theoretical fringes 
are semicircles the centers of which lie on the straight edge, Fig. 2.18. 
The corresponding photoelastic stress pattern is shown in Fig. 2.19. 
We note that the neutral surface is slightly deviated into the compression 
side. This can be readily explained. In order to apply the load to the 
plate it was found necessary to leave a small ridge on the compression 
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Fig. 2.16 Photoelastic Stress Pattern of a Semi-Infinite Plate under an Inclined 
Con(;entrated Load of 39.95 Lb. 

Angle of inclination of load to edge of plate == 30°. Thickness of plate = 0.277 in. 
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side, so that this edge is a few thousandths of an inch higher than the 
tension side, a,nd the straight edge is, strictly speaking, not quite straight. 

(c) Isoclinics and Stress Trajectories. As in the case of a nortnal con¬ 
centrated load the isoclinics are radial lines converging at the point of 



Via. 2.17 0<.mpari«m of PhokK-laslic and Theorof ical Streas Patterns for an Inclined 
C/on(•(*!!ti’at(‘(i Load on a Stuni-Infinito Platte 


application of the load, and the principal stress trajectories are concen- 
tne circular arcs with centers at the point of application of the load. 
Fig. 2.20 shows the shear trajectories for a load parallel to the edge 
The shear trajectories for this case have a direct application to the 
formation of a metal chip both in turning and planing. The equations 

of these trajectories are the .same as tho.se for a normal load di.scus.sed 
m §2.4. 

§ 2.8 Rectangular Stress Components. It is desirable to have expres¬ 
sions for the stress components ir,, and in the directions of the X 
and Y axes, Fig 2 21 (a). These can be derived from the basic formula 
givmg eq. (2.8). Thus, by eqs. (1.1) and (1.2), Vol. I, in which <r, 
corresponds to our radial stress and aj to either or we have 


(2.14) 


= (Tr COS^ B, 

(a) 

sin^ B, 

(b) 

Txy = CTr sin B cos B, 

(c) 
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Substituting the expression for <Tr, eq- (2.8a), we obtain 



(ft) 

Fig. 2.18 Thoorotiral Stress Patt(*rii for a (‘onci'ntrated Load Acting Parallel to 
Straight lOdge of Si'mi-Infimto Plate. 

These equations give the n'ctangular stress eom])onents at any point of 
the plate in terms of r and B, the polar coordinates of the point. If w e 
denote the rectangular coordinates of the point by x and and observe 
that 

X 

cos 0 = - > 

T 

V 

sin ^ » 

T 
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Fig. 2.19 Comparison of Photoelastic and Theoretical Stress Patterns lor a (^on( (*n- 
trated Load Acting Parallel to Straight Edge' of Scmi-Infinite Plate 



Fig. 2.20 Shear Trajectories in a Semi-Infinite Plate Subjected to a Concentrated 
Load Acting Parallel to Straight Edge. 
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Pk;. 2.21 Sketch Showing Rectangular Stn'ss Components in a Semi-Infinite Plate 
under a C\>ncentrat('d Normal Load; also Curves Showing Stress Distribution 
along Section MM^ Distant x below the Straight Edge. 

and 

r = Vx^ + y^, 


wc obtain the following expressions for the rectangular stress components 
in terms of the rectangular coordinates of the point: 


-2Px® 

(a) 


-2/>V 

Trt(x^ + y^)^* 

(b) 

-2Px^y 

■nt{x^ + y'^f 

(c) 


(2.16) 
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The expressions given in eqs. {2JS and 2.16) are valid whether the con¬ 
centrated load P is normal, parallel, or inclined to the straight edge of the 
plate, provided the X axis is always taken parallel to the load and the 
positive branch of the Y axis by a counterclockwise rotation of 90° from 
it. The directions of the stress components are in all cases parallel to 
the directions of the X an(i Y axes. Jt should be noted that for an 
inclined load neither axis is parallel to the edge of the plate, Fig. 2.12. 
For a normal load the distributions of these stnvss components on a 
section M~M parallel to the straight edge and x units from it arc shown 
graphically in Fig. 2.21(6), in which the ordinates AB, AC, a,nd AD, 
directly under a point N, represent respectively the stresses Ox, <ry, Txy at 
that point. 

§2.9 Influence Curves. Consider next the case in which we wish to 
find the stresses at any point N due to a moving load of unit magnitude 
normal to the straight edge of the plate, Fig. 2 . 22 (a). We choose the 
origin of the coordinate system at point 0 , directly al)ove N on the 
straight edge, and denote by aj, aj, Txy the rectangular stress com¬ 
ponents caused by the unit load. TIk^ expr(\ssions for these stress (com¬ 
ponents follow directly from (cqs. (2.16) if we observe that with respect to 
point 0\, the point of application of the unit load, the coordinate's of N 
are {x, —y). Substituting these coordinates in eqs. (2.16) and replacing 
P by unity we obtain 


/ 




a 


f 


y 


2x^ 

7r/.(:r“’ + /)^' 
2xi/ 

nt{x^ + ' 

2.r!, 

wl{.r- + y-f ' 


(a) 

(b) 
(0 


(2.17) 


The graphs of these eximcssions for a fix('d value' of x, which we will call 
influence curves, are shown in Fig. 2 . 22 ( 6 ). The ordinate's AB, AC, AD 
directly undc^r the unit load re}>resent the stress (compoiuciits at the point 
N. It follows that the stresses Qxj (Ty, Txy at N caused by an arbitrary 
normal load P can be obtained by multiplying the ordinates dincctly 
under the load by its magnitude P. 

§2.10 Several Concentrated Normal Loads. Assume now that 
several normal loads, say three. Pi, P 2 , and P 3 , are acting on the plate, 
Fig. 2.23. By the principle of superposition the stresses at any point N 
would be given by the algebraic sum of the stresses produced by each load 
separately. We can obtain these stresses at N graphically by using the 




Fig. 2.23 Sketch for the Superposition of cr* for S(*veral Concentrated Loads on a 
Semi-Infinite Plate Using the Influence Curve from Fig. 2.21(6). 
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influence curves of Fig. 2.22(6). For example, on curve I of Fig. 2.23, 
which is the same as that shown in Fig. 2 . 22 ( 6 ), the ordinates at D, F, 
and H represent the stresses {(Tx')i, (o’x') 2 f and {<Tx')->. produced by unit 
normal loads at the points A, B, and C. The resultant stress ax at N 
due to the three loads Pi, P 2 , and P 3 is therefore given by 

<r* = Pl(,<Tx')l + F2i<^x')2 + Psio^x')^, 


Ox = lLPi{oJ)i- 
» = 1 



Fig. 2.24 Skf'trh Showing Graphical Method for Determining the Stresses Caused 
by a Uniformly Distributed Load Using Influence Curve from Fig. 2.21(5). 


This method can obviously be extended to any number of loads. Thus 
for n loads 

i =n ' 

Ox = lLPi{ox')i, (a) 

1=1 


Oy 

Txy 


i = n 


ZPiio.'h 


i~n 


LP.(ri/),. 

i =1 


Q>) 

(c) 


(2.18) 


§2.11 Uniformly Distributed Pressure on a Finite Interval (Graphical 
Solution). The method of superposition can also be used to determine 
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the stresses caused by a uniformly distributed load of intensity, say qo 
per unit length of the straight edge, Fig. 2.24. To this end A\e divide the 
interval on which the load is acting into an arbitrary number of equal 
increments Ai/ and treat the load qo Ay on each incremc^nt as a concen¬ 
trated load. The stress ( 0 - 3 .)i at some point N produced by the first 
load {qo Ayi) would then be 

= (go Ayi)(7i', 

= Vo A^,. 

This stress is given by the ])roduet of the area AAi under the influence 
(‘urve multiplied by the load intensity q,,. Similarly the stress developed 
by the second load {Qo Ayo) would be given by (qo AA 2 ), etc. The 
resultant stress causc^l by the distribut(Hl load acting on the interval AB 
is thus giv(m by the shaded area EFCD und(T the influence curve multi¬ 
plied by the load intensity qo. An analytical solution of the same prob¬ 
lem follows. 

§2.12 Analytical Solution for Uniformly Distributed Pressures. In 

Fig. 2.25(u) let (JP d(»note the load on an infinitesimal length dy, i.e., 

dP = qo dy. 


lns})ection of the figure shows that 


dy 


rde 

cos d 


so that 


dP 


Qo 


/ do 

cos 6 


The rectangular stress comj)oiients de-j., dayj and djxy produced by the 
differential load dP can be obtained from ecjs. (2.15) by replacing P by 
the above' value of dP. This gives 


d<Tx = 
dCy = 


Ode, 

(«) 

TTt 

— — sin^ 0 dOj 

ib) 

ttI 

— — sin 26 dOj 

(c) 

irt 


K2.19) 
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In using these equations it must bo remembered that the angles are 
directed. Thus in Fig. 2.25(a) at point N the angles Bi and 62 are both 
positive, whereas, at point A/^i, d[ is negative and Bo i^ positive. 
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It should be noted that eqs. (2.21) are valid also for inclined loading, 
Fig. 2.25(6), provided Qo represents the load intensity per unit length 
measured along the Y axis and provided further that the angles 6 i and 62 
are as shown. 



Fkj. 2.25(6) 


For tangentially 
the expressions for 


Cx = 


±L 

2Trt 

JbL 

2 irt 

1l 

2Trt 


distributed loads of uniform intensity Qo, Fig. 2.25(c) 
the stress com])onents are 


sin 6 > 

4 log 33 -^ — (cos 261 — cos 262 ) > (a) 


sin 61 

(cos 201 — cos 202 ), ( 6 ) 

( 2(02 “ 0 i) + (sin 202 — sin 20 i)]. (c) 


( 2 . 22 ) 


The derivation of these* equations is left to the* reader. 

Returning to the case of the inclined loads, it is now i:)ossible to find 
the stress components parallel to the U and V axes. Fig. 2.25(6). To this 
end it is only necessary to resolve the load intensity Qo into components 
normal and parallel to the straight edge of the plate and to apply eqs. 
( 2 . 21 ) to the normal component Qu and eqs. ( 2 . 22 ) to the tangential 
component r/y, and them to a])ply superposition. The resultant stresses 
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:J2 

tfu and (Tv are then given by 

~ ^x(u componentB) “b ^j/(v components)? 
^i/(u components) “b ^x(v components)* 



FifJ, 2.25 Notation in ihv Analytinil Mt^thod lor Conipuling the Resultant Stress 
Componc^nts at any Point of a S<mii-Infinit(* Plat(' under Uniformly Distributed 
Loads on a Finite Segment 2a. (a) Normal loads. (5) Inclined loads, (r) 

Tangential loads. 


It should also be not(Hl that 

(ju = (]o oi and 


sin 2 q: 

go = go —— > 


where a is the angle which the straight edge of the plate makes with the 
horizontal. 


Maximum Shears. The maximum shear stress is given by 

W = [( 1 . 14 ), Vol. I] 

From eqs. (2.21o) and (2.21/>) 

go 

(Tx — <^y - -\ (shi 202 — sin 201), 

TTt 

Therefore 

(<7* ~ (Ty)^ + 

a 2 

= [(sin 200 — sin 20 i)^ + (cos 20 i — cos 202)^] 

TT 1 ““ 
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= [1 — (sin 201 sin 202 + cos 20i cos 202 )] 

TT t 

= [1 - cos 2(02 - ei)] 

TT I 

= ~2:;2si>i (^2 - ), 

TT 6 


(2.23) 


whence 


I. = ^ (®2 - 0i) 

2 \ TT f 


= — sin (0o — 0i) 
Trt 


Tmax. == Sin a, 


whore o: is the tingle between ri and 72 , Fig. 2.25(a). 

Principal Stresses'. The principal stresses />, q are given by eqs. 
(1.12), Vol. I, from which 

_ (Tx + 0 -^/ ^ 

Pf Q 2 ^ ^rnax 


= (^2 — 0 i) db sill (02 — 0 i)], 

TTt 


g = (-a ± sin a), 

TTi 


(2.25) 


where a is the same as in eq. (2.24). From the last equation it follows 
that p and q are both comjin'ssioii. 

Stress Trajectories. It will now be shown that the principal stress 
trajectories for a uniformly distributed load consist of confocal ellipses 
intersected by an orthogonal system of hyperbolas with foci at the ex¬ 
tremities of the distributed load, Fig. 2.26. Thus, if 0 is the angle w hich 
a principal stress makes with the X axis, then 


tan 2^ 


f(1.13), Vol. I] 
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Substituting the expressions from eqs. ( 2 . 21 ) we have 

2 (cos 2^2 — cos 201) 

tan 23 - - 

2 (sin 202 — sin 20i) 

2 sin (02 0i) sin (02 + 0i) 

2 sin (02 — 01) cos (02 + ) 

= tan (02 0i). 



X 


Y 


Fig. 2.26 Drawing of tho Principal Stress Traj(‘ctories for a Uniformly Distributed 
Load Acting on a Finite Segment on th(i Straight Edg(‘ of a Semi-Infinite Plate. 


Hence 


2/3 = 02 + 01 or 2i^ = 02 + 01 + 180°. 


Denoting the two possible va]u(\s of fi by and P2 we have 

== ^(^2 + ^1) 


and 


02 = ^(62 + Si) + 90®. 


From the last equation it follows that the lines defined by 0 i and 02 are 
perpendicular to each other. Hence the line defined by 0 i is normal to 
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Fig. 2.30 Comparison of Photoolastic and Theori;tical Stress Patterns for a Large 
(Jelatiii Plate Snl)j(M*ted to a Sensibly Lbiiform Pressure on a Small Region. 
For d(‘tails of model see Fig. 10.lb, Vol. I. 


§ 2.14 The Stress Function <j> = Cr^ 0 . Consider an infinite semi¬ 
circular ])late of thickiH'ss t witli the following boundary forces, Fig. 2 . 31 : 
(1) a uniform tension per unit area of intensity f]o/ 2 t along the straight 
])ositi\'e bra-nch of the Y a.\is, (2) an (Hpial uniform comiin^ssion on the 
negative branch of the Y axis, ( 3 ) radial stnNsses on the semicircular arc 
given by qffilTrt, and (1) a constant negative shear of magnitude qol 2 Tt 
per unit area on the whole boundary. 

The stresses produced by sucli ]K)undary forces can be found from th(5 
stress function 

<|> = Cr% ( 2 . 28 ) 

in which C is a constant and r, 0 ])olar coordinates. This function satis¬ 
fies the comi)a.tibility ecpiation ( 1 . 42 ), and by ecjs. ( 1 . 24 ) the stress 
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it follows that on a circle of a given radius the maximum shear is con¬ 
stant. These circles, therefore, represent theoretical fringes. 

Furthermore, the maximum slu^ar in the plate would clearly occur on 
the circle for which a = 7r/2, and would hi) given by 

(W)«=V2 = ^ • (2.26) 

This value of a is found on the circle of diameter O 1 O 2 , w^hich has its 
center at the origin 0 on the edge of the plate, Fig. 2.27. This fringe or 
isochromatic is of highest order, and its theoretical shape is semicircular. 
It is the heavy semicircle with center at 0. 

The straight interval OiOo represents the limiting position of arcs of 
circles the radii of which approach infinity. The angle a on this interval 
O 1 O 2 is then zero, and so the shear stress vanishes. I'he shear stress is 
also zero on the remaining portions of the straight edge, i.e., from Oi to 
the right and from O 2 to the left. 

It is also interesting to com])arc the ratios of the diameters of the circles 
of successive fringe orders. Inspection of Fig. 2.27 shows that 

sm Qj = -- > 

in which 2 a is the length of the interval on which the load is acting and 
R is the radius of the circle. Substituting in eq. (2.24) we have 

Tmax. = (2.27) 

The maximum shear stresses on different circles are thus inversely pro¬ 
portional to the radii of the circles. Tlu^ stiess, or fringe order, on a 
circle of radius 2 a is one-half of the stress, or fringe ordei’, on the cii*cle 
of radius a. 

The experimental verification of these conclusions is not easy, owing to 
the difficulti(\s of producing a uniform load on the boundary. The stress 
patterns of Figs. 2.28 and 2.29 show several attempts at such verifi(;ation. 
In Fig. 2.28 the load was applk^d through a stec^l block and was (HiualizcHl 
by means of a gasket. Under highc^r load the fringes in th(^ vicinity of 
the load are seen to approach a circular shape and tlu^ fringe of highest, 
order is approximately scunuarcular. A diffc^rent method to produce^ 
uniform loading is shown in Fig. 2.29. Here the load was (npially dis¬ 
tributed among four small Bakelite blocks and subsequently equalized 
by means of a gasket. 

The best approximation to uniform distribution was, however, 
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w 

Eic. 2.28 Photoeliist i(^ Sti’css Pat terns Produced by Approximately Uniform Loads 
on a Finite Interval of a Large Bakelite Plate. 

The loads act on a steel die and are equalized by a layer of cardboard. Dimen¬ 
sions of Bakelite platc'i 12 in. by 6 in. by 0.247 in. (a) Load = 430 lb.; length of 
die = 0.69 in. (b) Load = 1052 lb.; length of die = 0.761 in. Bakelite plate and 
cardboard same as in (a). 
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obtained from an hydraulic loading through a rubber sack glued to a 
rectangular metal box, using water as weights and gelatin, which is vastly 
more sensitive than Bakelite, as a model. The resulting pattern is 
shown in Fig. 2.30. This stress pattern, although still imperfect, corrob¬ 
orates the theoretical conclusions. The fringe's are approximately circu¬ 
lar and converges at the ends of the load(;d zone. 



Fk;. 2.20 Stress Pattern of a llniforml^^ Distributt'd T.oad on a Large Plate. 

Th(* load is transmitted through steel pins acting on small Bakelite blocks which 
in turn rt'st. on a caidboard gasket. 


In Fig. 2.30 the maximum fringe order in the region markt^l A is 3^. 
This region corresponds to the semicircular arc of diamt^ter 2a equal to the 
interval on which th(^ load is acting. It can be seen that the fringe order 
on the circle of radius 2a is very nearly or 3-2 ^f what it is on the semi¬ 
circle of radius u, which agret's with eq. (2.27). The deviations from the 
theoretical pattern are })robably due to the large deformations of the gel¬ 
atin surface and the restraining effect which the metal walls of the rec¬ 
tangular box exerted on the flat rubber bottom, which reduces the load 
intensity on the model near the (idges. 
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one of the stress trajectories passing through point N. Furthermore, 
this line bisects the angle a. 

Consider now an ellipse with foci at the extremities of the distributed 
load, points 0i and O 2 , Fig. 2.2(), and passing through point N. It is 
shown in analytic geometry that the normal to an ellipse at a point N 
bisects the angle OiNO^. Since there exists only one pair of principal 
stress directions at a point it follows that the ellipse is one of the stress 
trajectories. Consecpiently one set of stress trajectories is a family of 
confocal ellipses with foci at Oi and O 2 . 

The other set of stniss trajectories must be orthogonal to the ellipses 
at every point of intersection. It can be shown that the set of curves 
which have this property is a family of confocal hyperbolas with the same 
foci as the ellipses. 



Fig. 2.27 Theoretical Stress Pattern fur a Uniformly Distributed Load Acting over 
a Finite Interval of a Semi-liifiriite Plate. 

§2.13 Theoretical and Photoelastic Stress Patterns. If a circle be 
drawn from a center C on a line normal to the straight (uige of the plate 
bisecting the interval O 1 O 2 , Fig. 2.27, on which the uniformly distributed 
load is acting, then the angle a between ri and r 2 would clearly be the 
same for all points on this circle, such as points Aj By D. Since, at 
any point 

qo sin a 


'^max. 


iri 


f 


(2.24) 
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componentis are 



(«) 

(b) K2.29) 

(c) 



Fig. 2.31 Sketch Showing Boundary Forc(‘s on a St^niicirc^ular Plato, Resulting from 
the Stress Function Given by Eq. (2.28). 


Choosing 


C = 


go 

2Trt 


(2.30) 


we have 


go9 

(Tr = - 7 » 

(a) 

g„e 

0*0 = —- y 

irt 

(b) 

2Trt' 

(c) 
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Boundary Conditunhs. On the straight edge of the plate, the Y axis, 
Fig. 2.31, ^ = ±7r/2, and the tangential stresses ae become 



for the positive branch, and 


0-0 == 


Qo 

21 


for the negatives l)raiich. On the semicircular arc the radial stresses cr^ 
are clearly the same as the boundary stn^sses. They arc positive when 
6 is i)ositive, and ii(igativ<‘ wlum 6 is iu^gativ(\ The shear stresses Tro 
are constant and ecpial ~(jo/2Trl on the whole boundary. It follows that 
tlie stress sysb^m giv(‘n by eq. (2.31) obtained from the strc'ss function 
(2.28) fully satisfi(‘s the assuriK^l boundary conditions shown in Fig. 2.31. 

The rectangular str(‘ss com])onents corresponding to eejs. (2.31) can be 
obtained from e(|s. (1.7) and (1.8), Vol. I, or by superj^osition and inspec¬ 
tion. Tlu^ results ar(‘ 


(Tx = (20 + sin 20), 

ZTTt 


(Ty = ^ (20 — sin 20), 
2irt 




(a) 

ib) 

(c) 


(2.32) 


§2.16 Uniform Load on a Finite Portion of a Semi-Infinite Plate. 
(Alternative Treatment.) We consider aRaiii the case of a uniformly 
distributed load of intensity q,, jM-r unit lengtli or q„/t ))er unit area acting 
on the finite interval ()i() 2 , Fis- 2.32(u), of a .semi-infinite plate. This 
type of loading can be t)btained by .sujM'rimposing the two sets of lx>un- 
dary forces shown in Figs. 2.32(6) and 2.32(c). The Inmndary forces in 
Fig. 2.32(6) are identical with those shown in Fig. 2.31 with 0i as an 
origin, d'hose shown in Fig. 2.32(c) hav(‘ O 2 nn origin and are equal 
and opposite to t hosc^ in Fig. 2.31. By this superixxsition all Ixmndary 
forces arc reduced to zc'ro except those in the inter\’al O 1 O 2 , where they 
combine to givc^ a resultant compn'ssion of an intensity q„. Therefore 
the stresses produced by tlu> uniform loading of Fig. 2.32 («) can be 
obtained by adding algebraically the stresses produced by the two sets of 
forces shown in Figs. 2.32(6) and 2.32(c) which are obtainable from 
eqs. (2.32). Tlx^ formulas for the resulting strc'sses are tlx' same as 
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Fifi. 2.32 SkfUthes Illustrating Method 
of Ckjmbining Two Sets of Opposite 
Forces to Obtain a Uniform T^oad on a 
Finite Interval of a Semi-Infinite Plate. 


those given by eqs. (2.21) of 
§2.12. It follows that the ex¬ 
pressions for the principal stresses 
are the same as those given by 
eq. (2.25). 

It is interesting to point out 
that the solution for a normal con-- 
centrated load obtained in §2.2 
also follows from eqs. {2.21). 

Thus, let a normal concentrated 
load P be viewed as the limit¬ 
ing resultant force of a uni- 



Fio. 2.33 Sketch Illustrating Limiting 
Resultant Force of a Uniformly Dis¬ 
tributed Load Acting on a Small 
Interval A//. 


formly distributed load of intensity q„ acting on a very small interval Ay 
of the straight boundary, and corresponding to a small angle AO, Fig. 2.38, 
so that 

P = qo Ay 


and 



As pointed out above, the principal stresses are here given by eq. (2.25), 
i.e., 
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Substituting Ad for a and P/Ay for Qo, we have 

P 

p q = -—- ( — Ad dr sin Ad). 
Ayirt 

Inspection of Fig. 2.33 shows that 

r Ad 

Ay =- 

cos d 


Substituting in the expressions for p and q given alcove, we obtain 

sin A6\ 


P cos d / sin Ad\ 


Since 


_ . sm a 
limit-= 1, 


or—>0 

it follows that as d approaches zero 

p = ae == 0 

and 

2P cos 0 


^ = (Tr = - 


irtr 


which are the same expressions as those given by cqs. (2.8). 



F^’ro. 2.34 Skotohes Showing the Pressure Distribution under a Rigid Die Pressing on 

a Semi-Infinite Plate. 


§2.16 Stresses Produced by a Concentrated Load Acting through a 
Rigid Die.^ It can be shown that when a load is applied through a rigid 
flat die, so that the deflections under it arc constant, Fig. 2.34, the dis- 

^ See article by M. A. Sadowsky, Zeitschrift angew. Math. Mech., Vol. 8, p. 107, 
1928. 
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tribution of the pressures under it is given by 




rVa^ 




(2.34) 


This expression shows that q = P/ira when 2 / = 0, and q becomes infinite 
when y equals ±a, Fig. 2.34. There arc thus marked stress concentra- 



Fig. 2.35 Stress i^atterii of a Lar^t' Hakelitc* Plati? Conif)r(;ssecl })y a Bakelilo Die, 
Showing Stress (’oiieentrat ions at hinds of J)i('. 

Load — 991.0 lb.; thickness of plate = 0.247 in.; length of di(i - 1.140 in.; thick¬ 
ness of die = 0.352 in.; model fring(‘ valu(' = 174 psi. shear. 

tions at the ends of the die, points A and B. These conclusions are 
clearly corroborated by the photoelastic stress pattern of Fig. 2.35. 

§2.17 Transmission of a Concentrated Load through a Long Plank 
on an Elastic Foundation. Consider a long rectangular block or b(»am 
subjected to two collinear equal and opposite concentrated loads, 
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Fig. 2.36. Tho section through the X axis is clearly a section of sym¬ 
metry, and as such it remains free from shear stresses and does not 
change its shape, i.e., it remains horizontal and flat. This section acts 
like a rigid plane. 

It can be shown mathematically^ that the vertical stresses <ry across 
this section follow the distribution shown in Fig. 2.36. They are com¬ 
pressive between points A and B where :r = ±1.356 approximately, and 
then change into small tensions which rapidly approach zero. 



Fkj. 2.3() ('Urve Showing Stress Distribution in a Long l^lank Siii)jected to Collinear 

C()nc(‘nt rat ed Loads. 


From this it is concluded t hat if a long j)laiik or beam be placed on a 
smooth rigid plane base and pressed down by means of a normal central 
concentrated load, Fig. 2.37, this plank could not be in contact with the 
base across its full kuigth; l)ut this contact would be limited to a central 
interval approximately 2.7 times the height of the block, because, in 
order to maintain full contact, that is, in order for the base to remain flat, 
the ends would have to carry tensile stresses which the base clearly can¬ 
not exert. It follows that if the block is longer than 2.7 times its height 
the ends would ris(> off the base. 

A photoelastic stress pattern bearing on this point is shown in Fig. 2.38. 
It shows a block about 4.5 times as long as its height which was pressed 

^ See §5.10, pp. 436-438, Treatise on Photoelasticity, by Coker and Filon. 
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Fig. 2.37 Curve Showing Pressun^ Distribution under a liong Plank Acted on by 

Concentrated Load. 



Fig. 2.38 Stress Pattern of a Large Bukelite Plate (>)nipressed by a Concentrated 
Load Acting through a Long Plank. The pattern clearly indicates that the 
pressures drop to zero at points approximately equal to db 1.356 from the center 
of the plank. 

Height of plank = 0.481 in.; length of plank = 2.198 in.; thickness of plank ~ 
0.244 in.; thickness of plate = 0.247 in.; material fringe value = 43 psi. shear; load 
- 13.47 lb. 
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down on a flat base. The surfaces of contact were machined but not 
polished. Nevertheless the photograph clearly shows that the ends of 
the block have separated from the base and that the length of contact is 
approximately as predicted by tho theory. The distribution of the 
pressures under the block follows approximately the curve of Fig. 2.37. 
These pressures differ radically from those that would (jxist if the height 
of the block was considerably greater; see Fig. 2.35, where we found 
extremely large stress concentration at the ends of the block. 



Fic, 2.39 NotutiofJ for a Omplo on a Semi-Infinite Plate. 


§2.18 Stresses Due to a Couple. Consider again the semi-infinite 
plate and assume a couple of moment Pa to be acting on the straight edge, 
Fig. 2.39. Using 0 (]S. (2.8) and superposition the resultant stresses are 


2P / cos 6 ^ cos 
irt \ 


+ 

r ri 


cos di 2 \ 

- cos“ a I: 

n / 


2P cos Bi . 2 

(Tq = -sin^ a, 

irtri 


P COS 6i , ^ 

TrB =-sm 2a. 

irt Vi 



(b) ,H2.35) 

(c) 


Assume now that the moment arm a gets smaller and force P gets pro¬ 
portionately greater in such a manner that the product stays constant, 
i.e., 

Pa = My a constant. 


This would represent the limiting condition of a couple acting on an 
infinitesimal area. In order to find the stresses resulting from the couple 
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in this limiting case we observe that, Fig. 2.89, 
ri cos di = r cos 0, 
r cos a = ri + a sin 6i 
ri sin a = n cos 0 . 


(«)' 

(b) 


(2.36) 


The expressions for the strcvss com])on(‘nts may then be written as 



2P cos 6 / o \ 

I 1 + cos" a 1 

TTtr \ rr / 


= 

2Pa /2 sin 01 o sin^ 0i\ 

cos 01 + 2 )’ 

rlr \ r, / 

(a) 

(Te = 

2P(i‘^ cos'"* 01 

{h) 

wtrir^ 

TrQ — 

2P cos 01 cos a sin a 

(c) 

irtri 


Approaching the limit 

a-^0, a—>0, Pa == Mj ri —»r, and 


At the limit, obsc^rving that ri sin a = a cos 6 , the ex])ressions for the 
stress components become 



2M sin 20 

(a) 

(Ft 


<Td 

= 0, 

ib) 


2M cos2 0 

(c) 

TrQ 



(2.38) 


An application of those equations is found in a cantilever ]jrotruding 
from a large wall, F'ig. 2.40. If tlu^ lever be cut off along the edge of the 
wall, the wall will he actcHl upon by a shear force and a coui)le. Th(^ 
stresses in the wall can then be found by sujxrimposing the stresses 
induced by the shear force upon the stresses })roduc(^d by the couple. 

The stress components of eqs. (2.38) can also be obtained from the 
stress function 


<l> = 


M 

irt 


+ sill 



(2.39) 


Owing to the approximations made, the final results for tlu' stress(‘s are 
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Fig. 2.40 Stress Pattern of a Cantilever Beam. 

Load = 14.84 lb.; hendins moment ~ 29.68 Ib.-in.; dimensions of beam = 3.315 
in. by 0.592 in. by 0.196 in. 


valid only at points whose distance from the origin are large in relation to 
the magnitude of the moment arm = a. 

The stresses jiroduccKl by concentrated loads aiding on a semi-infinite 
plate at some distance bidow the straight edge have been investigated 
mathematically by E. Melan.^ 

^ See Zdtschrift angew. Math. Mech., Vol. 12, p. 343, 1932. 



CHAPTER 3 

RADIAL STRESSES IN WEDGES AND BEAMS 


PART I WEDGES 

§3.1 Introduction. This chapter consists of two parts. In Part I we 
consider the state of stress in a wedge subjected to concentrated loads at 
the apex. This state of stress is radial similar to that developed in 
Chapter 2 for the semi-infinite plate. 

The apex of the wedge will he taken as the origin of the coordinate 
system, and the axis of symmetry of the wedge as the X axis. The polar 



FiC. 3.1 Skolc'hes Sliowing a Wedge with a C\>neentrated Load at the Vertex Acting 
along the Axis of Symmetry; Also the Statical Equivalent of That Load and 
Resulting Radial Stresses. 


coordinates of a point will be denoted by r and 6, the angle 6 being meas¬ 
ured from the X axis counterclockwise positive and clockwise negative. 
Forces parallel to the coordinate axes will be called positive when their 
directions are the same as tlu' positive directions of the axes. 

In Part II we discuss the effect of radial stresses on simply supported 
beams carrying concentrated loads at the center. 

§3.2 Concentrated Load Acting at the Apex of a Wedge along the 
Line of Symmetry. We consider first a wedge of infinite length, Fig. 
3.1(a), with a small groove of radius Tq removed from the apex, and 
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assume this groove to be subjected to boundary forces defined by the 
expression 

cos 6 

q= -<io — > ( 2 . 2 ) 

^ o 

in which Qo is a constant. The state of stress in this wedge can be 
obtained from the same stress function 

<(> = Cr6 sin 6 (2.3) 

which was found effective in Chapter 2 for the semi-infinite plate, and 
which yields the stress components 


_ _ cos 0 1 

Cr = 2C > 

(a) 


<r« = 0, 

(h) 

Tt0 = 0. 

(c). 


These stresses evidently satisfy all lx)undary conditions in the wedge. 
They vanish at infinity, leave the straight edges free, and on the groove 
of radius r© they reduce to the assumed boundary forces q if C is taken 
equal to 

Furthermore, the statical ecjuivalent of the forces on the groove is a 
concentrated load parallel to the plane of symmetry of the wedge and 
acting at the apex, Fig. 3.1(6). It follows that eqs. {2.5) represent the 
solution for such a concentrated load. 

In order to determine the constant C of eq. (2.5a) in terms of the load 
P we set out a sector of the wedge as a free body. Fig. 3.1 (c), and write 
SAT = 0. Thus 


P — J* (Tr COS d (lA — 0. 

Hence, denoting the thickness by /, we have 

^ cos e 

P = I 20 - fr cos 0 dS 

J-a r 


(3.1) 


and 



cos^ B dS 


= Ct{2a + sin 2a), 


C - 


P 

t{2a + sin 2a) 


(3.2) 


(3.3) 
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Substituting in eq. (2.5a) and remembering that (Xr is a compressive 
stress, we have 


2P cos 6 
rl{2a + Mil 2a) 


(3.4) 




\ 


Fig. 3.2 Stress Pattern of a W(*dp:e Subj(‘cted to a Load at Its Vertex alons the 

Axis of Syinmi'tiy 

Load = 34.3 Ih.; angle of wedge = 44° 30', thickness of wedge = 0.176 in.; 
fringe value of model = 244 psi. shear. Dimensions of bar: width = 0.290 in.; 
length = 0.677 in.; thickness = 0.171 in. 

Putting a = 7r/2, we obtain the stresses for a load acting normally to the 
straight edge of a semi-infinite plate, which agree with the previous 
results given by eq. (2.8a). 
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The theoretical fringes are arcs of circles having their centers on the 
line of symmetry of the wedge and passing through the apex. The 
diameters of these circles are inversely proportional to the fringe order. 
A photoelastic stress pattern of such a wedge is shown in Fig. 3.2. Such 
photoelastic wedges have been used in the measurement of pressures.^ 

§3.3 A Simplified Permanent Compensator. The radial state of 
stress developed in a wedge and discussed in the preceding article can be 
utilized to make a simplified compensator, which would simultaneously 
contain a largo range of stresses similar to those existing in bending. 
This type of compensator was suggested by (^.oker and Filon.^ 

The recent developments of the frozen stress pattern provide a means 
for making permanent compensators, thereby dispensing completely 
with the need for a special instrument for this purpose. A stress pattern 
of such a fixed or frozen, wedge-like compensator is shown in Fig. 3.3. 
''Fhe stress in the shank of this strip may be treated as approximately 
radial. Such a compensator is permanent in nature, and the fringe 
orders can be readily identified. It has the additional advantage that it 
can be brought in direct contact with the model, thereby simplifying the 
problem of focusing, and is easily oriented w ith respect to the boundary 
of the model. It remains to be addend that a ])ermanent compensator of 
variable stress(\s can also be made from a beam in pure bending. This 
compensator might have some further advantages. It would contain a 
clear neutral surface as wi^ll as a range of stress varying from pure tension 
to an eciual pure compression. 

§3.4 Concentrated Load Acting at the Apex of a Wedge in a Direc¬ 
tion Perpendicular to Its Axis, Fig. 3.4(a). We again consider a wedge 
of infinite length with a groove removed from the apex, Fig. 3.4(6), and 
assume the boundary forces on the groove to follow the distribution 


cos d' 

q = -^o—— 

• o 


(3.5) 


the directed angle S' being measured from the direction of the Y axis 
which coincides w ith the direction of the load, Figs. 3.4(a) and (6). The 
groove is thus subjected to compressions below^ the axis of the wedge and 
to tensions above it. It is clear that all boundary conditions are saffa- 
fied by the simple state of radial stress given by eqs. (2.5) with 0' replac- 

^ See “Application of Photo-Elastic Effect to Measurement of Pressure,’^ by 
F. Takabeya and T. Shingo, Memoirs of the Faculty of Engineering^ Hokkaido Impe¬ 
rial University^ Vol. 3, No. 1, March, 1932. 

^ S(‘e Treatise on Photoelasiidiij by Coker and Filon, §4.21. 
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Fig. 3.3 Stress Pattern of a Wedge-Shaped Bar in Tension Which Can Be Used as 

a Permanent Compensator. 

Number of fringes varies from 3 in the wide part of the shank to 18 near the neck. 
Load = 172.5 lb.: width, lower end = 0.725 in.; width at neck = 0.102 in.; thick¬ 
ness of bar = 0.243 in.; length of taper == 2.62 in.; fringe value of model = 177 
psi. shear. 
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ing e, i.e., 


_ cos 6 

II 

o 

T 

<re = 0, 

(fc) 

d 

II 

(c) 


K3.6) 


Furthermore, the statical equivalent of the boundary forces is a con¬ 
centrated load perpendicular to the axis of the wedge and equal to the 
applied load P, 



Fig. 3.4 Sketches of a Wedge Subjected to a Concentrated Load at the Vertex 
Normal to the Axis of Symmetry, and Statically Equivalent System; also Result¬ 
ing Radial Stresses. 


It is left to the reader to show that in this case 


C = 


P 

t(2a — sin 2a) 


Substituting in eq. (3.6), we obtain 

2P cos s' 


(3.7) 


rt(2a — sin 2a) 


(3.8) 
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Fig. 3.5 Comparison of Theonitical and Photoiilastic Stress Patterns Obtained 
from a Wedge Subjected to a Load at the VcirUjx Normal to th(? Axis of Symmetry. 
P = 37.9 lb.; ^ = 0.250 in.; F = 172 psi. shear. 
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The minus sign is inserted in order to satisfy the boundary conditions on 
the groove, where Gt is negative when cos is positive, and vice versa. 
In terms of the angle 6 which is measured from the X axis 


since 



2P sin 6 

(a) 

O’r — ~ 

r/(2a — sin 2a) * 

<T9 = 0, 


Q>) 

Tre = 0, 


(c) 


(3.9) 


d' = e - 90 ° 


and 


cos o' = sin 0. 


The theoretical fringes are arcs of circles tangent to the X axis with 
centers on the line of the load, and the diameters of these circles are 
inversely proportional to the fringe orders. These arcs are symmetri¬ 
cally distributed about the A" axis, which lies in the neutral surface. 
Fig. 3.5(a). A corresponding photoelastic stress pattern is shown in 
Fig. 3.5(5). 



Fig. 3.6 Sketcli Showing Notaboii for Rectangular Stress Components in a Wtidge 
with a Concentrated Load at tin* Vertex Normal to Its Axis of Symmetry. 

§3.5 Rectangular Stress Components for a Load Perpendicular to 
Axis of Wedge. It is useful to have expressions for the rectangular stress 
components Gy, Txy for an infinite wedge subjected to a concentrated 
load at the apex perpendicular to the axis, Fig. 3.6. These can be 
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obtained directly from the formula for <7^. Thus, by eqs. (2.14), we have 


<Tx = (Tr COS^ By 

(a)' 

(Ty = (Tr sin^ B, 

(6) . 

Txy = (Tr sin B COS B. 

(c). 


Introducing the expression for (Jr from eq. (3.9a) and noting that 

+ 2 /^, sin 0 = - , and cos 0 = ~ , (3.10) 


we can write 


in which 


Ax^y 

(a) 


Af 

(Jb) 

(X2 + 1/2)2 ’ 

Axy^ 

(c) 



A = 


2P 


ii^a — sin 2a) 


(3.12) 


Values of as a function of a for P = 1, < = 1 are given by the curve 
of Fig. 3.7. 

It will be useful to examine the variations of the stresses across a trans¬ 
verse section where x is constant. Putting the partial derivatives of the 
stresses equal to zero we can determine the existence and the positions of 
the critical values. Thus 


dax 


Ax^ 

(x^ + y^f 


[{x^ + 2/®) - 42/2] = 0. 


This derivative is zero when 

{x^ + 2/^) - 4j/2 


or 

= 42 / 2 . 


0 , 


Hence the numerical value of cti is a maximum at 


^ = sin e = 

r 


±i 
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Fig. 3.7 Curve Giving Values of Constant A, in Eq. (3.12), as a Function of o, for 

P = 1, < = 1. 


i.e., where 


e = ±30®. 

Similarly dayjdy = 0 when 

3(a:2 + y®) - 4^2 = 0, 


and ay reaches a numerical maximum at 

e = ±60°. 
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Fig. 3.8 Curves Showing Distribution of Reel,angular Stress Components in a 
Wedge with a Concentrated I^oad at the Vertex Normal to Its Axis of Symmetry. 
Arbitrary values used are: P = I lb., / = 1 in., x = 1 in. 


Lastly dTxy/dy = 0 when 

+ y^) — 2y^ = 0 , 

and Txy reaches a numerical maximum at 

B = ±45®. 

The distribution of the rectangular stresses for several values of a is 
given in Fig. 3.8- 
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§3.6 Triangular Cantilever Beams. The infinite wedge discussed in 
the preceding two articles may l)e viewed as a cantilever beam loaded at 
the apex and restrained at infinity. It is interesting to compare the 
results from the exact theory with those from (dementary solutions. For 
this purpose it will be convenient to express th(i stresses in terms of the 
moment of inertia I of the area of a transverse section about the neutral 
axis and the bending moment M at the s(»ction. 

{a) Expression for (Tx- Denoting the depth of the transverse section 
N-N, Fig. 3.fi, by 2d, and the thickness of the beam by t, the moment of 
inertia is given by 

/ = itdK 

Eq. (3.11a) may therefore be written 

^ 2Pxy X 2tdi^ 

t(2a — sin 2a) (x^ + 7/^)^ 3/ 

My 4 r x(P n 

= - — 3(2a - sin 2a) 


in which M = Px is the bending moment considered positive when P is 
positive, i.c., downward. Since 

d = x tan a, 

+ i/, 

x = r cos dy 

the bracketed factor in eq. (3.13) reduces to 

tan’^ a cos^ 6. 


Upon substitution in oq. (3.13), we obtain 

_ 4 tan^ a cos^ 0 My 

3 (2a — sin 2a) I 


in which 


4 tan^ a cos^ 6 
3 (2a — sin 2a) 


(a) 


(3.14) 



is a correction factor to the well-known flexure formula 
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On the extreme fibers where B = the constant k becomes 


4 sin^ a cos a 
3 (2a - sin 2a) ’ 


(3.15) 


Values of fci as a function of a are given by curve I of Fig. 3.9. Inspec¬ 
tion of this curve shows that for small values of a the value of k\ is 



Fig. 3.9 Curves Giving Factors ki and A-j, in Eqs. (3.15) and (3.19), for Wedges of 
Various Angles with Concentrated Loads Normal to Axis of Symmetry. 


approximately equal to unity. This also follows from eq. (3.15). Thus, 
expanding into a power series, we have 


sin 2a = 2a — 


{2af , (2a) 


3! 


+ 


5! 


For small values of a only the first two terms are significant, so that 
3 (2a — sin 2a) = 4a®. 
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Also, for small angles 

sin a = a and cos a = 1, 

approximately. With these simplifications the value of ki given by 
eq. (3.15) approaches unity as a approaches zero. Hence, for small 
angles the elementary flexure formula gives essentially the same values 
for the longitudinal stresses Ox os the theory of elasticity, 

(b) Maximum Tension or Compression, The maximum stress in the 
beam is the radial stress on the extreme fibers of the beam. This stress 
can be found from eq. (3.9a) by putting B = zka, i.e., 


2P sin a 
rt{2a — sin 2a) 


cos^ 6 


(3.16) 


it follows that, for small values of a, Or = ax, approximately. Although, 
for very large values of a, Or on the extreme fibers is much greater than 
Oxy nevertlu^less the maximum Or can still Ix) obtained from the ordinary 
flexure formula for an ai)preciable range of a. In order to show this we 
express ar in terms of M and I. Substituting in eq. (3.16) the expression 
for ax from eq. (3.14a), we obtain 

4 tan^ a cos^ 6 My 
3 {2a - sin 2a) T” ’ 


On the extreme fibers 


6 = dha, 


4 tan^ a cos^ a My 
3 (2a — sin 2a) / 


4 sin^ a My 

3 (2a — sin 2a) cos a I 


My 

= -*2 — » 


(3.18) 


in which the correction factor 


sin"* a 


3 (2a — sin 2a) cos a 


(3.19) 
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Values of ^2 as a function of « are given by curve II of Fig. 3.9. Inspec¬ 
tion of this curve shows that, for beams in which 2a is less than 45°, 
CTr exceeds My/I by less than 4 per cent. Hence, for triangular beams 
in which 2a does not exceed 4S^, the maximum normal stress may be 
assumed as being closely approximated by the ordinary flexure formula. 

(c) Expression for Txy in Terms of P ami I. Following the same pro¬ 
cedure as in deriving eq. (3.14«) from (3.11 a), we transform eq. (3.11c) to 
give 


4 tan^ a cos"^ 9 Py^ 
3 (2a — sin 2a) I 


(3.20) 


Txy 


and (Tr 



Fig. 3.10 Curves Giving a Comparison of Stresses Found by the Ordinary Flexure 
Formula and the True Stress Dist ribution in Wedge-Shaped Cantil(*ver Beams for 
Two Values of ot. 


On the extreme fibers, where 9 = zba and y = itd, this becomes 


Txy 



(3.21) 


where ki is given by eq. (3.15). 
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By the elementary jmrabolic formula the maximum shear stress occurs 
at the neutral axis, and its magnitude, using conventional notation, is 
given by 


r 


xy “ 


V Ay 

IF 


(3.22) 


which for our notation reduces to 

Pd^ 

'^xy - • 


(3.23) 


Comparison of eqs. (3.21) and (3.23) shows that oven for small angles, 
whim A 1 is nearly unity, the numerical value of the maximum shear stress 
from the exact theory is twice as great as that from the elementary 
theory, Moieover, this critical shear oc^curs at the extrcime fibers and 
not at the neuti*al axis. The ciirves of Fig. 3.10 clearly show the 
difference's lK*tw(*(‘n tlu^ th(M)r(^tical or true strc^sses and the approximate 
results ()])tain(‘(l from tlu' elementary bceiin theory. 

It is seen that liiueir distribution of th(» longitudinal stresses holds 
only for small aiigl(‘S a. As thcNse aiigkvs g(‘t largc^r this distribution may 
differ radically from the' assumed liiu'ar law. We further note that the 
shear stress(\s do not follow the (demc'ntary ])arabolic law in which the 
maximum is (l(^v(‘lo])ed at the neutral surface'. At that surface the shear 
stressevs vanish, and for Ixeims in which cx doc's not excc'od 45° the greatest 
shear strc'ss is dcwc'lopc'd at Uk' c'xtreme fibers. Lastly we observe the 
pre^semee^ of lateral stressc's cr^, I' ig. 3.8, whi(*h arc' entiredy neglected in the 
elementary thce)ry. 

§3.7 Concentrated Load of Arbitrary Direction Acting at the Apex of 
a Wedge. We considc'r next a c*oncentratc'd load ac*ting at the apex of an 
infinitely long wcxlge and making an arbitrary angle' (i with the axis of 
symmetry of the wedge from which it is measured. This angle ^ is the 
angle bc*tween the ])ositive side of thc^ X axis and the vector P which 
represents tlic' force', laid off from the origin of the' c;oordinate system. 
The angle /3 is positive when counterclockwise and nc^gative when clock¬ 
wise, Fig. 3.11 (c/). We again form a groove at the apex and assume it 
to be subjected tx> pressures given by cx|. (3.5), Fig. 3.11(6). In the 
preceding case's the boundary forces q acting on the groove were in every 
instaime eciuivale'iit to the concentrated load P api)lied at the apex; see 
Figs. 3.1 and 3.4. In the ])roblem under consideration thc^se boundary 
forces. Fig. 3.11 (6), are not statically ('ciuivale'iit to the applied load P. 
This is due to the fact that the* components normal to the direction of the 
load do not vanish. It follows that tlu' stresses given by eqs. (3.6), 
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although representing an exact solution for the assumed boundary forces 
g, do not directly give th(^ stresses produced by the concentrated load P. 

If, however, we n'solve the giv(‘n load into com])onents respectively 
parallel and perpendicular to the A' axis, Fig. ^^12, w ('can apply eqs. 



Fig. 3.11 Sketclu's Showing a Concontratod 
Load at tho Vertex of a Wedge in an 
Arbitrary Diniiition; also Statically Piquiv- 
alent System and Notation. 



P^Ki. 3.12 Sketches Showing Rectangular 
(k)inponeiits of a Load A(;ting in an Arbi¬ 
trary Direction. 


(3.6) to each component separaLdy and then find the total stress system 
by superposition. The A"” and Y components of P respectively are 
P cos pf and P sin The stresses <t/ ijroduced by P cos ^ are by 
eq. (3.4) given by 


2P cos cos 0 
)i(2a + sin 2a) 


(3.24) 


Similarly the stresses a/' produced by the component P sin jS are by 
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eq. (3.9a) 


ff 2P sin /8 sin d 

:—r—r 


rt(2a — sin 2a) 


(3.25) 


The total stress ar produced by the concentrated load equals the alge¬ 
braic sum of a/ and i.e., 


2P / 


cos p cos 6 ^ sin p sin 0 
2a + sin 2a 2a — sin 2a;^ 


(3.26) 


From eq. (3.26) it follows that the stress vanishes for the angle Bo 
defined by the expression 


tan 6o = — 


1 2a ~ sin 2a 
tan p 2a + sin 2a 


§3.8 Theoretical and Photoelastic Stress Patterns. The theoretical 
fringes an* again circular arcs. The centers of the circles do not, how¬ 
ever, lie on th(* line of tlu* load, as they did in all the pr(*ceding cases. In 
order to show Hk* circular character of the fringes we transform the 
expression (3.26) in the following maimer. 

Let 


so that 


2a — sin 2a 
cos ^ 

2a + sin 2a 


= w sin 7 , 


m cos 7 , 


siir jS cos^ 

(2a — sin 2a)^ (2a + sin 2a)^ 


^(3.28) 


(3.29) 


tan 7 = tan 


2a + sin 2a 
2a ~ sin 2a 


From eqs. (3.27) and (3.30) it follows that 


(3.31) 


Hence the lines defined by the angl<*s and y an* mutually perpendicular. 
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Substituting the expressions from eqs. (8.28) into cqs. (3.26), we obtain 
2Pm . 

<7r =-(sin 6 sin y + cos d cos 7 ) 

rt 


It follows that ar vanishc^s when 0 = 9f„ for 60 — y = 90°. This 
means that the line defined iiy 60 is a neiiti'al axis.^ Also, for constant 
values of cTr, {3.32) represents circles with centers on the line defined 
by the angle y and tangent at the origin O to the neutral axis defined by 
the angle O,,. Along such a circle 


cos {0 — 7 ) 
r 


- f a constant. 
a 


It follows that along the arc of this circles whi(;h falls in the wedge the 
radial stresses, and therefore the maximum shear slrt^sses, ai-e constant. 
Hence the fringes or isochromatics corresponding to an arbitrary con¬ 
centrated load acting at the apex O of a wedge are arcs of circles the 
centers of which lie on the line defined by the angle y, i.e., on a line 
perpendicular to the neutral axis. Furthermore, as in the pieceding 
cases, 


da = 


(h 

n 


(3.:«) 


in which rfi, dn denote r('sp(^ctively the diameters of th(' first and the ?/th 
fringes. Thus tlu' diamet/cr of fringi* two is half Uk^ diain(‘t(T of fringe 
one, etc. Theoretical str(^ss jiatterus for a w(Hlg(» in whk^h 2o; = 60°, 
and = 45° and —15°, are shown in Figs. 3.18(u) and 3.13(5) respec¬ 
tively. Photoelastic and corn'sponding tlieon^Ical stress patterns for 
three different wedges are shown in Figs. 3.14, 3.15, and 3.16. The 
direction of tli(> load is in each case givcai by the axis of th(' bar through 
which the load was ap])Iied. Iiispecdioii of thes(^ figure's shows that the 
theoretical and experimental results are in substantial agreement. 

Fig. 3.17 shows a sketch of a wedge in Avhich a = 45°, = — 45°, i.e., 

the apex of the wedge is a right angle and tlie load is parallel to the verti¬ 
cal edge. This may be thought of as repr<\senting a column resting at 
the edge of a wall or foundation. The neutral axis is given by eep (3.27). 

^ The term neutral axis is here used not only in the conventional sense but also to 
denote the trace of the neutral surface in the plane of the paper. 
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Fig. 3.13(a) 



or 

do = 12 ^ 30 '. 

A neutral axis thus exists which makes an angle of 57° 30^ with the verti¬ 
cal edge, Fig. 3.17. All the region above this neutral axis is in a state of 
pure radial tension, and the region below is in a state of pure radial com¬ 
pression, The centers of tlie fringes lie on the line Ci-Ci perpendicular 
to the neutral axis, Fig. 3.17. 
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The corresponding photoelastic stress pattern is shown in Fig. 3.18. 
Except for the distortions produced by plastic flow, machining, and time 
stresses the theoretical and experimental fringes are in good agreement. 
In order to obtain the pattern it was found desirable to apply th(‘ load 





Fig. 3.13 Skotclu's Showing Notal.ioii and Method of Drawing Theoretical Stress 
Patterns for W'edg(»s with C\)iic(*iitrated Loads at the V(.*rtic.(3H Acting along Arbi¬ 
trary Directions. 

(a) = 45°: (h) a = 15°. 


through a small liakelite block which was machint^d to rest with small 
shoulders on two identical walls. This pi'odmuMl a good approximation 
to a concentrated load of the desired direction. 

Fig. 3.19 shows a stress pattern of a triangular cantilever, in which the 
load is normal to one edge. 





Fig. 3.16 Comparison of Tlieoretical and Photoolastio Stress Patterns for a Wcdp;t 
with a Coneentratcd Load at the Vertex with Angles 2ey = 44° 30', ^ — —40° 30^, 
00 = 2° 50', Y = -H7° 10'. 

P — 11.54 lb.; I = 0.170 in.; F — 244 psi. shejir. 



Fig. 3.17 Theoretical Stress Pattern for a Scpiare Coriun- of a Large Plate Subjected 
to a Vertical Concentrated Load. 

See Fig. 8.18 for corresponding e.xrxaimental pattern. 
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Fig. 3.18 Stress Patterns of Sciuare Corners of Large Plates Subjected to Con- 
(!entrate(l Loads Approximately Vertical. 

Load on (Mich wedge, P = 17 lb,; t = 0.343 in.; F = 125 psi. shear. 



Fia. 3.19 Stress Pattern of a Wedge with a Concentrated Load at the Vertex 
Perpendicular to the Horizontal Edge. 

P = 4.30 lb.; 2a = 30”; i = 0.240 in.; F = 179 psi. shikar. 
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PART II CONCENTRATED LOADS ON RECTANGULAR BEAMS 

§3.9 Effect of Concentrated Loads. Two typ(\s of beams have previ¬ 
ously been discussed. Tn §1.13 wo treated pure bending of straight 
bars, and in §3.6 we discussed wcdgcvshapcd iH'.ams subjected to concen¬ 
trated loads at the apex. Here we consider the radial stresses in a simply 
supported rectangular beam carrying a concentrated load at the center. 
We compare the experimental and photoelastic; stress patterns and dis¬ 
cuss the formation of the isotropic points along the transverse section of 
symmetry. 



Fia. 3.20 Sketch Showing a Beam with a Concentrated Load at the Center. 


In the elementary beam theory, the so-called Bernoulli-Fjuler theory, 
the effect of concentrated loads is neglected and tJie rectangular stress 
components, using the notation of Fig. 3.20, an; assumed to be given by 
the expressions^ 


(Tx 0 , 

M(x - c) 
= -]-^ 

VAy 


(«) 1 

(b) 

(c) 


W3.34) 


In terms of P and I these stresses, which we designate by ax', aj, 
and Txy, are 


^ It can be shown lhat at sections far from the applied loads and reactions of the 
supports cqs. (3.34) represent the triu* solution. 
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aj = 0 , 

3P 


w 


• xy 


' ‘ “ ip: 
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(a)] 

ib) 


(c) 


K3.35) 


The exaet solution of this problem is rather difficult and involved. A 
better approximation to the true stresses than that furnished by eqs. 
(3.35) can, however, be obtaiiKMl by superimposing over this simple ele¬ 
mentary stniss syst(nn a radial set of str(\ss(\s emanating from the point 
of application of the concentrated load as a source, treating the central 
region of the beam as if it were a part of a scmii-infinite plate. 

The rectangular stress components develo])ed by the concentrated 


these by and , w(‘ found that 


ft 

(^X = - 


(Ty = - 


T’xv 


plate were deriv( 

found that 

2P 

^.8 

irt (.r“ 

+ yy ’ 

2r 

xy^ 

wt (o:^ 

+ yy ’ 

2P 

x^y 


(a) 

(b) 

(c) 


(2.16) 


tI, ( x ^ + y^)~ 

Combining the stresses given by eqs. (3.35) and (2.16), we obtain 
2P 


x'^ 


(Tx = — 


t Tr(x^ + y^) 


, 2\2 


t Lsc^^ x(x" + 2/^)d’ 

, ^-g^rJ-(2cx-x^) + l b 


(a) 

ib) 

(c) 


(3.36) 


It should be remembered that in these equations the X axis is parallel 
to the load P, and that I denotes half of the span L. 

Maximum Shear Stresses. The maxium shear stress is given by 


W. = |V(<r, - ayf + (2t,,)^ [(1.14), Vol. I] 
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Subtracting eq. (3.366) from (3.36rt) we get 

- 

t Lsc" ^ ^ {x^ + y 

Substituting cqs. (3.36c) and (3.37) in cq. (1.14), Vol. 1, we obtain 


y){x - c) +- — 


^vY 

y^)\ 


(3.37) 




P 

t 


8c^ 


il-y)(x-c) + 


1 PM'{2c—x) 


1 

TT iX^W? 




(3.38) 


§3.10 Approximate Theoretical Stress Patterns. From eq. (3.38) it 
is possible to determine tli(‘ distribution of the maximum shear stress 
across any traiisvcTse section of a rectangular beam having arbitrary 
dimensions. P^ig. 3.21 shows tlie distribution of the maximum shear 
stresses for t(m transverse sections in the inU^rval y = 2c of a Ix^am 
G in. long, 1 in, d(‘ep, and in. thick carrying a load of 500 lb. ''fhese 
curves form th(^ basis for the construction of the ap])roximate theond-ical 
stress pattern for the central [>ortion of the beam. The iiiters(‘ction of a 
transverse line, i.(\, a line i)arallel to the X axis, with thesc^ (‘urv(‘s gives 
the loci of (xjual maximum shear striisses. P'or example', if a transverse 
line be drawn corr('si)onding to a stress of 2000 psi. the intersection of 
such a line with the above set of curves would give the locus of points on 
all sections when^ the maximum shear stress is 2000 psi. The stre^ss 
])attern shown in Pig. 3.22(a) has been constructed in this manner. 
The fringei or cur\'(^ vtihw. in tliis ])a1.t('rn is 750 ])si. shear stress. The 
corresponding j^hotoelastic patt<ern is shown in P'ig. 3.22(/>). (Compari¬ 
son of the th(H)retical and ('xj^erirnental i)atterns shows a substantial 
degrees of agreement between the shap(\s and spacings of the curves.^ 

§3.11 Stresses along the Section of Symmetry. In §3.9 we superim¬ 
posed the stress conqxjiK'iits ])roduced by a concentrated load over the 
elementary bending stresses. This correction wx^uld have greater justifi¬ 
cation if in addition to th(^ (X)ncentrated load and reactions the boundary 
of the beam also carried radial pressures defined by eq. (2.8a), Fig. 3.23. 
Since no such forces are acting on the beam it is ck^ar that the solution 
given by cejs. (3.36) is still incomi)lete. In order to obtain a better 
approximation the radial boundary forexvs of P^ig. 3.23 must 1 h' elimi¬ 
nated. This can b(^ done by superimposing th('. two systems of boundary 
forces shown in P'igs. 3.24(a) and (c), which clearly combine to give the 

^ Figs. 3.21 and 3.22(a) and all calculations on which they are based are due to 
Arthur C. Bates. They were made in 1933 during a summer course in photoelasticity 
given by the author at the ("arnegie Institute of Technology. 


Maximum Shearing Stress at Points in a Vertical Section • psi. 
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Fig. 3.21 Curves Sho\ving the Approximate Distribution of the Maximum Shear Stresses along Several Vertical 
Sections in a Beam with a Concentrated Load at Center of Span, Based on Eq. (3.38). 
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Fin. 3.22(a) Comparison between Photoelastic and Approximate Theoretical Stress Patterns for a Beam Subjected to a Central Con¬ 
centrated Load: Ratio l/c = 6. Theoretical pattern was calculated using an arbitrary load of oOO lb., a fringe value of 750 psi. shear 
stress, and the stress distribution given by curves of Fig. 3.21. 
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Fic. 3.22(^) A Photoclastic Strc'ss Pjitt(‘rn for a Beam in Central Bending in Which 

/; r - (). 

Dimensions of model: 21 — 0.028 in.; 2r - 0.838 in.; i = 0.2185 in.; P = 140 lb.; 
F = 198 psi, shear, 



Fig. 3.23 Sketch Showing Boundary Forces Assumed in Calculating Theoretical 
Stre.ss Pattern for Fig. 3.22(a). 
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three forces acting on th(i beam of Fig. 3.20. The stress system pro¬ 
duced by the boundary forces shown in Fig. 3.24 (a) is given by eqs. 
(2.16), and this represents an exact solution. However, the stn^sses 
produced by the boundary forces containing the radial tensions. Fig. 
3.24(c), are not given by any simple stress function and will only Ih‘ 
approximated. 

Effect of Radiol Tensions on Vertical Compressions. C'onfining our 
attention to the section of syrnimitry w(^ observe that the vertical com¬ 
pression due to the concentrated load must be modific»d so as to make it 
vanish at point D of the lower filx^rs CE^ Fig. 3.20. The effect of the 
radial tensions is therefore to reduce the vertical stresses. This correc¬ 
tion will be assumed to be a linear function of .r, so that 

(<^x)//=o = — —b (3.39) 


Since 


it follows that 


(^x)x=2c 0, 

y =0 


k = 


P 

7r/2c^ * 


Hence, along the section of symmetry 

^ Px 
irtx 7r/2c^ 



(3.40) 


(3.41) 


Effect of Correction on Bending Stresses o-y. We first obs(TV(^ that tlu' 
radial boundary tensions acting on the thnn^ straight sides BC, CE, EA, 
as shown in Fig. 3.24(c), form a system statically equivalent to the 
compn^ssive forc(\s acting on the semicircular groove in the (;enter of the 
beam, Fig. 3.24(a). These tensions are by assumption equal and oppo¬ 
site to the radial compressive boundary forces acting on the correspond¬ 
ing straight sides of the beam shown in Fig. 3.24 (a), which are in equilib¬ 
rium with th(‘ boundary forces on the gr<K)ve. It follows that the radial 
tensions an' statically ecpiivalent to two horizontal thrusts P/t and to a 
vertical force P, Fig. 3.24(6), see §2.2. The bending moment M of the 
forces shown in Fig. 3.24(c), about the neutral axis of the section of 
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symmetry, is therefore given by 



(3.42) 


I 

I 




Pio. 3.24 Skotchos Illustrating Boundary Forces Which Combine to Give Exact 
Solution to the Three Forces Acting on Actual Beam. 


The bending stresses aj will ])e api^roximak^d by the ordinary flexure 
formula, so that, along the section of symmetry. 



(3.43) 


It is to lye noted that in both eqs. (3.41) and (3.43) the quantity c is 
inherently a positive number. We further observer that the horizontal 
force P/t which w^as included in the bending moment acts as an eccentric 
load, and that it will therefore produce an additional tensile stress 
across the section of symmetry, which we assume to be uniformly 
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distributed, i.e., 


<r« = 


P 

T2ct 


(3.44) 


The resultant horizontal .stress across the section of symmetry there¬ 
fore is 


, ^ 3 P /I c\ , 


Tr2ct 


(3.45) 


This solution may be called the Wilson-Htokes solution. Cams Wilson^ 
was the first to make a photoelastic investigation of the effect of a con¬ 
centrated load acting on the edge of a straight Ixjam. These investiga¬ 
tions led him to introduce a (correction for the radial stresses, eq. (3.41). 
(1. G. Stokes^ <ibs('rved that the concentrated load also affected the longi¬ 
tudinal bending stresses, and e(j. (3.45) represents his improvements. 
This problem has received theonetical attention from Boussinesej,^ 
Filon,'* Lamb,^ and others. 

§3.12 Isotropic Points in Beams. The Wilson-Stokes theory, 
although still impcerfect, is sufficient to explain the formation of the iso¬ 
tropic ]K)ints along the section of symmetry of centrally loaded beams, 
and the results to which it leads are in good (juantitative agreement with 
experiments. By definition an isotropic ]H)int is one where 


P = g 7*^ 0. 


Along the .section of symmetry isotropic ])oints will exist where Gx == <ry, 
i.e., at the jxiints of inters(»ction A and B of the curv(\s giving these 
stress(^s. Fig. 3.25. In terms of ec^s. (3.41) and (3.45), this gives 


2 

TT 


\4c- x) 2c=‘ \2 ir) 




which can be reduccxl to 


X (‘ /ttI \ 3 X 3 irl ^ 

4c ” a,- "" \2c ~ 7 4 c ~ S 7 ^ 


(3.46) 


Transposing, rearranging, and factoring we obtain 




c 


X 


^ See Carus Wilson, Phil. Mag., Vol. 32, p. 481, 1891. 

^ See G. G. Stokes, Mathematics and Physics Papers, Vol. 5, p. 238. 

3 See Compt. rend., Vol. 114, p. 1510, 1892. 

^ See Phil. Trans., Vol. 201, p. 63, 1903. See also Treatise on Photoelasticity by 
Coker and Filon. 

^ See Proc. of Congress for Intern. Math., Vol. 3, p. 12, Rome, 1909. 
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or 



1 

SIt/Sc - 1 ’ 


Solving for Xj we get 



(3.47) 


(3.48) 



Fk;. 3.25 Bcjiiii in Central Bending. 

Curves of (Tj, and cr, at section of symmetry under concentrated load illustrating 
positions of isotropic points A and B. 


The roots of eq. (3.48) are coincident when 


(3.49) 


I 

c 



i.e., when 
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The coincident values of x are 



(3.50) 



Fi«. 3.2() Stress Pjitterns of Beams with C'oiicentrated Loads at the Center Illus¬ 
trating Formation of First Isotropic Region. 

(a) No isotropic region: I r = 4.02; 2/ = 4.00 in.; 2c = 0.905 in.; t = 0.239 in.; 
r = 193.9 11).; F - 1<S0 psi. shear. 

(/>) Isotropic region just forming: l/c = 4.19; 21 = 3.500 in.; 2c = 0..S3() in.; t = 
0.232 in.; P — 1U).5 lb.; F = 185 psi. shear. 


It follows that for l/c gnniter than 4.24 the radicarid in eq. (3.48) is 
greater than zero aiul less than unity, so that there exist two distinct 
positive roots. Again for l/c less than 4.24 the above radicand is nega¬ 
tive and the roots are imaginary. 

In terms of isotropic; points this means that in beams carrying a con-- 
centraied load at the center and supported at the ends a single isotropic 
point or region will be formed when the ratio of span to depth is 4.24, 
two isotropic points will be developed for all ratios greater than 4.24, and 
no isotropic zone will exist for shorter beams. 
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The stress patterns shown in Figs. 3.26 and 3.27 provide experimental 
data for a verification of the above-mentioned theoretical conclusion. 
The figures show that for f/c = 4.02 no isotropic point exists, at Z/c = 
4.19 there is clear evidence of the formation of such a zone, at Z/c = 4.26 



(a) (b) 


Fic. 3.27 Stress Patterns of Beams with Concentrated Loads at tlie Centers Illu.s- 
ti ating l^'orination of Isotropic; Points. 

(a) Shows ono isotropic region which occurs when curves of a* and aj, of Fig. 3.2r) 
are tangent to each other: l/c = 4.2G; 21 = 3.500 in.; 2c = 0.822 in.; / = 0.237 in.; 

= 110.5 lb.; F = 181.5 psi. shear. 

(b) Shows two isotropic points: l/c = 4.47; 21 = 3.00 in.; 2c = 0.671 in.; t = 
0.247 in.; P = 118 lb.; F = 174 psi. shear. 


the isotropic region is fully formed, and at l/c = 4.47 we see two distinct 
isotropic points, which remain a permanent part of the stress system for 
all longer beams. Furthermore, inspection of Fig. 3.27(a) shows the 
center of the isotropic zone to be approximately at one-fourth of the depth 
below the upper fibers of the beam, as given by eq. (3.50). 

It is of interest to carry this verification a little further. From eq. 
(3.48) it is possible to calculate the roots for any ratio of l/c. Putting 
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Fig. 3.28 Stress Pattern of a Beam in Bending with a Concentrated Load at the 
(Center Showing Two Isotropic Points. 

Ijc = 5.22; % == 3.00 in.; 2c = 0.584 in.; i = 0.253 in.; P = 80 lb.; F = 170 psi. 
.shear. 



Fig. 3.29 Curves Showing Maximum Tensile Stresses in Centrally Loaded Beams. 
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Ijc = 5.22, we find for the positions of the isotropic points 
Xi = 0.736c, X 2 = 0.264c. 

The corresponding experimental values taken from Fig. 3.28 are 
Xi — 0.72c, X 2 = 0.28c. 

Similarly putting l/c = 6 we obtain theoretically 
xi - 0.792c, X 2 = 0.208c, 

and for the corresponding experimental values. Fig. 3.22(5), we have 
xi = 0.78c and .T 2 = 0.2c. 

It may therefore be concluded that the experimental results com¬ 
pletely substantiate the Wilson-Stokes theory. 

Attention is directed to Fig. 3.29, which shows the maximum tensile 
stre-sses obtained from eq. (3.45) and fioin the flexure formula. The 
adjacent points represent photoelastic i-esults. It is seen that the 
flexure formula always gives safe values. However, in short beams 
these values may be considerably greater than the ti’ue stresses. Thus 
for l/c equal to 4 the difference is 20 per cent, and for He equal to 5 it 
is 9 per cent, approximately. 
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PART I STRESSES IN CIRCULAR DISKS 

§4.1 Introduction. This chapter consists of two parts. Part I deals 
with a mathematical analysis of stresses in circular disks subjected to 
uniform radial pressures, uniform circumferential sh(‘ar stresses, concen¬ 
trated loads acting along a diamc'ter, 
and concentrated loads acting along 
an arbitrary chord. 

Part IT is a mathematical treat¬ 
ment of the basic photo(^lastic phases 
of a disk subjo(;ted to concentrated 
diametral loads. Specifically, equa¬ 
tions are derived for th(‘ isochromatics 
or fringes, the isoclinics, and stress 
trajectories. The th(K)retical curv(\s 
are then compared ^\ith thosc^ ob¬ 
tained photo(4astically. This com- 
])arison contributes much to the 
I'lG. 4.1 Sket(4i Showing Notation for fuller appreciation of both methods. 
Stresses Claused by a Uniform Radial § 4^2 Elementary Stresses in Cir- 

I^essure on a Circular Disk. , 1 / \ n 1 r< 

cular Disks. (a) Radial Forces, 

We first consider the' simpk^st possibles systcun of boundary forces — a 

system of uniform radial tractions of intensity q, h"ig. 4.1. If r, 0 b<^ the 

polar coordinates of a point in the disk, then owing to symmetry the 

stresses will not depend on 6 and will be functions of r only. Assuming 

as a stress function the expression 

<|) = Cr2, (4.1) 

which satisfies the compatibility eq. (1.42a), th<‘stress components are 
found by means of eqs. (1.24). Thus 

ar = 2C, 

ae = 2C, 

Tre = 0. 
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Fig. 4.2(6) Colored Stress Pattern of Model in Fig. 4.2(o) Showing that Disk is 
in a State of Isotropic Stress. 
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Letting 



we obtain 

Vr = g, 
0-9 = g, 

Trfl = 0, 


(a) ' 

(b) i(4.2) 

(c) ) 



Fkj. 4.2(a) Stress Pattern of a Circular Disk under Uniforin Radial Pressures Pro¬ 
duced by a Ring. Monoclmunatic Light Source. 

Diameter of disk = 0.920,5 in.; inside diameter of ring = 0.926 in.; outside diameter 
of ring = 1.7S35 in.; thickness = 0.1375 in.; model fringe value, F — 313 psi. shear; 
material-Bakelite HT-6 


which satisfy all hoiindaiy conditions. It follows that the whole disk 
forms an isotropic region of the same stress intensity q that is acting on 
the boundary. Tensile traediions d(welop isotropic tensile^ stresses, and 
compressive tractions develop compressive stresses. 

The str(\ss i)att(^ni of Fig. 4.2 corrol)orates the theoretical conclusion 
regarding the state of stress produced by uniform compression. It shows 
a Bakelite disk uniformly compressed by a circular ring of the same 
material and thickness as the disk. The hole in the ring surrounding the 
disk was initially slightly smaller than the disk. The ring was exi)anded 
by heating, and the hole was lubricated until the disk could be inserted 
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without pressure. The stress pattern shown was obtained after room 
temperature was established in both. The state of stress in the disk is 
seen to be isotropic. This is even more strikingly revealed by a colored 
stress pattern, in which the disk appears uniformly and permanently 
black and the ring shows multicolored isochromatics, Fig. 4.2(6). 

It should be noted that the contact .surfaces were not polished. The 
slight irregularities in the pattern in the region of contact are due to the 
roughness of the finish. 

(6) Pure Shear. For the case of pure shc^ar we assume a stress 
function 


«!» = 


m 

2ir 


(4.3) 



(a) lb) 

Fia. 4.3 Sket(!hes Showing Stresses Produced by Pure Shear on a Disk. 


in which M is the torque of the boundary forces, their resultant 
moment about the origin, Fig. 4.3. The stress components are found 
to be 

o-r = 0, (a) ] 


(c)J 

This also follows from simple considerations of statics since the 
moment of the shear stresses on any concentric circle, Fig. 4.3(6), must 
balance the applied torque M, or 

rre2Tr^ = M. 


<Te = 0 , 

M 

" 2irr2 


(4.5) 
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(c) Radial Compression and Shear, A case of some practical impor¬ 
tance is represented by the combined action of uniform radial compres¬ 
sion and uniform shear. The resulting stresses are found by super¬ 
imposing the stress(is from cases (a) and (b) above. Thus 

ffr = (i, (a)] 


►(4.6) 

(c) 

J 



Fici. 4.4 Sketch of Free Body Diagram of a Circular Section (Disk) Tangent to the 
Edge of a Semi-Infinite Plate Acted on by the Statical Equivalent of a Normal 
Concentrated Load. Notation. 


§4.3 Concentrated Diametral Loads on a Disk, (a) We next con¬ 
sider a circular disk, Fig. 4.4, from which a small semicircular groove 
of radius r„ has been removed. On this groove we assume variable 
compressive tractions q which follow the distribution 



( 2 . 2 ) 


2P cos 

-, 

T^t ro 


in which P is the concentrated load statically equivalent to the q forces on 
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the groove, and t is the thickness of the disk. On the circular boundary 
of diameter d we assume compressive tractions qi of magnitude 
2P cos d-ilTrtd per unit length, all directed toward point Oi, the center of 
the small semicircle of radius Vo. 

For such boundary forces the state of stress is, at all points in the disk, 
identically the same as in the semi-infinite plate subjected to a concen¬ 
trated normal load P discussed in §2.2, i.e.. 


at = - 

2P cos 9i 

- y 

(a) 

(Ttf = 0, 

irt ri 

(fe)| 

II 

P 


(0. 


which arc derived from the stress function given by eq. (2.3). The 
l)Oundary conditions are clearly satisfied. I'lius for all points on the 
circle 

cos 1 ^ ^ 

- = -f a constant, 

ri d 

so that on the boundary 

2P 

wtd 


For equilibrium, Fig. 4.4, 

qi(AC)t = <Tr{BC)t, 


whence 


BC 

q\ ^ 


Bi 


2P cos Bi 
irtd 

Furthermore, on the boundary of the small semicircular groove of radius 
f'oj (^r = q- Hence all boundary conditions are mv,t. The solution 
would obviously be th(^ same if the disk were inverted, so that the groove 
would be at the bottom instead of at the to]) of the disk. 

(6) Suppose now that two diametrically opposite grooves with centers 
at 0i and O 2 are removed from the disk, Fig. 4.5, and that two sets of 
boundary forces of the type just considered arc applied; one set. 
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converging at point Oi, the other set, 

,, 2P cos ^2 

convc^rging at O 2 . On the basis of superposition we conclude that we still 
have an exact solution for the state of stress in the disk, and, specifically, 



Fuj. 4.5 Skotrh Showing Boundjiry Forces on ii Circular Disk Resulting from the 
Superposition of Ecpial and Opposite SysUmis of the Type Shown in Fig. 4.4. 
Notation. 


that each point in tlu^ body, such as point A, Fig. 4.5, is sul)jected to two 
radial (compressions a/ and a/' direcb^d toward the centers 0i and O 2 , 
respectively, where 


CTr 


(Tr 


H 


2P cos 61 

wt 7'1 

2P cos O 2 
tI ^2 


(«) 

(b) 


(4.7) 


We observe that on the circular boundary the radial lines Vi and r 2 , 
and therefore q and q \ are everywhere pcri)endicular to each other. 
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Since, for points on the circular boundary, Fig. 4.5, 

^2 = 90° - 01, 

,f 2P sin 01 

a =-- 

•Kid 

The resultant traction o-n on the circular boundary Ls therefore given by 

(r„ = + if? 

2p _ 

=- j A^cos^ 01 + sin^ 01 

irtd 

2P 

-- j 9 a constant, 

irid 

the minus sign indicating compression. It will also be noted that the 
direction of the resultant traction is toward the center of the disk, 



2P C0S«2 

iTt-yr' 


Fig. 4.6 Sketch Sliowing the Resulting Houndary Forces for Fig. 4.5. 

point 0, Fig. 4.5. The tractions on the circular boundary thus reduce 
to a constant radial compression of magnitude 2Pj'Kld converging at the 
center of the disk. Hence eqs. (4.7) represent an exact solution for a 
grooved disk with boundary forces as shown in Fig. 4.6. 
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(c) Lastly, if to the external forces shown in Fig. 4.6 we add to the 
circular boundary a uniform normal tension of 2PfTttdy then this boun¬ 
dary would be completely freed from external forces, and the stress at 
each point within the disk would merely be increased by a uniform iso¬ 
tropic tension 2P/irld^ (§4.2). In this way we arrive at a solution for the 
exact state of stress in a disk carrying compressions along two opposite 
semicircular grooves. If now the grooves be small in comparison with 
the diameter of the disk, the solution obtained becomes also the solution 
for the stresses produced by the statically equivalent concentrated loads 
P which replace the distributed forces on the grooves. 



Fig. 4.7 Sketches Showing Notation for Rectangular Stress Components in a Disk 
under the iVction of Two Diametrically Opposite Concentrated I^oads. 

§4.4 Rectangular Stress Components. From the prt^ceding section 
it follows that the state of stress in a disk subjected to concentrated 
diametral loads P, Fig. 4.7, is given by the following system of rectan¬ 
gular stress components 

2P 's 

<Tx = (Tr sin^ 6i + <Tr" sin^ 02 H-3 > (a) 

Trra ' 

2P 

ay = a/ cos^ 01 + a/' cos^ 02 H-r > (6) 

irta 

Txy = (Tf sin 01 cos 01 — aj' sin 02 cos 02 . (c) ^ 


W4.8) 
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Substituting for (Tt and o-/' the expressions from eqs. (4.7), we hjave 


2P rcos 6 i siii^ cos 02 sin^ 62 ll 

irt L ^2 dj 

2P rcos'^ 0 \ cos'^ 62 11 

^ ---1--- , 

ttI L ro (ij 


2P rcos^ 01 sin 01 cos^ 02 sin 0 ^, 


irt 


n 


f'2 




(a) 

(h) 

(c) 


(4.9) 


in which 0 i and 02 are treated as positives for ])oints to the right, and nega¬ 
tive for points to the left, of the Y axis. The directions of the shear 
stresses are shown in Fig. 4.7(6). 

Inspection of Fig. 4.7 shows that 


X — 2 / 

sm 01 — — cos 01 = -. 

n n 

• n ^ + y 

sm 02 = — y cos 02 = -j 

^2 ^2 


(«) 

(b) 


(4.10) 


where R is the radius of the disk. Substituting in eqs. (4.9) we obtain 


2Pr{R - y)x^ (R + y)x 


+ 


(R - yf , (R + y) 




2P ~ 

~ Vt . 


2P\'(R-yfx (R + y)-x- 

“ Vt L 


+ 


>• 2 ’ 


-a 

11 

dj’ 


+ y)“x1 


in which 


+ (« - j /)2 

+ {R + y)^. 


(a) 

(b) 

(c) 

(a) 

(b) 


(4.11) 


(4.12) 


For points on the diameter perptnidicular to the loads, the X axis, 
Fig. 4.7, 


y = o, 

ri = Tz = Vx^ + 


(«) 

(b) j 


(4.13) 
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Substituting these in eqs. (4.11) and simplifying we obtain 


_^ r Idd^x^ 

irtd 


)2 l] 


2P - 4x21 

— 


2-12 

TTtd + 4x2 
2P r 4d^ 


0-2, = “ 


= 0 


TTtd 




(a) 

(b) 

(c) J 


(4.14) 


Eq. (4.14a) shows that on the X axis ax is always positive or tensile. 
The accompanying vertical normal stn^ss ay is iK^gative or comj)ressive. 
This follows from ecp (4A4b) if we observe that the maximum value of x 
is d/2. Both str(\sses vanish on the circumference, i.e., at the ends of the 
horizontal diainet(^r, and their maximum values are developed at the 
(‘enter of the disk where x = 0. These maximum stresses are 


and 


(0‘x)x =0 
y ==0 


2P 

TTtd 


(o’!/)l=0 ~ 

y=0 


TTtd 


(a) 

(b) 


(4.15) 


The la,st value of Vy is approximately twice the value of the average 
compression P/ld. 

On the Y axis, where 

X = 0, 
n = R - y, 


r2 = R + y, 


we have, from eqs. (4.11), 

2P 

(Fx = -: > 

TTtd 

2P r 2 2 n 

“ Tttld -2y^ d + 2y dj 

Txy = 0. 




(a) 


(5) 


>(4.16) 


(c)) 


We thus see that across the vertical central section, i.e., along the line of 
the loads, the horizontal tension is constant and the vertical compression 



Fig. 4.8(6) Curves Showing the Stress Distribution along the Vertical Section of 

Symmetry. 
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is infinite when ri = 0 or when r 2 = 0. The minimum numerical value 

6P 

of the vertical compression is —- at the center of the disk. The dis- 

irtd 

tribution of the stresses across the X and Y axes is shown in Fig. 4.8. 

Attention is called to Fig. 4.8(6), in which horizontal trusts P/t must 
be introduced for purposes of equilibrium (see §2.2, eq. 2.9). 



Fig. 4.9 Sketch Showing General Notation for Two Ecjiial and Opposite Concen¬ 
trated Loads Acting along an Arbitrary Chord O 1 O 2 of a Circular Disk. 


§4.6 Disk Subjected to Loads Acting along a Chord. We next con> 
sider two equal, collinear, and opposite loads P acting at the extremities 
of an arbitrary chord 0i and O 2 , Fig. 4.9, and again assume that each 
load produces a radial stress system defined by eqs. (2.8), i.e., 


(Tr 


2P cos d 

Ttr 


ae = 0 , 

Trtf = 0. 
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At any point A on the circumference of the circle we would thus have 
two radial stresses a/ and <r/^ acting along the radii vectors ri and r 2 
respectively. Since the acute angle which <r/ makes with the tangent at 
A equals 62 , Fig. 4.9, the normal and tangential components (Tn\ r' of this 
stress are given by 


a/ 

= a/ sin^ e2y 

(a)' 





>(4.17) 

T 

= — sin 202 . 

2 

(b)\ 


Similarly, the components an”, 

of the radial stress 

(Jr' are given by 

<rn” 

= 0-/^ sin^ 01, 

( 0 )] 


// 

r 

er/' 

1 

>(4.18) 

= —- sin 201 . 

2 

( 6 )J 



Substituting for ar and <Tr^ the expressions corresponding to eqs. (2.8), 


i.e., 


and observing that 


2P cos 01 


= —- f 

(a) 

wtri 

2P cos 02 

► 

ib) 

Trtr2 

j 

Vi = d sin 02 , 

(a)) 

r 2 = d sin 0 i, 

(b)) 


(4.19) 


(4.20) 


where d is the diameter of the disk, we get for a-^, the resultant normal 
stress, 

Cn = <^n + 

2P 

-- -z (cos di sin $2 + cos 62 sin 0 i) 

irtd 


Ttd 


sin (^1 + ^ 2 ). 


(4.21) 


Inspection of Fig. 4.9 shows that on the circular boundary 

^1 + ^2 = - ± «, 
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depending on whether the point A is on the arc O1O2 which is less than a 
semicircle, or on the arc O1O2 which is greater than a semicircle. How¬ 
ever, since 


sm(^ + a) = sm(|-a) 


it follows that 


(Tn = 



( 4 . 22 ) 


where a is as shown in Fig. 4 . 9 . 

Inspection of the figure shows that the shear stresses and r" go in 
opposite directions. The resultant shear stress is therefore given by 


rtd 


(cos 61 cos O2 — cos $2 cos 01) = 0. 


( 4 . 23 ) 


The boundary sti-esses thus i*educe to a radial compression of constant 
magnitude, which can be removed by the addition of a radial tension of 
eciual magnitude. The stresses at any point in the disk produced by 
two concentrated collinear loads acting along an arbitrary chord are then 
obtained by combining two radial stresses a/ and o-r" with an isotropic 


2p \ 

tension of magnitude —- sin (-- + a ) 
irtd \2 / 


§ 4.6 Rectangular Stress Components for Loads along a Chord. The 

general expressions for the rectangular stress components for loads acting 
along an arbitrary chord are the same as those given by eqs. (4.9) for 
loads along a diameter, except for the isotropic tension, which in this case 
is 2 P sin (x/2 + a)/Trtd instead of 2 PIM. Hence 


2 P rcos 01 sin^ 01 cos 02 sin^ 02 sin (7r/2 + a:)l . ' 

(7^ =---1- - - > (a) 

L ^2 d J 


2pr( 

^1/ = —7 


cos^ 01 cos'^ 02 sin (7r/2 + a) 


irt L 

,2 


+ 


r2 


} 


2 P ( cos^ di sin 61 cos^ 62 sin 9 ^ 

7i 72 / 


(b) 

(c) 


( 4 . 24 ) 
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Fia. 4.10 Notation for Rectangular Stress Components for a Circular Disk with 
Two Equal and Opposite Ijoads along a Chord. 


Referring to Fig. 4 . 10 , let (xi, 2/1), (^2,2/2) be the coordinates of points 
0 i and O2 respectively, and let (x, y) be the coordinates of any point M 
in the disk. Noting that a-1 = 0-2 and 2/1 = —2/2; we have 


X — Xi 

sm di = f 

n 

(a) 

. yi-y 

COS^l - f 

n 

Q>) 

X — Xi 

sm 02 - » 

r 2 

(c) 

„ y - 3/2 y + vi 
cos ^2 = - = - • 

ra ra 

(d) 


( 4 . 25 ) 
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Substituting in eq. (4.24), we get 

2P r (yi - y)(x - xi)^ . (yi + y)(x - xi)^ 

Tft L ^1* 

sin (7r/2 + a)1 ^ 

- i —J' <“> 

2P r (2/1 “ yf , (j/i + 2/)“ sin (ir/2 + a)"] 

- ~d —J’ 

2P r(2/1 ~ 2/)^(3; - ^i) (2/1 + 2/)^(a: - a;i)1 

* Hi L—-V—J' 


in which 

ri^ = (x - xi)2 + (yi - yf 

and 

r 2 ^ = (x - X,)* + (j/ - 1 / 2 )® 
= (x - Xif + (y + yi)*. 


These are general expressions which will hold for any pair of loads along 
an arbitrary chord. The results obtained in the preceding article for the 
case of loads acting along a diameter can also be found from the last set 
of equations. Along tlu^ X axis, rj = /’ 2 , y - 0, and eqs. (4.26) reduce 
to 



2P 

■2yi (* - 

■ Xif sin (■ir/2 + a)" 

'I 

CTx = 

Ttt 

L r‘^ 


. (a) 


2P 

[21/1® 

sin (Tr/2 + a)! 

(6) ' 

Gy = 

Ttt 


d J’ 


0. 



(c). 


A th(K^retical solution is also available for the stresses in a disk in 
equilibrium subjected to any numl)er of concentrated loads on the 
boundary. Tt can lx? shown^ that the stresses at any point in the disk 
produced by n concentrated loads are obtained by combining in the 
proper manner, all the radial stresses, i.e., 


2Pi cos di 
1=1 wtd ri 


(4.28) 


^ See Theory of Elasticity, by S. Timoshenko, p. 106. Original solutions by 
H. Hertz, Z. Math. Physik, Vol. 28,1883, or Gesammelte Werke, Vol. I, p. 283; and by 
J. H. Michell, Proc. London Math. Soc., Vol. 32. p. 44, 1900, and Vol. 34, p. 1^, 1902. 
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and adding to it an isotropic tension given by 

op. 

L sin ( 01 + 02 ),-, (4.29) 

i = 1 irta 

in which di and $2 are as shown in Fig. 4.9. 


PART n PHOTOELASTIC ASPECTS OF THE DISK 
THEORETICAL AND EXPERIMENTAL RESULTS^ 


§4.7 The Dipolar Equation of the Fringes or Isochromatics in a Disk 
Subjected to Concentrated Diametral Loads. The basic definition of a 
fringe or isochromatic curve is given by the simple expression 


^ ^ = A, a constant. 


In terms of the rectangular components <Ty, T^y we have 


A = (p - q) = V (o-* - (Ty)^ + (a) 1 

or K4.30) 

= (ffx - ITyf + 4Txy^. (6) J 


Substituting the values from eq. (4.9), multiplying both sides by 
and squaring and collecting terms of like coefficients, we obtain 


4p2 


A B 2C cos 01 cos 02 

2 I o T" 

ri r2^ rir2 


(4.31) 


where 

A — cos^ 01 (sin^ 01 + 2 sin^ 0i cos^ 0i + cos^ 0i) 

= COS^ 01, 

B = cos^ 02 (sin^ 02 + 2 sin^ 02 cos^ 02 + cos^ 02) 

= COS^ 02, 


(a) 

(b) 


(4.32) 


(o) 

(b) 


(4.33) 


and 

C = (sin^ 01 — cos^ 0i)(sin^ 02 — cos^ 02) ” sin 20i sin 202 
= cos 2(01 + 02 ). 


(a) 

(b) 


(4.34) 


Adding and subtracting (2 cos 0i cos02)/rir2 to the right side of 
eq. (4.31) and substituting the simplified expressions for A, By and C, 

^ Except for detail and some notation the treatment in Part II is essentially the 
same as that of Professor F. W. Bubb. See his paper “ Photoelastic Theory of the 
Roller Bearing,” Photoelastic Journaly Vol. I, No. 6~12, June-December, 1938. 
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we finally obtain 

_ / cos cos ^ 2 Y 

4P2 \ ri r2 / 


4 cos cos $2 
rirg 


sin^ (fii + ^2)* 


(4.35) 


This is the fundamental equation from which the loci of constant 
(p — g) = A can be located. It contains two sets of polar coordinates, 
ri, di and r 2 , ^ 2 , having reference to the two origins or poles 0i and O 2 , 
Fig. 4.7, and is known as a dipolar equation. 

§4.8 The Cartesian Equation of the Fringes or Isochromatics. The 
dipolar equation of the fring(\s derived in the preceding article is not con¬ 
venient for purposes of calculation since four coordinates must be known 
at each point. The calculations are simpler in terms of the usual Car¬ 
tesian coordinat(^s {x^ y). 

In order to transform eq. (4.35) into Cartesian coordinates we use the 
relations from eqs. (4.10) and (4.12), i.e.. 


r2 


X ^ R - y 

— > cos = > 

ri ri 

(a) 

X R + y 

— f COS 02 = - * 

r2 r2 

Q>) 

1 

+ 

(a) 

+iR + yf, 

(b) 


also 


sin {Bi + ^ 2 ) = 


2xR 

rir2 


(4.10) 


k4.12) 


(4.36) 


Substituting in eq. (4.35) we have 

tt^A^ ^ ( R - y R + y V ^ 
4P^ \ ^2 ) 


(R - y) (R + y) 4x^R^ 


ri 


r2^ 


[(r2^ + r,^-)R - (r2" - ri^)y? - mR^ - y^)x^R^ 


, 2 \^ 2 r >2 


4 4 

riW 


J 

h' 


(fc) 


(4.37) 


Tn terms of x and y, eqs. (4.12), the numerator J becomes 

J = [2R{x^ + «=" + y"^) - 4%2]2 _ i6(/i!2 _ (a) ] 

K4.38) 

= [2R{x^ + R^ - i/)f - 16(fl2 - y^)x^R^. (b) j 
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Upon expansion and simplification this reduces to 
J = - R'^y. 


(4.39) 


The denominator H is given by 
H = {x^-^ {R- yff[x^ + {R + 

= {[(x2 + R^ + 2/2) _ 2Ry]l(x^ + R^ + y^) + 2Ry]Y 

= [( a :2 + + 2 / 2)2 _ 


(a) 

(b) 

(c) 


(4.40) 


Substituting the values of J and JI from eqs. (4.38?>) and (4.40c) in 
eq. (4.376) and solving, we obtain 

4P/? (x2 + J?2 + j,2)2 - 4i?2|,2 


ir^A 






(4.41) 


The last expression represents a family of quarties and siv(\s the theoreti¬ 
cal loci of the fringes or isochromatics for a disk siibjc'cted to concen¬ 
trated diamc^tral loads. 

It will be convenient to introduce tlie fringe order n and the fringe 
value of the model F into the last equation. To this end we write 

A = (p — (j) = 2nF. [(5.6) and (5.7), Vol. 1| 


The left side of eq. (4.41) then bc^comes 


ttIA 


in which 


_ 2PR. _ K 

(a) 

irtnF n 

2PR 

(b) 

irtF 


(4.42) 


is a positive constant for a particular stn'ss pattc^rn de})ending on ilu^ 
load P, the dimensions of the disk R, /, and its shear fringe value F, In 
terms of this constant ecp (4.41) becomes 


K (R^ + jc2 + y2)2 

„ R2 _ ^2 _ yL> 






(4.43) 


This expression gives an explicit relation Ik' tween the .r and y cof)rdinates 
for any fringe. Thus let it be required to find the locus of the zero 
fringe. Putting a = 0 we have 0 ~ which defines the outer 

circular boundary of the disk and shows at once that the shear on this 
boundary vanishes. 

Since this is a free boundary, the shear can be produced only by cir¬ 
cumferential stresses. It follows that the boundary of the disk is a 
neutral zone. This is clearly substantiated by the stress pattern of 
Fig. 4.11. 
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Eq. (4.43) provides a simple way to check a stress pattern. By 
inserting the coordinates (x, y) of an arbitrary point in the disk we can 



Fig. 4.11 Stress Pattern of a Disk Compressed by Two Diametrically Opposite Flat 

Steel Bars. 

P = 1G1.7 lb.; diameter, d = 1.600 in.; i = 0.200 in.; F == 215 psi. shear. 

readily calculate the fringe ordtir passing through the corresponding 
point in the stress patt(jrn, and this can then be compared with the 
experimental value. 

Refta'ring again to h'ig. 4.11 (see legend for dimensions), let us calculate 
the fringe order Hc at the origin. Putting a: = ?/ = 0, we find, eq. (4.43), 

_ K 

(4.43a) 

= _ 2 X 161.7 

"" TTtFR TT X 0.2 X 215 X 0.8 
= 3. 

Inspection of the stress pattern also gives a value of 3. 
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For purposes of constructing a theoretical stress pattern we solve 
eq. (4.43) explicitly for x and y, and obtain after simplification 

+ + ^ + (4.44) 

The reason for choosing the positive root in eq. (4.44) is fairly obvious. 
Since the left side of this expression is positive, the right side must be 
positive. The first three terms on the right side all being negative, it 
follows that the positive root must be selected. 

Eq. (4.44) is convenient to calculate the fringes which intersect the 
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X axis, whereas eq. (4.45) is more useful to determine the fringes or iso¬ 
chromatics which intersect the F axis only, i.e., the ovals which lie 
above and below the A"' axis. The stress pattern shown in Fig. 4.12 was 
calculated by the above equation, and fringe 3 was made to pass through 
the origin. 

Intercepts. In order to find the X and Y intercepts for a fringe of 
order n we put y — Oin eq. (4.44) and rc = 0 in eq. (4.45). This gives 



\k^ m'^K 

V4a^ 2n 


(4.46) 

n 


(a) 

K4.47) 

to 

II 

. 





From the last equation we have 

y == dtzTL (4.48) 

This reveals an important aspect of the fringes or isochromatics, 
namely, that they all pass through the points of application of the loads. 

The stress patterns sh<3wn in Figs. 4.11 and 4.12 con*o])orate this con¬ 
clusion. In the experimental stress pattern, Fig. 4.11, some fringes do 
not pass through the points of application of the loads. This seeming 
discrepancy is easily explained if we olxserve that the actual loads are not 
concentrated but distributed over finite flattened portions of the disk. 
Another effect of this distribution of the load is to move the points 
of maximum shear stress away from the boundaries and to produce a 
local fringe formation similar to that encountered in the case of a dis¬ 
tributed load on a semi-infinite plate. Figs. 2.27 and 2.30. 

In addition to the constant intercepts ^ eq. (4.47a) shows that 

for sufficiently large values of a, i.e., when // is greater than K/R^, there 
are two additional intercepts given by 

y = =i=\ — — • (4.49) 

For truly concentrated loads the fringes originate at the points of applica-- 
tion of the loads, travel toward the center of the disk, where they momen^ 
tarily merge, then separate and travel toward the outer circular boundary^ 
which they never reach, since, as shown before, the stress at the boun-- 
dary remains zero. 

§4.9 General Method for Plotting Fringes. In the problem under 
consideration the analytical expression for (p — q) was readily derived, 



Fiq. 4.13 Theoretical Influence (^-urves of {p — q) for Horizontal Sections of a 
Disk Subjected to Vertical Diametral Loads. 

Ordinates in fringes; abscissas represent distaiuu^s from center of disk of unit 
radius. Note: These curves can be obtained from eq. (4.44) by arbitrarily taking 
K = 2, R — 1 and then adjusting the scale of the ordinates so that the fringe order 
at the origin, rtf, is equal to the desire<l value. 
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and there was no difficulty in obtaining explicit expressions for a; as a 
function of y, or y as a function of x. Should mathematical difficulties 
arise the curves of (p ~ q) can be obtained by a semigraphical process. 
An illustration of this procedure is given in Fig. 4.13, which shows curves 



Fio. 4.14 Theorotioal Stress Pattern Based on Curves in Fig. 4.13. 


of (p — g) for arbitrary constant values of ?/, i.e., curves showing the dis¬ 
tribution of the shear stresses across sections transverse to the line of the 
loads. From such curves it is a simple matter to plot the loci of the 
constant (p — g). The intersections of a horizontal line corresponding 
to a given shear stress with the curves of (p — q) for constant values of y 
give the coordinates of the fringe or isoc.hromatic corresponding to the 
given stress. The curves of Fig. 4.14 were constructed in this manner. 
The corresponding experimental pattern is shown in Fig. 4.15. The 
degree of agreement between the calculated and experimental curves 
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can be clearly seen from Figs. 4.16 and 4.17, which show directly the two 
sets of intercepts. Inspection of these curves shows the corroboration 
to be well-nigh perfect. 



Fig. 4.15 Stress Pattern of a Disk in Diametral Compression. 
P = 272.5 lb. For dimensions see Fig. 4.11. 


Fig. 4.18 gives the theoretical Lsopachic stress pattern, i.e., loci of 
constant (p + q). This j:)attorii is based upon the curves of Fig. 4.19, 
which were calculated from ecjs. (4.11). 

§4.10 Isoclinics. The angles which the principal stresses make with 
the X axis are given by the expression 

tan 26 = • [(1.13), Vol. I] 

^ y 

This is also the basic equation defining an isoclinic if we add the require- 
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ment that 6 be constant. Substituting for ax, ay, Txy their values from 
eqs. (4.9) and simplifying, we obtain 


tan 2 d 


— ri cos 02 sin 202 + ^2 cos 0i sin 20i 
ri cos 02 cos 202 + r 2 cos 0i cos 20i 


(4.50) 



Fig. 4.16 CoTnparison of Theoretical and Photoelastic Stress Patterns for the 
Horizontal Half of a Disk in Diametral Compression, Obtained by Combining 
Figs. 4.14 and 4.15. 

The radii vectors ri and r 2 can at once be eliminated by observing, 
Fig. 4.7, that 


ri ^ sin 02 
r 2 sin 01 


Fig. 4.17 Same as Fig. 4.16 for Vertical Half. 


SO that 


ri = 7’2 


sin $2 


sin $1 


Substituting the last expression for / i, eq. (4.50) reduces to 

sin^ 201 — sin^ 202 


tan 20 = 


sin 201 cos 201 + sin 202 cos 202 


cos 401 — cos 402 
sin 401 + sin 402 


From trigonometry we have 

cos a cos I3 = —2 sin ^(a + ^) sin 2 
sin a + sin =2 sin cos h{a — jS). 
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Eq. (4.51) may therefore be written as 

tan2^ = 2 ( 4^1 + 462 ) sin |(4gi - 4 ^ 2 ) 

sin + 4 ^ 2 ) cos J(40i — 4 ^ 2 ) 


= tan (201 - 202). (4.52) 

This gives two roots 0 and 6' differing by 90®, i.e., 

20 = 201 - 202 (a)' 

or [(4.53) 

20 ' = TT + 201 - 202. (b) ^ 



Fig. 4.1s Theoretical Is()})achic Stress Pattern for a Disk in Diametral Compression, 
Based on Curves of Fig. 4.19. 



(4.55) 
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X 


Fig. 4.19 Theoretical Curves of (p — q) for Horizontal Sections of a Disk Sub¬ 
jected to Vertical Diametral Ijoads, Based on Eqs. (4.11). 

Ordinates in fringes; abscissas represent distances from center of disk of unit 
radius. See note in Fig. 4.13. 
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Hence, the equation of the isoclinic of parameter 6 is 

*2 - cot e - y"* + /f2 = 0, (4.66) 

in which cot 0 is a constant. 

Since the second root 6^ differs from ^ by a constant value, and specifi¬ 
cally 


e' 



it follows that eq. (4.56) is also the locus of points along which 6^ is a 
constant. In other words, through a given point there exists only one 
isoclinic. 

Eq. (4.56) is a second-degnx) equation of the general form 

Ax^ + 2Hxy + By^ + C =^0, (4.57) 

representing a parabola, ellipse, or hyperbola depending on whether the 
discriminant {iP AB) equals zero, is less than zero, or is greater than 
zero.^ In the case under consideration 


A = 1 , 7/ = -cot 7^ = - 1 . 

Hence 

- AB ^ cot^i? + 1, 


and this is clearly greater than zero. It follows that the isoclinics given 
by eq, {4,56) are hyperbolas. 

Furthermore, eq. (4.56) can be transformed by means of a rotation of 
axes so that the term in xy would vanish. When this is done it assumes 
the simple form 


X'2 



(4.58) 


in which C is a constant. The last formula will be recognized as the 
standard form of a rectangular hyperbola, that is, one in which the 
asymptotes are perpendicular to one another. 

Basic Property of Isoclinics, We observe that, if in eq. (4.56) we put 
X = 0, then 

so that 

y = ±R, (4.59) 

showing that all isoclinics above the X axis pass through the point of 
^ See textbooks on analytic geometry. 
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application of the downward load and those below the X axis pass 
through the point of application of the upward load. 

§4.11 Equations of the Asymptotes. It is shown in analytic geometry 
that the asymptotes of the hyperbola 

Ax^ + 2Hxy + + 0 = 0 (4.57) 

are obtained by solving the equation 

Ax^ + 2Hxy + By^ = 0 

for y in terms of x. Hence, for the hy}M^rlK)la represented by eq. (4.56), 
the asymptotes are obtained from 

ar — 2 xy cot d — i/ = 0, 

and this yields for the equations of the asymptotes 

y = X (esc 6 — cot 6 ), 

y = —X (esc 6 + cot 0 ). 

For a particular isoclinic, of i)arameter intersecting tlu; free circular 
boundary at a point {xo^ yo)y Fig. 4.20, 


(4.60) 


(«) 

(b) 


►(4.61) 


cot $0 = f 


(a) 

Vo 


1 

R 

(fc) 

CSC 00 = * /1 ^-r, 


\ !/.r 

Vo 

l{ - .r„ 


(c) 

CSC So cot d„ — i 


yo 



R -V Xq 


id) 

CSC So + cot So = - ; 



f/o 


and the equations of the asymptotes are therefore given by 


>(4.62) 


R ~ .r„ 


~ 

2 / = 

(a) 

Vo 

R "+ Xo _ 

• 

1 

11 



K4.63) 


The graphical construction of tlie asymptotes is shown in Fig, 4.20. 
The foci of the rectangular hyperbolas, eq. (4.56), lie on line OV which 
bisects the right angle between the asymptotes. The distance OV from 
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Fig. 4.20 Sketch Showing the Graphical (^instruction of an Lsoclinic for a Disk 
in Diametral (V)mpression. 


the origin to the vertex is given by 

ov = V/^ 

= /?Vsin do. (4.64) 


Slope.s of Isoclinics at Boundary. In order to determine the slope of 
the isoclinic of parameter do at any ixiint (or, ?/) we differentiate the 
expression 

— 2 cot — 2 /^ + = 0 

and obtain 


dy X — y cot Bo 
dx y + X cot Bo 


(4.65) 


Let Xoj yo represent the coordinates of the point of intersection of the iso¬ 
clinic of parameter Bo with the circular boundary; then, Fig. 4.20, 


tan Bo = — 9 


X, 
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and the slope of the isoclinic at the boundary vanishes, i.e., 

/^\ __ Xq - Vo cot Bp ^ ^ 

Xo cot So+ yo 

V^Vo 


(4.66) 


Hence the isoclinics are all horizontal where they intersect the boundary 
of the disk. 

Referring to Fig. 4.20 it is seen that the distance OV and the slopes at 
P, B and V are all known. This s sufficient to construct the isoclinic. 

Photographs of several isoclinics are shown in Fig. 4.21. Comparison 
with the theoretical curves given in the same figure shows complete 
agreement with all the theoretical aspects. 

§4.12 Stress Trajectories. We have defined stress trajectories as 
curves the tangents to which represent the directions of one of the princi¬ 
pal stresses at the points of tangency; see §1.29, Vol. I. The mathe¬ 
matical formulation of this definition is 


~ = tan 0 . (4.67) 

ax 


Since through each point there are two mutually perpendicular trajec¬ 
tories we have, using eq. (4.55), 

dy 2xy 

dx + x^ — 

and 

dy _ _ R^ + -r" - y^ 

dx 2xy 

The solution of eq. (4.68a) is 

{y ~ Cf + X- = ~ (4.69) 

and the solution of eq. (4.686) is 

+ {x + C^y = Ci^ + (4.70) 

in which C and Ci are constants. This can be readily verified by direct 
substitution. The stress trajectories thus consist of two families of 
orthogonal circles which can easily be constructed graphically. The 
centers of the first set lie on the Y axis, and those of the second on the 
X axis. We shall refer to these as horizontal and vertical trajectories, 
respectively. 

Let it now be required to construct a stress trajectory through an arbi¬ 
trary given point (x, y). It is evident that the coordinates of the given 
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Fig. 4.21 Comparison of Tliree Theoretically Constructed Isoclinics and Photo¬ 
graphs of Isoclinics of (/orresi)onding Parameters in a Disk in Diametral Com¬ 
pression. 

Diameter of model = 1.226 in.; t = 0.262 in.; I* = 206 lb. Bakclite. 

point determine the values of the constants C and Ci. Putting Ci = 0 
in eq. (4.70), we obtain 

= R^, 

showing that the boundary of the disk is itself a stress trajectory, a con¬ 
clusion which completely agrees with the given condition that the 
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boundary is free. We further observe that, regardless of the value of C\ 
in eq. (4.70), y = ±.R when a; = 0. This means that all vertical tra- 
jectories must pass through the points of application of the loads, points 
Bi and B 2 , Fig. 4.22, and do not intersect the circumference elsewhere, 
except when the value of G\ = 0, when the stress trajectory coincides 
with the boundary. 



Fig. 4.22 Sketch Showing the Graphical Construction of a Principal Stress Tra¬ 
jectory for a Disk in Diametral Compression. 


In order to draw the stress trajectories through an arbitrary point 
P(x, y) we draw the lines PBi or PB 2 and construct perpendiculars 
through the midpoints Di or D 2 of these segments. The intersection of 
these midpoints with the X axis gives the center H of the vertical trajec¬ 
tory through point P, the radius of which is HPj Fig. 4.22. 

We next draw a perpendicular PK to HP at point P. The intersee- 
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Fig. 4.23 Comparison of Experimental and Theoretical Stress Trajectories for a 
Disk in Diametral Compression. 

Theoretical trajectories were constructed as shown in Fig. 4.22. Experimen¬ 
tal trajectories were taken from Fig. 1.39, Vol, I. 
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tion of this perpendicular with the Y axis gives the center K of the hori¬ 
zontal trajectory through the same point. 

The experimental and theoretical stress trajectories are compared in 
Fig. 4.23. The experimental curvas are taken from Fig. 1.39, Vol. I. 

§4.13 The Disk as a Photoelastic Dynamometer. The circular disk 
discussed in this chapter can be used as a photoelastic dynamometer to 
measure reactions and loads in statically indeterminate structures. 



Fig. 4.24 Curve Sliowiiig Experimental and Theoretical Values of ric as a Function 

of P/d, Eq. (4.72). 


From eqs. (4.41) and (4.42) we have for the fringe order ric at the centei* 
of the disk 


Since 


4P 

irtF2R ’ 


(4.71) 


Ft=f, 


Tic 


4P^ 

tt/ d 


[(5.10), Vol. I] 
(4.72) 


Hence the fringe order Ua is a linear function of (P/d) and is inde- 
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pendent of the thickness. The result is clearly substantiated by the 
experimental curve of Fig. 4.24. Some of the stress patterns on which 
this curve is based were shown in Figs. 4.11 and 4.16. It follows that 
the load P acting on a disk of diameter d is giveji by the expression 



Since the fringe order at the center of the disk can be determined 
with a high degree of precision and is not materially affected by initial 
stresses, the disk becomes a very practical photoelastic d3mamometer, 
both for the application of loads and for the measurement of redundant 
reactions.,. It aLs,o provides a simple and accurate method for the deter¬ 
mination of the fringe value. 



CHAPTER 5 

CONCENTRATED LOAD ON AN INFINITE PLATE 


§6.1 Strains and Displacements from the Stress Function 

^ s Crd sin 6. We have seen in §2.2 that the stress function 

4> = CrO sin $ (2.3) 

satisfies the condition of continuity, eq. (1.42a), and that it leads to the 
stress components 



2P cos 6 

(a) 

O 

11 

b 

irt r 

( 5 ) 

d 

II 


(c) 


The displacements u and v are determined from Hooke’s Law, which 
in polar coordinates and for plane stress take on the form (see Chapter 1, 
Vol. I) 


^ - ((Tr - ycre), 


fe = -^{cre - v<Tt), 


(a) 

(b) [(5.1) 


1 2(1 + v) 


yr9 ” (J 


Further, it has previously been shown that 


du 


0^ 

II 

(1.3) 

u 1 dv 


r r off 

(1.4) 

1 du , dv V 

a.7) 
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Substituting the stresses from eq. (2.8) in eq. (5.1) and replacing the 
strains in terms of the displacements, we obtain 


du 

dr 


2P cos B 
irtE r 


u ^ 1 _ 2vP cos B 

r r SB tIE r 

1 du dv V 

--f- —• “ S= 0. 

r dB dr r 


Integrating eq. (5.2a) we have 

2P 


w = - cos log r + fid), 


(a) 

(b) 

(c) 


( 6 . 2 ) 


(6.3) 


in which /(d) is a function of B only. Substituting the above value of u 
in eq. (5.26) and multiplying by r, we obtain 


2P dv 2vP 

- —co,«k«r+/(») + --—(5.4) 


whence 

dv 

2vP 2P , 



Tb 


(6.6) 

and 

2vP 

2P. r . 



^ "he 

sin e + — log rsind — J fid) dd + Fir), 

(6.6) 


in which F(r) is a function of r only. In order to find/(d) and F(r) we 
form du/dB and dv/dr from the expressions for u and v just found and 


substitute in eq. (5.2c). Thiis, from eq. (5.3) 


du 2P . „ , ^ 

--^k«r ».« + -/(*), 

(6.7) 

and from eq. (5.6) 


dv 2P sin d . d . 

dr~-rtE r 

(5.8) 


Upon substitution in eq. (5.2c) and multiplication by r we obtain 
d . 2P . d , 2vP , 


+ / W) de - Fir) = 0 . 


( 6 . 9 ) 
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This equation must be true for all values of r and 6. Since these are inde¬ 
pendent quantities it follows that we may put each of them separately 
equal to zero. 

Letting r = 0 in eq. (5.9) we obtain 

d 2P r 

^/(^) + ~ ^ + J 

where the constant of integration resulting from the last term contains 
also F(0). It can be verified that 

(1 — v^P 

f{6) =--— 6 sin 6 + A sin 6 + B cos 6 (5.11) 

irth 

is the general solution, in which A and B are arbitrary constants. 

If next we let ^ = 0, and keep r different from zero, eq. (5.9) reduces to 

r^F{r) - F{r) = Q. (5.12) 

dr 

It can further he verified that the solution to this equation is 

F(r) = Cr, (5.13) 

in which C is arbitrary. With these expressions for/(^) and F{r) the 
expressions for u and given respectively by eqs. (5.3) and (5.6), 
become 

2P (1 - v)P 

u ~- - log r cos d -=— 6 smd + A sin e + B cos 6 (5.14) 

irtlii irtE 

and 

(1 - p) (1 + p) 2P 

V - -^ P6 cos 6 H-P sin 0 H-- log r sin 6 

wtE ttIE irtE 

+ A cos e — B sin e + Cr, (5.15) 

in which the constants ^4, B, and C are determined from given conditions, 
such as symmetry or constraints. 

Consider, for example, the semi-infinite grooved plate shown in 
Fig. 5.1, which is subjected to radial pressures on the groove, and in 
which the stresses are defined by eqs, (2.8). In order to evaluate the con¬ 
stants A, B,C, we assume that the points on the X axis, which is an axis 
of symmetry, have no displacement in the Y direction, i.e., 

V = 0 where ^ — 0. 


This gives 


A = -Cn 
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Since this must be true for all values of r it means that 

^ = C = 0. (5.16) 

In order to determine the constant B we denote by and the com¬ 
ponent displacements i-epresented by B cos 6 and — B sin 0, respectively, 
i.e., 

?/ = B cos 0, V = —/i sin d. (5.17) 



Fig. 5.1 Sketch Sliowing Notation Used for the DispiacenH^nts in a Semi-Infinite 
Plat e with a Seini(!ircular Groove Subjected to the Statituil Equivalent of a Normal 
(.Concentrated Load. 

The resultant of u' and v would clearly be ecjiial 1o B^ and its direction 
would at all points l)o paralk^l to the X axis. The constant B thus 
represents a rigid body dis})lacement and may be ignored.^ The final 
expressions for the displacxuiuuits are 

P 

u = —- [— (1 — v)6 sin 0 -- 2 cos 0 log r] (5.18) 

irtE 

and 

P 

V = —= [— (1 — v)0 cos 0 + (1 + v) sin 0 + 2 sin 0 log r]. (5.19) 

TttE 

The displacements of the points on the free straight boundary, the Y axis, 
Fig. 5.1, are of special significance. To find the radial displacements u 
we put 6 = dh7r/2 in eq. (5.18) and obtain 

Wd = ±ir/2 = 2tE^' (5.20) 

This interpretation of the constant B is due to Professor E. Sternberg. 
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Since v is less than unity it follows that the displacement u is always 
negative, i.e., toward the origin. All the points on the straight boundary 
OA and OB, Fig. 5.1, receive equal translations to the origin. 

The V or vertical displacements on the straight boundary are obtained 
from eq. (5.19). Thus on OA 

(v)e=T /2 = ^ [(1 + y) + 2 log r] (6.21) 

and on OB 

(v)t —,/2 = - [(1 + v) + 2 log r]. (5.22) 

Hence 

i‘^)0^ir/2 = = —ir/2* 


Since the sign of v for 6 = 7r/2 is opposite to that of v for 0 = — 7r/2 it 
follows that the vertical displacements of the straight edge on opposite 
sides of the origin go in the same direction. In interpreting these dis¬ 
placements we must remember that a positive dire(;tion for v means the 
direction in which 6 increases, Fig. 5.1. 

§6.2 Displacements in a Multiply Connected Body. We next con¬ 
sider an infinite plate, Fig. 5.2, from which a small circular hole of radius 
Vo has been removed and the circular boundary of which is subjected to a 
stress system defined by the expressions 


and 


COS 0 

(a) 

II 

1 

j 

To 


ae = 0, 

(P) 

II 

P 

(c) 


( 2 . 2 ) 


This leads to radial compressive tractions on the lower half of the circle 
and to radial tensions on the upper half, Fig. 5.2. 

Choosing again the stress function 

0 == Crd sin d, (2.3) 


we obtain the same stress components as those given by eq. (2.5), i.e., 


_ cos 0 

(a) 

<Tr — 2C , 

r 

<re = 0, 

(ft) 

d 

li 

(c) 


( 2 . 6 ) 


Letting C = — qo/2, it is clear that the above stresses satisfy the boundary 
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conditions: they vanish at infinity, and on the small circular hole of 
radius ro they reduce to the assumed boundary tractions given by eq. 
{2.2.). Nevertheless, eqs. {2.S) are not the true solution to the problem. 
The reason for this lies in the fact that the displacements from this solu¬ 
tion are not single valued, although the stresses are. The displacements 



Fig. 5.2 Sketch Showing an Infinite Plate with an Interior Small Hole Subjected to 
Boundary Forces Equivalent to a Concentrated Load. 

u and V are in this case identical with those given by eqs. (5.18) and 
(5.19) except for the coefficient P/wt which is replaced by the constant C 
from the stress function (2.3); see eq. (2.7). But the first terms giving 
u and V, eqs. (5.18) and (5.19), contain the angle 6 and clearly change 
their values as 0 is increased by 2ir. Consider for example points on 
the positive branch of the A" axis. From symmetry it follows that the 
horizontal displacements v on the branch must vanish. This result is 
obtained from eq. (5.19) by putting 6 = 0. However, assume that we 
arrive at these points not by letting 6 = 0, but by going clear around the 
origin one complete revolution and making 6 = 2ir. The value of the 
displacements would then be 

Q 

~ ^27r(l - v), 
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i.e., the displacements on the X axis are not sinp^le valued. This, of 
course, is impossible, and the solution must be rejected on that score. 
We thus see that a stress function may lead to single-valued stresses 
which satisfy the boundary conditions as far as the tractions are con¬ 
cerned hut at the same time may give rise to many-valued displacements. 
It follows that the displacements as well as the stresses must be deter¬ 
mined and analyzed before a solution can be said to have been found. 
This condition can occur only in multiply connected bodies. In simply 
connected bodies, such as the semi-infinite plate, the angle 0 will always 
be less than 2ir, and therefore the displacements will always be single 
valued. 

§6.3 The Stress Function <|> = ilr cos 0 log r. In connection with 
the problem of a concentrated load acting at an isolated point of an 
infinite plate it will be useful to have the stresses and deformations from 
the stress function 


<|) = i4r cos 0 log r, 


(5.23) 


which can readily be shown to satisfy the condition of continuity, 
eq. (1.42a). 

Stress Components. As in the preceding cases we find the stress com¬ 
ponents by means of the expression 


_ 1 ^ 

d-<t> 

_ 1 

dO r dr dd 


(a) 


(b) 


KI.24) 


(c) J 


The resulting stress components are 

(Tr = A 

Oa = A 

Tra ~ A 


cos 0 


r 

cos 0 

- 9 

r 

sin 0 
r 


(b) ^ 

(c) 


(5.24) 
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Strain Components, The strain components are found from the 
expression 


II 

1 

(«) 

^ {<re - vffr), 

{h) 

2(1 + v)Tr9 

yrB = • 

(C) 


Substituting the expressions for the stresses from e(|s. (5.24), we have 



(1 — v) , COS 0 

(a) 

€r = 

—A -> 

E r 


(1 - v) ^ cos 6 

Q>) 

€(9 = 

E r 


2(1 + v) , sin $ 

(c) 

yro = 

-=- A - 

E r 


(5.25) 


Displacements u and v. The displacements are obtained from the 
relations 


II 

(1.3) 

U 1 dv 

^ ~ ^ ’ 
r r dB 

(1.4) 

1 du dv V 

^ 2 -- 

r dd dr r 

(1.7) 

From (1.3) and (5.25a) we obtain 


(1 — *') 

u = A cos 0 log r + /(0), 

hi 

(5.26) 

in which/(0) is an arbitrary function of B, From (1.4) and (5.25b) we 
obtain 

dv (1 - v) 

— = -- A COS B — U. 

dd E 

(6.27) 
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Substituting u from eq. (5.26) in (5.27), we get 

^ ^ A cos e - A cos «log T- - f(e) 


(l-») 

E 


A 


COS 6 (1 — log r) — f{e)y 


(5.28) 


whence 


V = 


( 1 _^) 
E 


(1 — log r) A sin S — J*f (6) dd + F(r), (5.29) 


in which F{r) is a function of r only. 
From (5.25c) and (1.7) we have 


2(1 + *'),. . du , dv 

- - - A sin 0 -- \- r - V. 

E dS dr 


From eqs. (5.26) and (5.29) we have 
du (1 — v) 


A log r sin (9+ --/((?), 


dv (1 — p) sin ^ , d „, , 

= _ ^ .d A -+ - F{r). 

dr E r dr 

Substituting in eq. (5.30) and collecting terms wc have 

2(1 + v) , 2(1 - p) , d d 

_L_ A sm 0 =- — A sin 0 + --/(e) + ,• - F{r) 


(5.30) 

(5.31) 

(5.32) 


+ 


Jm - F{r). (5.33) 


This equation is satisfied if 
and 


F(r) = 0 

4A sin 6 


dd 


- , 4A sii 

md0 = — 


(a) 


(b) 


A particular solution of eq. (5.345) is 

2A0 sin 0 


m = 


E 


(5.34) 


(5.35) 


dm 

d0 


2A 

= — (e cos e + sin 0), 
E 


To verify we form 
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and integrating by parts we get 

2A 


J'/(e) dB = Jesind 


dJd 


E 


so that 


dm 

de 


{—6 cos 0 + sin 0), 


/ * 4A 

f(e) dfi = — sin e. (5.346) 


Substituting f(d) from eq. (5.35) and F(r) from eq. (5.34a) in eqs. 
(5.26) and (5.29), we obtain 


(1 — v) ,24 

u = —=— 4 cos 0 log r + — 0 sm 0 
E E 


(5.36) 


and 


(1 - v) 24 

V = —(1 - log r) 4 sin 0 + — (0 cos 0 - sin 0). (5.37) 
E E 


§6.4 Concentrated Force Acting at a Point of an Infinite Plate. If a 

small circular hole be cut from the center of the infinite plate, Fig. 5.2, 
and if the forces acting upon the circular boundary be assumed to follow 
eq. (2.2), then all the l)oundary stress conditions would be met by the 
stress components given by eqs. (2.5), which are derived from the stress 
function (2.3). Furthermore, the forces acting on the circular boundary 
are clearly equivalent to a concentrated load parallel to the X axis, 
Fig. 5.3. From the point of view of boundary conditions expressed in 
terms of stresses, eejs. (2.5) represent a solution to the problem. Exami¬ 
nation of the stress system given by eqs. (5.24), Fig. 5.4, derived from the 
stress function 


0 = Ar cos B log r, (5.23) 

shows, however, that, these boundary forces are also equivalent to a 
concentrated load and that therefore eqs. (5.24) represent as satis¬ 
factory a solution as those derived from the function 

0 = CrB sin B, (2.3) 

Both functions lead, however, to many--valued displacements, as can he 
seen from eqs. {S.18), (5.19), (5.36), and (5.37). For this reason neither 
one represents the true solution for a concentrated load acting at a point 
of an infinite plate, Fig. 5.3. 
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The true solution can, however, be obtained by superimposing the 
stresses and the deformations resulting from the two stress functions, 
(2.3) and (5.23). In this superposition the coefficient A of the stress 



5.3 Sketch Showing a (^)ncentrate(i Force Whic^h is Stai/K^ally E(iiiivalent to 
the Distributed Pressures Shown in Fig. 5.2. 



Fig. 5.4 Sketch Showing boundary Stresses on a Circular Hole in an Infinite Plate 
as Obtained i’roin Eqs (.5.24). 


function (5.23) can be so adjusted tliat the many-valued terms entering 
into the displacements u and v will vanish. The multivalued terms in 
the u deformations are 2AB sin B/E in eq. (5.30), and —7^(1 — v)B 
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sin^/7r<J?ineq. (5.18). Equating their sum to zero we have 
2A P 

— 0 sin - — (1 - k) 0 sin 0 = 0, 


from which 


A = 


P(1 - ») 

2Trt 


(5.38) 


The same result is obtaiiKid by equating to z(iro the sum of the multi¬ 
valued terms giving the v deformations. 

Attention is called to the meaning of P in the last expressions for the 
coefficient A, eq. (5.38). This load P represents the load acting on a 
semi-infinite plate; see §2.2, eq. (2.7). When dealing with an infinite 
plate the total ecpiivalent concentrated load cornvsponding to the dis¬ 
tribution defined by eep (2.5a) is twice as great as that acting on a semi¬ 
infinite plate. ]3(\signating this load by P', we Ixave P = P'/2. In 
terms of P', eq. (5.38) bc^comes 


A = 


pU) ~ p) 

47ri 


(5.39) 


It follows that bt/ combining the stress functions given by eqs. (2,3) and 
(5,23) and choosing the coefficient A in accordance with eq, (5,39) the 
true solution for a concentrated load acting at a point of an infinite plate 
will be obtained. The stresses in the infinites plate thus (consist of two 
systems. One system is derived from the stress function (2.3) and gives 
the components 


2P cos d P' cos d 

irt r irt r 




(a) 


0-/ = 0, 


(b) 


k5.40) 


Tre' = 0. 


(c) J 


The other stress system is derived from the stress function (5.23) and 
yields the comi)onents 


// 

(Tr = 


A cos 6 P'(l — v) cos Q 


Airt 


(a) 


(Td 


tt 

Trd = 


A cos 6 P'(\ — v) cos 6 

r Airt r 

A sin B P^(l — v) sin B 


Aizi 


(h) 

(c) 


(5.41) 
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The resultant stresses are 


This gives 


(Tr = <r/ + 

(Te — (^e *+” , 

/ , // 

TrB = Tre “r TrS • 

p' „ , ^ cos e 

0 -, = - (3 + v) —— > 

w/ r 

P'(l - v) cos e 


= 


= 


4Tr/ r 

P\1 - v) sin 6 
4Tr< r 


(a) 

(?>) 

(c) 


(5.42) 


Rectangular Stress Components. The rectangular stress components 
corresponding to eqs. (5.42) can be found by inspection and super¬ 
position using eqs. (1.3a), (1.4a), (1.5), and (1.6), Vol. I. Substituting 
the components from eqs. (5.42) we obtain 

(Tx = “ ““ [“ (3 + v) cos^ 0 + (1 — J') sin^ 6 — 2(1 — v) sin^ 0] 


AttI r 

P' cos d 
Airt r 

P' cos 0 
4Trf r 

P' cos 6 
4:Tt r 

P' cos 0 
4'irf r 


[— (3 + v) cos^ ^ — (1 — »/) sin^ 0\ 
[— (3 + v) + 2(1 -t- v) sin^ 0], 


(5.43a) 


(Ty = ^- [— (3 -}- v') sin"^ ^4“ (1 — J') cos“ 0 H- 2(1 — li) sin^ 0] 


[(1 - v) - 2(1 + v) sin- e ]. 


(5.436) 


and 

P' cos 0 siSin 26 P' (1 — v) sin 6 cos 26 

r» = —-[(3 + v) + (1 - .-)] —- 


4ir< r 

P' sin 6 
Avt r 

P' sine 
Anri r 


Airt 


[4 cos^ 0 — (1 — v) cos 2/6] 

[(1 - v) + 2(1 + v) cos^ 0]. 


(5.43c) 
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The resultant displacements can be obtained by combining the com¬ 
ponents given by eqs. (5.18) and (5.19) with those from eqs. (5.36) and 
(5.37). 

We see that eqs. (5.42) contain Poisson's ratio v, so that the stresses 
are a function of the material used. It has already been pointed out 
that this can happen only in multiply connected bodies. It will be shown 
later that even in such bodies the influence of the material upon the 
stresses is small and may for all practical purposes be neglected. 



Fig. 5.5 Sketch Showing 'Fwo Equal and Opposite Loads on an Infinite Plate. 


§6.6 Combinations of Concentrated Loads Acting on a Small Region 
of an Infinite Plate. From the solution for a single concentrated load 
obtained in §5.4 and from the principle of superposition, solutions for 
combinations of concentrated loads can Ixi obtained. For example, the 
stresses produced by two colliiuiar, equal, and opposite loads acting at 
points 0 and Oi, separated by a small distance 5, Fig. 5.5, can be obtained 
by writing 


+ -6^, («) 


K5.44) 
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in which aj, and TxJ are the resultant stress components. But 


dffx _ d<Tx dr ^ dffx dd 
dx dr dx dd dx 

d(Tx dffx shi d 

— - Q -, 

dr dS r 

day day day sin B 

- = -cos B -> 

dx dr dB r 


drxy drxy ^ drxy sin B 


dx dr 


dB r 


Substituting the (l(‘rivaf-iv'es obtained from eqs. (5.43), we find 


aj = [- (3 + k) cos- (? + (1 — j>) siii“ e 

47r//**' 


+ 8(1 -|- p) sin“ B cos^ 0], 

[(1 — p) cos^ ^ + (1 + 3p) sin^ B 
— 8(1 + p) sin*'^ B cos^ B], 


+ 8(1 + p) siri^ B] sin B cos B. (c) ^ 

These stresses rapidly diminish as r/b gets large. Since the resultant of 
the applied system is zero it follows from Saint Venant\s principle that 
the stresses at an appreciable distance from the loads must vanish. 

By superimposing two stress systems such as those given by eq. (5.46) 
we obtain the solution for four loads applied in the manner shown in 
Fig. 5.6(tt), or the equivalent three forces shown in Fig. 5.6(6). The 
stress components for these forces in polar coordinates are 

<Tr = -2(1 - c) . (a) ] 


hP 

Tre = 0. 


>(5.47) 
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The corresponding rectangular components are 

hP 'I 

<7-* = -2(1 - v) -J- (1-2 sin^ e) (a) 

47rr^^ 

hP 

(Ty = 2{l - v) (1-2 sin^ e), (b) }'(5.48) 

bP 

Txy = -2(1 - v) sin 20 (c) ^ 



Fkj. ').() Sketches Showing Four CVmcentrated Loads and d^heir Equivalent Three 
Loads on an Infinite Plate for Which Eqs. are the Solution. 


Inspection of eqs. (5.47) shows tiiat the resulting str(\sses do not depend 
on 6] they depend on r only. The maximum shear stresses are therefore 
constant on circles having their centers at point O, Fig. 5.6. 

By the same reasoning as in deriving eqs. (5.46), a solution can be 
obtained for the stresses produced by a couple 4/, Fig. 5.7. The result¬ 
ing stress components are 


(Tr = 0, 

<r» = 0, 

M 


(a)' 

K5.49) 

(c) 
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§6.6 Concentrated Load on a Bar of Finite Width. Starting with the 
solution for a concentrated load on an infinite plate, R. C. J. Howland 
obtained the stresses in a bar of finite width and infinite length, subjected 





Fig. 5.8. 

to a concentrated load parallel to the long edge and acting along the 
plane of symmetry. Fig. 5.8 (a). The general procedure was to determine 
the boundary forces along the edges AB and CD in the infinite plate. 
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Fig. 5.8(6), and then to determine the stresses which result from the 
removal of these boundary tractions. These stresses were calculated by 
means of infinite series, which is a rather long and difficult procedure.^ 
Howland’s calculations show that at distances from the origin greater 
than the width of the bar the stress distribution is practically uniform. 

* See R. C. J. Howland, Proc. Roy. Soc., London, Vol. 124, p. 89, 1929. 



CHAPTER 6 


THE INFLUENCE OF THE MATERIAL ON 
STRESS DISTRIBUTION 

PART I 

§6.1 Introduction. It has been shown that, in plane problems dealing 
with simply connected bodies subjected only to known boundary forces, 
the stress distribution is independent of the constants of the materials; 
i.e., for the same loads and geometry the stresses are the same in all 
homogeneous and isotropic bodies. (Convincing corroboration of this 
conclusion is provided by the large numlx^r of comparative theoretical 
and photoelastic results which arc shown in the preceding chapters. W(' 
refer, for example, to the comparative stress patterns obtained from 
the semi-infinite plate acted upon by concentrated loads of uniform 
pressures, from wedges with concentrated loads, and to the patterns 
from disks under diametral compression, to mention but a few cases. 

It has further been shown that in multiply connected bodies the stress 
distribution depends, in general, on Poisson\s ratio v, as for example 
when a concentrated load a(;ts on an infinite })lat(i, eqs. (5.42). We will 
now show that the (iffect of the material on the str(\sses is small and that 
it may be neglected for all practical purposes. In this chapter we pre¬ 
sent direct evidence from steel, aluminum, Bakelite, and Celluloid which 
proves the last statement. 

§6.2 Special Cases and Numerical Examples. Before presenting the 
(jomparative results from metals and transparent spetamens attention is 
called to the fa(;t that even in multiply connected bodies there are cases 
in which the stress distribution is independent of the material. This is 
true when the resultant of the forces applied to the boundary of any hole 
reduces to zero or to a couple, as for example when a ring or cylinder is 
under uniform pressure, or when there is a uniform shear around the 
hole. Fig. 0.1.^ 

It is instructive to examine the numerical effect produced by different 
values of Poisson’s ratio. For this purpose we consider the stresses in an 
infinite plate under the action of a concentrated load. We have previ- 

^ For a proof see Treatise on PJiotoelasticity^ by Coker and Filon, pp. 128-130 and 
501-524. 
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ously shown that these stresses are given by 


O-r = - 


(3 + v) cos d 

AtI r 


<re 


(1 - v) P' cos 0 
Airt r 


TrS = 


(1 — v) P' sill d 
Airt r 


(a) 

(b) 

(c) 


(5.42) 



Fig. 6.1 Sketches of Multiply Connected Bodies. 

In (a) and (h) forces on hole have zero resultant; in (r) they reduce to a couple; 
in (d) forces on hole are not in equilibrium and do not form a couple. Theory states 
that only in case {d) are stresses affected by the physical constants of the material. 


From those equations it follows that the ratio of the radial stresses ar in 
Bakelite to those in steel is (3 + + v)y and that for the other com¬ 

ponents it is (1 — j'O/(I ill which v' and v denote Poisson’s ratio 
for Bakelite and steel respectively. Taking v' = 0.365 and v = 0.3, we 
have 


(a/) 3.365 

iar) ~ 3.3 


1.02 
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and 

= 0.906, approximately. 

M (rrd) 0.7 


In other words in steel the maximum or radial stresses are about 2 per 
cent smaller, and the other components are about 10 per cent greater, 
than in Bakelite. 


If the comparison be made between Celluloid, for which v = 0.4, and a 
steel for which v is only 0.25, we get an error in ar of 4.5 per cent, although 



Fio. 6.2 Curves Showing the Effect 
of Poisson’s Ratio on the Stresses 
Produced by a Concentrated Load 
Acting on the Circumference of a 
Circular Hole in a Large Plate. 
From Bickley. 


the smalkii* components an? affect¬ 
ed by 25 per cent. These are the 
extreme variations in the problem 
under consideration. 

On the line from which 6 is meas¬ 
ured, i.e., the line of symmetry, Tro 
vanisluss and ar and ae rei)resent th(‘ 
principal stnvsses. Th(^ above ratios 
therefoixi represent also the ratios 
of the greatest principal stresses in 
steel, Bakelite, and (V>lluloid for 
the example under consideration. A 
similar resiilt is obtained l)y Bick¬ 
ley, who made an extensive mathe¬ 
matical investigation of the stnvsses 
in a plate with a circular hole due to 
a coiKjentrated load aj)plied at the 
hole. Tig. 0.3(a). He says: ^^These 
jUjures and graphs (see Fig. 0.2) 
bring out one very important point — 
important^ that is, from the practicat 
standpoint — namely, the comparative 
insignificance of the effects of the vari- 
ations of v likely to be met with. The 


greatest difference between the values of ar or Tro any point due to the varia¬ 


tion of V from 0.25 to 0.4 is only 1.4 per cent of the maximum stress — the 
difference in the case of ae is greater, just over 7 per cent, but still is of little 
practical importance .^He further states, “ It is seen that the effects of 
Poisson^s ratio are, from a practical standpoint, negligible. Consequently 


^ ** The Distribution of Stress Round a Circular Hole in a Plate,” by W. G. Bickley, 
Roy. Soc. London, Phil. Trans., A, Vol. 227, p}). 3S3-415, 1028. In this quotation 
the notation has bt'en changed to agree* with that used in this book. 
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experimental results obtained from the stresses in nitrocellulose or glass 
models can be accepted, as giving valid results for similar members or struc- 
lures of steel, since the effect of the difference of Poisson*s ratio is probably less 
than the order of the possible experimental error. The general effect of 
increasing v is seen to be in the direction of easing the stresses,**^ 

Bickley^s conclusions also agree with those of Filon for a circular ring 
in which the outer radius is infinite.^ 



mmm 

(a) 




h 


ic) 


Fig. 6.3 Sketches Showing Manner of Making (^'uts for a Dislocation Corresponding 
to Force R Acting as Shown. 


§6.3 The Photoelastic Determination of the Effect of Poisson’s Ratio 
on the State of Stress. So far wo have shown that the effect of Poisson^s 
ratio on the state or value of the stress is small. It is significant, how¬ 
ever, to add that this effect, whatever its magnitude, can be determined 
photoelastically, so that the optical method is self-sufficient and provides 
the complete mechanism for the transition from model to prototype. 

Consider, for example, a multiply connected plate of material M and 
Poisson^s ratio v. For concreteness let us assume this to be a steel eye- 
bar. Let the boundary of the hole in the bar be subjected to arbitrarily 
distributed tractions having a resultant /?, Fig. 6.3(a). The stress com¬ 
ponents in the steel plate we denote by Ox, cry, and Txy. Assume now a 
photoelastic model, of, say, Bakelite, for which Poisson’s ratio is v 
with corresponding stress components oj, oj, and TxJ. 

After obtaining all the basic photoelastic data from the Bakelite 
model, let us remove the external loads, and introduce a cut AB of 
width h extending from the hole to the outside boundary of the plate, the 
cut being made in such a way that the gap h is transverse to the direction 

^ Ibid. 

^ L. N. G. Filon, British Assoc. Kept., 1921. 
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of the force Fig. G.3(6). Suppose we next force the faces of the cut 
together, seal the gap with a suitable cement, and, when the cement 
hardens, remove the external pressures used to force the faces of the cut 
together. This operation of closing the gap will produce a system of 
strains and stresses known as a dislocation. The stress components in 
such a dislocation v/e designate by and . It can be shown^ 

that the three sets of stresses are related in the following manner 


- ' 1 ff 

(Tx ~~ ^x 1 OLfTx } 

(a) 

t , // 

(Ty — (Ty "T > 

(b) 

- f \ 

r^xy Txy “r ^'Txy f 

(c) 


in which the coefficient a. is given by 



( 6 . 2 ) 


E' being the modulus of elasticity of the photoelastic model and t its 
thickness. 

The terms represent the corrections to the stresses 

^y ^ Txy which are necessary in ordi^r to ])ass from the photo¬ 
elastic model to the metal j^rototype. In order to obtain an idea of the 
magnitude of the correction involved it is only necessary to calculate 
these? at several critical points where the stresses are a maximum. 

If there is more than one hole in the body a dislocation can be con¬ 
structed for each hole and the corresponding correction obtained. The 
resultant stress components are 

(^X = + OL2<Tx2' + • • • + OLn^xn \ ©tc. (6.3) 

in which denotes the stress component due to the dislocation at the 
nth hole. 

This procedure necessitates ti photoelastic models, one for each disloca¬ 
tion. The problem can be much simplified if it is observed that eq. (6.3) 
can be written in the form 

(^x = + («1 Oi2)<Txl' + {oC2 — 

+ (as — a^)((Txi" + 0’x2" + O’xs") 

+ • • • + Oin((Txl" + (Tx2" + * * • (^xn')i (6.4) 

This equation shows that one model is sufficient for the determination 
of all corrections even when there are n holes. If the dislocations are 
introduced one at a time and the stresses ((Xxi")y (crxi" + (^x 2 ")j 

^ See Coker and Filon, §6.15, p. 518; also Filon*s Manual of Photoelasticity, p. 76. 
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are successively determined, we have the 
necessary data for the transition from a multiply connected body with 
n holes to its prototype. 

With several holes it may also happen that the external boundary 
cannot be reached with straight cuts. Theory shows, ^ however, that the 
cuts need not be straight. They may be curved or zigzag. The only 
condition is that the faces of the cut can be brought together by means of 
a displacement h transverse to the force R on the hole, Figs. 6.3(6) and 
6.3(c). 

The theory of dislocation has been verified for a circular ring by 
Rolla,^ Corbino,^ and Trabacchi.^ 

The conclusion regarding the influence of the materials on the state of 
stress is borne out by comparing the results from photoelastic investiga¬ 
tions with corresponding stresses obtained directly from metals. This 
we now proceed to show. 

PART n ALUMINUM AND BAKELITE 

Stress Concentration Factors around a Central Circular Hole in a Plate 
Loaded through a Pin in the Hole 

§6.4 Plate Loaded through a Pin in a Hole. Further light on the 
influence of the material on the state of stress is thrown by comparing the 
results from a recent strain-gage investigation of factors of stress concen¬ 
tration in large Duraluminum platens in tension pulled by means of a 
single axial pin. Fig. 6.4, and an independent study of the same problem 
by the photoelastic method.^ 

The strain gage measurements on the aluminum plates were made in 
the Research Laboratories of the Aluminum Company of America, and 

^ The theory for dislocations was originally given by J. H. Michell, G. Wein- 
garten, and V. Volterra. See respectively: “ On the Direct Determination of Stress 
in an Elastic Solid, with Application to the Theory of Plates,” London Math. Soc, 
Proc.f Vol. XXXI, pp. 100-124, 1899; Rend, accad. Lirwei^ 8er. v, Vol. X (1st sem.), 
1901, p. .57 and “ Sur I’^'iquilibre des corps 61astiques multiplement connexes,” Ann, 
Vecole normaley Ser. Ill, Vol. XXIV, pp. 401-.517, 1W7. 

^ Rend, accad. Linceij Vol. XVI (1st sem.), 1907. 

^ Ibid., Ser. v, Vol. XVIII, pp. 437-444, 1909; Nuovo cimento, Ser. v, Vol. XVII, 
pp. 361-370, 1909. 

^ “ I fenomeni di doppia rifrazione accidentale prodotti dalle tension! create in an 
corpo elastico dalle distorsioni di Volterra,” Rend, accad. Lined, Ser. v. Vol. XVIII, 
pp. 444-449, 1909; see also Nxwvo cimento, Pisa, Ser. v, Vol. XVII, pp. 371-377, 
1909. 

® “ Stress Concentration Factors around a Central Circular Hole in a Plate Loaded 
through Pin in the Hole,” by M. M. Frocht and H. N. Hill, Journal of Applied 
Mechanics, Trane. A.S.M.E., March, 1940. 



180 


INFLUENCE ON STRESS DISTRIBUTION 


Chap. VI 



Fia. 6.4 Photograph Showing Large Plate in Testing Machine and Attached 
Tensometers as Used by the Aluininuin Company of America to Measure the 
Strains in Plates under the Action of a Single Axial Pin. 
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the optical studies in the Photoelastic Laboratory of the Carnegie 
Institute of Technology. Although this work was carried on at approxi¬ 
mately the same time, the problems were independently conceived and 
executed, and the results were compared only after the investigations 
had been completed. 

The problem studied represents a multiply connected body, in which 
the boundary of the hole is subjected to a resultant concentrated load. 
We have seen that it is precisely under such conditions that Poisson’s 
ratio influences the state of stress. A comparison of the results will show 
the magnitude of the influence. 

The problem of the determination of the stress distribution in a plate 
loaded through a jnn in a hole in the plate has been treated mathemati¬ 
cally, notably by Bickley^ and Knight.^ Bickley confined his treatment 
to a plate of infinite width, assuming various expressions for the nature of 
the distribution of forces between pin and plate. Knight considered 
only one set of boundary forces on the hole but extended his solution to 
cover plates of finite width, giving specific results for a plate* having a 
width twice as great as the diameter of the hole. Published results of 
experimental studies of this problem seem to be very meager. Coker^ 
reports the results of a photoelastic investigation on one specimen 18 in. 
by 6 in. by 0.157 in. in which the load was applied through a neat-fitting 
pin of 0.70G-in. diarnc'ter. Thc^ results of an investigation of a specimen 
of different proportions is cr(Hlit(*d to Stoltenberg.'* 

Most of the t(\sts involved plates load(*d through a single pin in a hole 
on the longitudinal C(Uit(T line of the ))late, but several tests were made 
on plates loaded through two i)ins symmetrically situated about the 
center line of the plate. NumcTical values for the stress concentration 
factor {k) are given for ratios of hole diameter to width of plate (2r/D) 
ranging from O.OSO to 0.76. 

§6.6 Tests Involving Strain-Gage Measurements. The tests made 
using the strain-gage method employed a l-in.-thick plate of high- 
strength aluminum alloy of the Duralumin type and an 8-in.-diameter 
pin. To obtain different rat ios of pin diameter to i)late width, the plate 
was decreased in width in successive steps from its original value of 55 in. 

^ See reference 1, p. 176. 

^ R. C. Knight, Action of a Rivet in a Plate of Finite Breadth,^’ Phil. Mag., Vol. 
19 (7), pp. 517-540, March, 1935. 

® A Treatise on Photoelasticity, by E. G. Coker and L. N. G. Filon, Cambridge 
University Press, 1931, p. 525. 

* See: On the P'atigue Strength of Riveted and Welded Joints and the Design of 
Dynamically Stressed Structural Members Based on Conclusions Drawn from 
Fatigue Tests,” by K. Sc^haechterle in Proc. International Association for Bridge and 
Structural. Engineering, Vol. 2, pp. 312-379, 1934. 
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to a final width of 12 in. Fig. 6.4 is a photograph of the test set-up 
when the plate was 55 in. wide. The original head distance H of 20 in. 
Fig. 6.5, was maintained until the final test, in which it was reduced to 
12 in. 





Fig. 6.5 Factors of Stress (V)ncentration in Large Steel and Aluminum Plates 
Pulled by Single Pins, Fig. 6.4, Showing Effect of Clearance. 


Strains in the immediate vicinity of the hole were measured with 
Huggenberger tensometers of J^-in. gage length. Strains at other loca¬ 
tions in the plate were measured with tensometers of 1-in. gage length. 
In the vicinity of free boundaries, strains were measured in directions 
parallel to and normal to the boundary. Elsewhere strains were meas- 
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ured on three or more intersecting gage lines forming a rosette.^ Be¬ 
cause of the finite gage length and width of knife edges of the instru¬ 
ments, it was impossible to obtain a direct measure of the maximum unit 
strains occurring at the edge of the hole. These values were obtained by 
extrapolation of curves constructed from measured values. 

In most of these tests th(^ pin was a neat fit in the hole, the diameters of 
the pin and hole being the same within 0.0005 in. In other tests the pin 
had a clearance of 0.015 in. on the diameter. Several tests were made 

P 



Fig. ().() Drawing of Clevis Used to Apply Tensile Loads to Photoelastic Models 
without Obscuring the Region around the Pin. 

Th(^ Bakcdite bushing has a J-in. steel core. 

with close-fitting pins to study the effect of lubrication of the pin on the 
factor of stress concentration. A colloidal graphite grease was used as 
the lubricant. In some tests the pin was of steel; in others, the pin and 
the plate were both of aluminum. 

Stress concentration factors have been determined for each test as the 
ratio of the maximum tensile stress at the edge of the hole to the average 
stress on the minimum net section of the plate. These factors are shown 
in Fig. 6.5. 

^ For the interpretation of strain rosette data see Photoelasticity, Vol. I, Chapter 1 
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§6.6 Photoelastic Results. In the photoelastic investigations the 
models, both plate and bushing, were of Bakelite BT-61-893. The load 
was applied by means of a steel pin passing through the bushing and a 
clevis which made it possible to obtain a clear stress pattern of the highly 
stressed regions around the hole, Fig. O.G. Typical stress patterns are 
shown in Figs. 6.7, 6.8, and 6.9. 

Fig. 6.10 is a photograph of the test set-up showing the clevis for 
the tests involving two pins. 

The specimens in the photoelastic investigation had a nominal thick¬ 
ness of M in. Dimensions of the specimens were chosen so that the 
influence of the following factors on the stress concentration factor 
could be studied: 

1. The ratio of the diameter of tlu^ hok' to the v/idth of the plate 
(2r/D). 

2. The clearance Ixitween the pin and the hole. 

3. The ratio of the head distance to the width of the plate (H/D). 

4. Application of the axial load through two symmetrically i)laced pins 
of equal diamc^ters. 

Factors of stress concentration have been calculated directly from the 
data furnished by the stress pattern in the usual manner, i.e., 

_ ^rnax. ^^max. 

^nominal (^/ ) 

i:i which k = the factor of str(\ss concentration. 

^knax. = maximum fringe order. 

2F = model fringe^ value in pounds per scpiare inch tension. 

P = the appli('d load. 

A = the minimum lU't area through the ht)Ie or hokis. 

Stress-concentration factors thus determined for each of the cases 
photoelastically investigated are plotted in Fig. 6.11. 

In the tests in which the plate was loaded through two pins, the head 
distances H were great enough so that they did not influence the stnvss- 
concentration factors. The diameters of the pins in the double-pin 
tests were taken ecpial to the radius of the single pin used for a i)late of 
the same dimensions. The results thus obtained, Fig. 6.11, provide a 
comparison between the factors of stress concentration for the single-pin 
and the double-pin tests under conditions of constant ratio of bearing to 
mean tensile stresses. The factors shown in Fig. 6.11 for the double-pin 
tests have been plotted against ratios of 2r//), in which r is the radius of 



Width of bar, D = 
0.975 in.; thickness of 


2 

e 
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Fia. 6.8 Stress Pattern of the Head of a Bar in Tension Loaded through Pin with 

Clearance. 

Width of bar, D = 5.937 in.; diameter of hole, 2r = 0.750 in.; diameter of pin = 
0.732 in.; thickness of bar = 0.259 in.; thickness of pin = 0.338 in.; P = 426 lb. 

the equivalent single pin for the same ratio of bearing to mean tensile 
stress. 

§6.7 Discussion of Results. Both investigations show that the main 
factors influencing the state of stress are: (a) the ratio ZrjD, (b) the 
clearance between the pin and the hole, and (c) the ratio H/D. 

1. Effect of 2r/D Ratio. As can be seen in Figs. 6.5 and 6.11, there is 
a definite relationship between the stress concentration factor and the 
ratio of hole diameter to width of plate. For a 2r/D ratio of 0.7, the 




P^ics. (5.9 Stress Pattern of the Head of a Bar With Two Pins. 

Width of bar, D = 2.250 in.; diameter of holes, 2r — 0.501 in.; diameter of pins = 
0.501 in.; thickness of each = 0.249 in.; F = 507 lb. 

values of the stress-concentration factors are in the neighborhood of 2. 
The factors increase as the ratios 2r/D decrease, being in the region of 
6 to 8 when that ratio is 0.15. The spread in the stress-concentration 
factors shown for a given ratio of 2r/D is largely caused by the effects of 
the clearance between the pin and the hole, and the head distance H. 

2. Effect of Clearance between Pm and Hole, Both investigations show 
that the factors of stress concentration are increased by the presence of 
clearance between the pin and the hole. This effect was evidenced 
throughout the whole range of 2r/D ratios from 0.086 to_0.76 and is 
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Fig. 6.10 Photograph of Double Clevis Used in Loading the Bar of Fig. 6.9. 

particularly pronounced at small ratios of 2r/D, In the aluminum 
tests, Fig. 0.5, at 2r/D = 0.145, a clearance of 0.015 in. raised the factor 
from 7.2 to 8.4 approximately. In the photoelastic tests. Fig. 6.11, at 
2r/D = 0.085, a clearance of 0.002 in. raised the factor from 10.0 to 
12.1, and a clearance of 0.03 in. raised the same factor to 13.0 approxi¬ 
mately. 

The effect of the clearance is associated with the head size //, being 
greater for the smaller ratios of H/D. For instance, in the investigation 
involving the oversize aluminum specimens. Fig. 0.5, at 2r/l) ratio of 
0.67, the introduction of clearance increased the stress concentration 
factor about 35 per cent when the H/D ratio was 1.07, while, for H/D 
ratio of 1.00, the increase was alnmt 50 per cent. Similar (effects can be 
observed in the photoelastic tests. Thus at 2r/D = 0.03 the influence of 
0.018-in. clearance for H/D = 0.60 is to raise the value of k from 2.15 to 
2.7 appn>ximately, whereas the same clearance Sit H/D = 1.23 scarcely 
changes the value of k. This can further be seen at 2r/D = 0.70. The 
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same influence of clearance on the maximum stresses has also been 
observed on previous occasions.^ This increase in stress can be ex- 



Fi(j. 6.11 Photoclastically Determined Stress Coneeiit-ratiori Factors for Bakelitt^ 
Bars St rained by Single Pins Showing Effect, of Clearance and of KjD. 

plained on the theory that it permits sharp local changes in the curvature 
of the circular boundary of the hole. 

^ See “ The Behavior of a Brittle Material at Failure,” by M. M. Frocht, Journal 
of Applied Mec/iar«’c5, September, 1936; also “An Investigation of the Stress Dis¬ 
tribution in Aluminum Connecting Rods,” by R. L. Templin, Mechanical Engineer^ 
ing^ March, 1936; and “ Spannungsverteilung in einem Querhaupt,” by E. Lehr, 
Zeitschrift angew. Math. Mech.^ Vol. 79, 1935, Figs. 16 and 17. 
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From the noted description of the points plotted in Fig. 6.5, it can be 
seen that, in the aluminum plates in which there was clearance between 
pin and hole, the maximum stresses did not always occur at the ends of 
the horizontal diameter. However, in every test involving close-fitting 
pins, the maximum stresses did occur at the ends of the horizontal diame¬ 
ter. The same effect of the clearance on the location of the maximum 
tensile stress at the edge of the hole was found in the photoelastic inves¬ 
tigation. 

As might be expected, while the relation Ix^tween maximum stress and 
load was practically linear for the cases involving close-fitting pins, for 
the tests in which the pin was smaller than the hole the stress concen¬ 
tration factor was somewhat higher for the smallt^r loads. This is 
demonstrated by the two values shown in Fig. 6.5 for a 2r/D ratio of 
0.145 and the steel pin with 0.015-iu. clearance. The same relation 
between load and maximum stress was encountenud in the photoelastic 
tests. The variations in stress-concentration factors with the load for 
the tests involving clearance on the pin were small compared to the 
differences between the factors for the loosii pin and the close-fitting pin. 

3. Effect of Head Distance {Ratio of H/D). Fig. 6.12 shows a compo¬ 
site of the values of k for close-fitting pins obtained from both investiga¬ 
tions, as well as the results of other investigators, both theoretical and 
experimental. In this figure the effects of clearance have been elimi¬ 
nated but the effect of the head distance on the factors of stress concen¬ 
tration has been emphasized. As the ratio of H/D decreases, the maxi¬ 
mum stress and consequently the strcss-concientration fac.tor increases. 
Thus, at 2r/D = 0.15, k equals 6.5 when H/D = 0.5 and k equals 7.3 
when H/D = 0.35. The results of the photoclastic investigation indi¬ 
cate that the effect of the head distance decreases with increasing ratios 
of 2r/Z). Beyond a certain value of ///Z), an increase in head distant^e 
has no effect. For a 2r/D ratio of 0.76, two specimens were found to 
have the same factor of stress concentration (for the case of a close- 
fitting pin) for an H/D ratio of 1.9, as for an H/D ratio of 0.7. This 
behavior is not entirely substantiated by the results of the strain-gage 
measurements on the oversize aluminum specimens. In this investiga¬ 
tion (see Fig. 6.5) for a close-fitting pin and a 2r/D ratio of 0.667, a 
stress-concentration factor of 1.65 was determined for an H/D ratio of 
1.67, while the corresponding value for an H/D ratio of 1.00 was 2.1. 

4. Effect of Number of Pins. The results of the photoelastic investiga¬ 
tion, Fig. 6.11, show that the stress-concentration factors are smaller 
when the load is equally distributed between two symmetrically situ¬ 
ated pins than when the plate is loaded through a single central pin of a 
diameter equal to the sum of the diameters of the two pins. The few 
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tests of this type made indicated decreases in the factor of stress concen¬ 
tration of about 20 per cent as compared with corresponding values for 
plates loaded through a single pin. 



Fi(}. 0.12 ('iirves of Stress Concentration Factors for Plates Strained by Single 
Pins Showing Effect of H/D, 

Results from theory, photoelasticity, and strain measurements are given. 

5. Effects of Material of Pin and Lubrication, The tests made on the 
aluminum specimens (see Fig. 6.5) indicated a very slight increase in the 
maximum stress when the close-fitting aluminum pin was replaced by a 
steel pin having the same fit. Lubrication of the pin produced a small 
but measurable decrease in the values of k, 

6. Factors of Stress Concentration Based on Average Bearing Stresses. 
In Fig. 6.13 are shown values for a stress-concentration factor (kb) 
defined as the ratio of the maximum tensile stress at the edge of the hole 
to the average bearing stress on the pin. The data given in Fig. 3.12 




0 005 OIO 0.15 0.20 0.25 0.30 0.35 0.40 0.45 050 0.55 0.60 0.65 070 075 080 


Fig. 6.13 Factors of Stress Concentration in Plates Strained by Single Pins Ex¬ 
pressed as the Ratio of the Maxiniuin Tensile Stress in the Plate Divided by the 
Average Bearing Stress on the Pin. 

Results are from photoelastie tests, strain-gage ineasureinents, and theoretical 
calculations. 


maximum stresses were influenced by the head distance (see Fig. 6.5). 
The curve of Fig. 6.13 indicates that, for a plate loaded through a close- 
fitting or loose pin in a hole in the plate, the maximum tensile stresses at 
the edge of the hole will be greater than the average bewaring stress on 
the pin.^ 

^ W. G. Bickley, Distribution of Stress Round a Circular Hole in a Plate/' 
Phil Tram. Royal Society, London, Vol. 227, A, pp. 383-415, 1928. 

^ R. C. Knight, Action of a Rivet in a Plate of Finite Breadth," Phil, Mag., 
Vol. 19 (7), pp. 517-540, March, 1935. 

^ It will be found that as a first approximation, for closely fitting pins and H/D 
greater than unity, the maximum tension equals the sum of th(j average bearing 
stress plus 1.5 times the nominal tension. 
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It is seen that there exists good quantitative agreement between all 
phases of the problem which were investigated by the two methods. 
The two materials and methods yield essentially the same factors of 
stress concentration. P'or values of 2r/D less than 0.5 the agreement is 
excellent. For values of 2r/l) greater than 0.5 the values obtained from 
the aluminum plate are slightly lower than the corresponding values 
obtained photoelastically. 

Both investigations show the same quantitative effect of clearance on 
the factors of stress concentrations, and on the position of the maximum 
stresses. For small valiums of 2r/D tlu^ influence of the ratio H/D is 
also the same, although for large values of 2r/]) there is some divergence. 
Lastly there is also agreement in the effect of the magnitude of the load 
on the values of k. 


PART III STEEL AND BAKELITE 

§6.8 Isopachic Stress Patterns. The photoi^lastic stress patterns 
give the loci of constant (p — q). It is also possible to obtain optically 
patterns giving the loci of constant (/> + q). Patterns which give the 
loci of equal sums of principal stress(\s are known as isopachic patterns. 
The term isopachic is due to ( V)ker and Filon and is derived from the two 
Oreck words f.se, meaning same, and packic, meaning thickness. 

Unlike photoelastic models, which must he transparent, those used for 
isopachic patterns may be made of opaque materials, including metals, 
provided the materials are homogeneous and isotropic and can be 
polished to a good optical flat. Fig. G.14 shows an isopachic pattern 
obtained from a stciol ring 0.24H in. thick, 0.751 in. in outside diameter, 
0.375 in. in inside diam('ter, and subjected to concentrated diametral 
loads. 

We shall h(»re omit a d(^s(*iiption of the theory on which isopachic 
patterns are basc^d or the techniciue employed in obtaining them. These 
topics are discussed in the next chapter. For our present purpose it will 
be sufficient to state that the fringes in these patterns are interference 
fringes similar to the well-known Newton's rings, and that the interpre¬ 
tation of these patte]’ns is similar to that of the photoelastic images. 
Each fringe is, however, the locus of a constant sum of principal stresses, 
instead of the difference, and these sums are proportional to the order 
of the isopachic fringe. 

§6.9 Boundary Stresses from Steel and Bakelite. The pattern of the 
steel ring shown in Fig. 6.14 provides another important source of data 
bearing on the influence of the material on the stress distribution. Since 
at free boundaries one principal stress is zero it follows that at such 



Fia. G.14 Composite Photograph of a Theoretical Isopachic; Stress I’atterii and 
One Obtained from a Stainless Steel Ring. 

Inner diameter = 0.37() in.; outer <Iiameter = 0.751 in.; t — 0.243 in. 

boundaries the stresses can be determined from either the isopachic or 
the photoelastic pattern. Furthermore, since the hole in the ring under 
consideration is free from external forces, the theory of elasticity tells us 
that the induced stresses are independent of Poisson’s ratio, even though 
the ring constitutes a multiply connected body. The first test of the 
theory is provided by a comparison of the frce-boundary stresses ob¬ 
tained from the steel and the Bakelite models, Figs. 6.14 and 6.15. If 
the theory is sound, the distribution of the boundary stresses should be 
the same in both models. On the other hand, deviations in these stresses 
would indicate that the physical constants of the material influence the 
stress distribution. 
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Ficj. 6.15 Photoelastic Stress Pattern from a Bakelite Ring under Concentrated 
Diametral Loads of 202.0 Lb. 


Inner diameter = 0.766 in.; outer diameter = 1.532 in.; ^ = 0.1795 in.; F = 480 
psi. in tension or compression. 

It should be noted that this comparison can be made without measur¬ 
ing the loads on the steel ring. Inspection of the isopachic and photo¬ 
elastic patterns shows that the singular or zero points on the circular 
boundary of the hole coincide. In lx)th patterns they lie on lines inclined 
at 36® approximately with the line of the loads. The photographs 
further show that the points of maximum stress also coincide. This 
establishes a quantitative relation between the isopachic and photo¬ 
elastic fringes. For example, the maximum compressive fringe order in 
the Bakelite model around the hole is 16.75. At the corresponding point 
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of the isopachic pattern the fringe order is 2.75. The ratio of 6.06 repre¬ 
sents the number of photoelastic fringes per isopachic interference fringe. 
We can now plot the complete curve of boundary stresses in the isopachic 
pattern since tliese stresses are directly proportional to the order of the 
fringes. 


20^.6 LBS. 



Fk 3. 6.1G Comparative C-urvos of lioundary Stiess(‘s from I^akolito and Steel 
Models Obtained from l^hotoelastie aiul lsoi)aehi(^ T*atterns. 

Full curve from Bakelite model, Fig. (>.15. Ojkui eireles from steel model, P'ig;. 
0.14 or 7.10. The nvsulls show that in the eliustie state the physical constants do 
not influence the stniss distribution. 

The final results are shown in Fig. 0.10. The full curve represents the 
photoelastic values, and the open circles are the corresponding values 
from the steel model. It should be emphasized that the full curve has 
not been drawn through the open circles. The relative positions of the 
curve and the circles shows, therefore, the influence of the material on the 
stress distribution. Inspection of Fig. 6.10 shows the agreement to be 
nearly perfect. The only discrepancies occur in the vicinity of the con- 
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centrated loads, where the stresses from the steel specimen are greater 
than those from the Bakelite model. These discrepancies do not invali¬ 
date the theoretical conclusions, since in those regions the stresses are no 
longer elastic, as considerable yielding has taken place, especially in the 
Bakelite ring. The agreement of the boundary stresses obtained from 
steel and Bakelite rings especially around the hole thus corroborates the 
theoretical conclusion that the stress distribution is independent of the 
physical constants of the material. 

§6.10 Comparison of Experimental and Theoretical Isopachic Pat¬ 
terns. As already stated the photoelastic pattern provides values of 
(P ~ Q) every point in the modc^l, and on free boundaries, where one 
principal stress vanishes, it givers also the values of (p + q). It will be 
shown later (sec Chapter 8), that when the boundary values of (p + q) 
are known the values of this sum can be calculated at all interior points. 
From the computed values of (p + q) isopachic curves can be plotted for 
the whole moded. In other words from the boundary values furnished 
by the photoelastic imttern it is also possible to construct a complete 
theoretical isopachic pattern. 

Fig. 6.14 is a composite photograph of the isopachic stress patterns 
obtained optically from the steel ring and the calculated theoretical con¬ 
tours. The composite jihotograph shows good agreement between the 
two solutions in all regions except in the immediate vicinity of the con¬ 
centrated loads. It must be rememlx^red that the calculated pattern 
rests on boundary values from the BakeJite ring in which, as stated before, 
the state of stress near the loads is somewhat different from that in the 
steel model, owing to local plastic flow. The assumj^tion that the applied 
loads were strictly concentrated is probably another factor contributing 
to the local discrepancuis. The two patterns show good agreement and 
add further strength to the tlw)retical conclusions regarding the rela¬ 
tion betwe^en the state of stress and th(^ material of the stressed body. 

The correctness ()f the isojja(4ii(; pattern from the steel ring can be 
further tested by combining the curves of {p + q) which it provides with 
the photoelastic values of (p — q) to determine the actual principal 
stresses p and q and to (examine these from the standpoint of equilibrium. 

§6.11 Stresses across Sections of Symmetry. Figs. 6.17 and 6.18 
show the principal stresses across the sections of symmetry determined 
by combining the (p — q) values from the Bakelite model with the 
{p + q) values from the steel ring. Fig. 6.17 shows comparative curves 
of the normal stresses across the horizontal section of symmetry 
The results from three methods are compared: the one under discussion 
involving the isopachic curves from the steel ring, the slope-equilibrium 
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method,' and the results from the mathematical theory of elasticity.^ 
Again the agreement is seen to be completely satisfactory. 



Fr«. 0.17 Coinpanitivc Curves of Principal Stresses across Horizontal Section of 
Symmetry of Ring in Diametral Compression. 

Results combine data from Bakelite and steel and show different methods. 

^ See Chapter VII, Vol. I, or autlior’s paper A Rapid Method for the Determina¬ 
tion of Principal Stresses across Sections of Symmetry from Photoelastic Data,” 
Journal of Applied Mechanics^ Trans. A.S.M.E., March, 1938. 

^ See S. Timoshenko, Theory of Elasticity, McGraw-Hill Book Co., New York, 
1934, p. 119. 
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The results across the sections of symmetry are further checked from 
the point of view of equilibrium, Fig. 6.18. In checking the forces across 
section D'D, Fig. 6.18, a small semicircular section was removed and the 
original load replaced by a horizontal thrust of P/tt = 64.5 lb. and a 
vertical load of P/2 = 101.3 lb. which enter into the theoretical solution 
of this problem [see eq. (2.9)]. As shown in Fig. 6.18 the error in the 
summation of moments is 6.4 per cent and in the summation of X and 
Y forces 2.7 per cent and 2.6 per cent, respectively. 

Another case in point is provided by a study of comparative stresses 
in steel and C'elluloid models made by the late Y. Satake at University 
(College, London, and reported by Coker and Filon in their Treatise on 
Photoelasticity} Satake measured the sums of the principal stresses 
(p + (/) in a steel tension bar with a central circular hole by means of a 
lateral extensometer. (-omparison with the stresses in a similar Cellu¬ 
loid bar showed substantial agreement. Other comparative studies can 
be found in tlu^ literature. 

§6.12 Summary. The theory shows that in plane problems dealing 
with simply coixnec^ted bodies subjected only to known boundary forces 
the stresses are independent of the physical constants of the material. 
The same is true in multiply connected bodies in which the traction on 
the holes reduces to a zero resultant or to a couple. We have seen that 
experiments completely substantiate these conclusions. 

Theory further shows that even where the stresse's arc affected by 
Poisson^s ratio this effect can be determined photoelastically, by means 
of a dislocation. Experimeuit as well as theory, however, shows that the 
effect is small, and that for all practical purposes it is negligible. 

It is, perhaps, relevant to add that none of the elementary formulas of 
strength of mat(rials used by engineers contain the elastic constants. 
Consider, for instance, the basic and familiar formulas 


P 



These contain neither Poisson’s ratio nor the modulus of elasticity and 
^ See §6.03. 
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VERTICAL FORCES 144.5 1b. UP, 140.81b DOWN; ERROR 2,6% 
HORIZONTAL FORCES 108.7 lb. LEFT; 105.8 1b. RIGHT; ERROR 2.7% 


Fig. 6.18 Principal Normal Stresses across Sections of Symmetry of Ring in 

Diametral Compression. 

Results again combine data from photoelastic and isopachic stress patterns. Note 
static check. 
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therefore say in effect that the state of stress does not depend on the 
properties of the stressed material. 

It should also be noted that the employment of models as such in stress 
analysis is no new proc<HJure. In fact, engineers show no reluctance to 
accept data (iveii from non-homogeneous models, such as cardboard, as, 
for example, in structural analysis by means of deformeters. 



CHAPTER 7 


LATERAL EXTENSOMETERS AND ISOPACHIC CURVES 

§7,1 Introduction. In Vol. I we discussed several methods for tht' 
determination of the principal stresses p and (j. Those methods were 
dependent on photoelastic data. By means of the ecpiations of equilib¬ 
rium the values of (p — q) from the stress patterns wer(i combined with 
the data from the isoclinics to give p and q separately. 

In the present chapter methods for th(^ determination of {p + q) are 
described, which, with the exception of Neuber’s equations, are inde¬ 
pendent of the photoelastic data. These iiK'thods yield the full sums of 
the principal stresses, which in combination with the ])hotoelastic values 
of the differences give the principal stresses p and q. 

The chapter consists of threti f)arts. In Part I exp(?rimental mc'thods 
employing extensometcTs are descril)ed. In Parts II and 111 experimen¬ 
tal and graphical methods resi)ectively are discussed for the determina¬ 
tion of complete isopachic patterns, i.e., pattc^rns giving the loci of con¬ 
stant valu(is of (p + q). Several misctdlaneous methods arc briefly 
touched upon. 


PART I LATERAL EXTENSOMETERS 

§7.2 Theory of LateralExtensometers. Among the first experimental 
methods used to determine the sum of the principal stresses {p + q) in 
two-dimensional problems are the methods that utilize the lateral defor¬ 
mations 5, which always accompany thci main strains in the plane of the 
loads. This lateral deformation is given by 

, ^tip + q) 

5 --- 


This equation may be written 

d = -Kip + q), 


ill which 
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i.e., X is a constant for all points in a homogeneous isotropic model of 
uniform thickness obeying Hooke's Law. The value of K can be deter¬ 
mined from a tension bar cut from the same sheet as the model itself, 
and the lateral deformations 5 can he calculated without the specific 
evaluations of Poisson’s ratio v, the modulus of elasticity E, or the 
thickness t. 

The instruments used to measure 8 are known as lateral extensometers. 
There are three general types of such extensometers: optical or inter¬ 
ferometers, mechanical, and electrical. The interferometers are among 
the oldest and most sensitive. Electrical extensometers have only 
recently been introduced. 

§7.3 Brief Theory of Interference Fringes. We review briefly the 
theory of the simplest case of interference fringes. In Fig. 7.1, let a. ray 

R from a monochromatic source 0 
be incident normally on the half mirror 

A-A, which for concreteness we can 

R 

take as the polished surface of a 
glass f)latc. Upon reaching the surface 
■ A-A, part of the light is reflected 

represented in our fig- 

h 1 ure by vector a, and a part is trans- 

mitted. The transmitted ray upon 

K^aching the lower surface B-B is 
Fig. 7.1 Sketch Showing Formation , . i i ai • 

. T A 4- T- • tilso partially reflected, and this 

of Interference Fringes, ^ ^ 

component is designated by vector 6. 
Upon reaching surface A-A this vector b is again resolved, a part of it, 
denoted by c, lieing transmittiHl. The rays a and c meet and combine to 
form a new ray d, the nature of which depends on the thickness h of the 
air film. Taking the difference in optical path as 2/i, and remembering 
that upon reflection from a denser to a rarer medium the ray is retarded 
by X/2, we get for the condition of interference the familiar equation 


Fig. 7.1 Sketch Showing Formation 
of Interference Fringes, 


(“ 0 


= ( 2/1 + 1 ) 


where n is any integer and X the wave length of the light, since inter¬ 
ference takes place if the rays meet with a phase difference equal to an 
odd number of half wave lengths. 

Solving for h, we get 


(7.2) 
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which means that for a beam of parallel rays interference fringes will 
appear for h equal 0, etc., wave lengths. 

It also means that no two fringes could cross and that along any one 
interference fringe the d(‘i)th or thickness c>f the film is constant. If one 
surface, say be considered perfectly flat and taken as a datum j)lane 
then the interference fringes would reiirest^nt contours or isopachic 
curves of the surface B ~B. 


A 



§7.4 Interferometers. The design of l,he first, interferometer for 
photoelastic research is generally crcnlited to A. Mesnagc^r, Fig. 7.2. The 
mechanism consists of two angular bars A and li attached to a flexible 
steel plat(^ C-C. At the right end the bars are iKpiipped with optical 
flats D-D separated by a small air gap h. The iiecHlh^ jjoints K-E which 
move integrally with the fiars are brought in contact with the model, and 
they transmit tlu^ deformation of the model to the optical flats in a some¬ 
what magnified form. This deformation is measun^d by oljserving the 
movement of the interference fring(*s between the optical flats. With 
green light (5401 A), a displaceiiK'iit of O.OOOOOl in. can be readily 
measured. 

A recent improvement over AIesnag(‘r’s interferonK'ter was made by 
Vose, Fig. 7.3. This interferometer is simjfle and rugged. The cone- 
tipped screws can be adjusted to fit models of different sizes. Pressure 
on the contact points is provided by the wire sirring. Fig. 7.4 shows the 
instrument in use. It is suspended by means of a string attached to the 
center of gravity. This arrangement relieves the contact points of load. 
As in Mesnager’s interferometer, the deformation is measured by observ¬ 
ing the movement of the fringes between the optical flats and counting 
their number. 
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Fig. 7.3 Photograph of Vose’s Interferometer. 



Fig. 7.4 Photograph Showing Vose’s Interferometer Attached to a Tension Bar; 
also Source of Light A, Half Mirror C, and Telescope E. (From Vose.) 
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Two other interferometer methods have been devised and used: one by 
Favre and the other by Fabry. They are mainly of scientific and historic 
significance. In both, the surfaces of the model must be optically flat 




Fig. 7.5(fl) 










r 



and parallel. Precautions must also be taken to maintain constant 
temperature. The models are generally of glass. Favre's interferome¬ 
ter follows the Mach-Zehnder type, Fig. 7.5. In Fabry’s method the 
two faces of the model are half silvered and are used as interferometer 
surfaces. A third type was us(»d by Maris. He determined 5 by observ- 
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Fig. 7.5(c) 


Fkj. 7.5 Favre’s Intorferoineter. 

(a) Sclioiiuitic diagram of elements: S — source of light (mercury lamp); I, D = 
diaphragms; N = prism polarizer; O = lens; Lu La, Lc = half-silvered mirrors; 
L-i) L4 = full-silvered mirrors; L, iJ = glass plates; Lo, Lj — half-wave plates; 
M == model; Lu = (iyc^piex^e. (5) Detailed arrangement of plates and mirrors, 
(c) Photogi'jiph of actual interferometer. 

irig interference fringes in a thin air film formed between one silvered 
surface of the model and an auxiliary optical flat or datum plane. 

§7.6 Mechanical Lateral Extensometers. These instruments me¬ 
chanically magnify the nupiin'd deformations, (dther by means of levers 
only, or by cornliining a mechanical lever with a reflectini beam of light. 

Fig. 7.() shows a photograph of Coheres lateral extensometer which 
utilizes the combined m(»chanical-optical lever. In this instrument one 
of the contact ncudles is fixed and the other transmits the lateral displace¬ 
ment to a lever which in turn rotates a small concave mirror. A beam 
of light carrying with it an image of a fine cross falls on the mirror and is 
reflected from it to a screen. As the measuring needle moves the mirror 

^ Mesures des efforts inierieiirs darts les soh'des el applieations^ by A. Mesnager, 
Buda-Pesth, Intcrmalioiial Association for Testing of Materials, 1901. See also 
“ Contribution I’etude d(^ la deformation elastique,’^ Ann. des Ponts et Chauss6es, 
Vol. 4, pp. 128-190, 1901. 

^ “ Sur urn? nouv<41e m6thod(‘ optique d(* determination des bmsions interieures,” 
by H. Favre, Rev. d^Optique, Vol. 8, pp. 193-213, 241-261, 289-307, 1929. 

^ “ Sur une nouvelle iiuSthodi' pour Tetude t‘xperim(mtale des ttmsions ^lastiques,” 
by C. Fabry, Comptes rendus^ Vol. DO, pf). 457-460, 1930, 

^ “ Pliotoelastic Investigations of the Tensile Test Specimen, the Notched Bar, 
the Ship Propeller Strut, and th(‘ Roller Path Ring,"' by H. B. Maris, J. Opt. Soc. 
Am., Vol. 15, pp. 194-200, 1927. 
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rotates and the reflected image of the cross moves along the screen. This 
movement is the measure of the deformations. Vast magnifications of 
almost any size can b(» obtained by placing the screen at a suitable dis¬ 
tance from the mirror. With this instrument it is readily possible to 



Fig. 7.G(a) Coker’s Ljitei:il Exteiisoiiieter. 

Line driiwinp; of stJiurtniiil elements: A — main fi-ame; B — movable needle; C = 
bell crank levijr; I) = spring; B — pivoted mirror. 


measure deformations of 1 X 10~^ in. or even 1 X 10"® in. In his 
numerous researches, Coker determined (p + q) almost exclusively with 
this instrument. The extensometer can be moved by means of microme¬ 
ters along two mutually perpendicular directions, making it possible to 
measure the thickness of the model along a given line both before and 
after loading. 
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The only objection to the Coker-type extensometer arises from the fact 
that the measuring needles can move only in the lateral direction, i.e., 
along the line determined by the points of contact. The needles are con- 



Fig. 7.i5(b) Photograph of Coker’s Extensometer. 

L = vertical micrometer adjustment; = calibrating screw and drum; T = 
micrometer screw stop; V = orientation scale of mirror; W — vertical pillar; X - 
base. 


strained in every other direction. Since the needles are fixed and the 
points in the model in contact with the needles undergo relative displace¬ 
ments under load, the measured lateral deformation 6 does not corre- 
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spond to the initial set of points on the model. This tends to displace the 
curve of (p + q) from its true position in the manner shown in Fig. 7.7. 
Furthermore, even in smoothly polished, well-prepared models there are 
variations in the thickness from point to point of the same order of 
magnitude as the required deformation, so that an additional error may 
originate in this source. 



(a) (6) 

Fig. 7.7 Curves of {y q) Determined by Coker’vS Lateral Exteiisoineter. 
(a) Pure bending; {b) section in centrally loaded beam 3^ in. from center. 


Several exteiisometers have btxm designed in recent years in which one 
main objective was to allow the extensomoter and needles complete free¬ 
dom of movement, and thereby to eliminate the (^rror in the (V)ker 
extensometer. Vose^s interferometer,^ and the adaptation of the Hng- 
genberger tensometers^ shown in Fig. 7.8, tend to a(xx)mplish this end. 
Here the measuring needles are clamped, rather tightly, to the model by 
means of stiff springs, and the extensoinetiu- as a whole is free to move 

^See ‘"An Application of the Interferometer Strain Gage in Photoelasticity,” 
by R. W. Vose, Journal of Applied Mecha7iirs, September, 1935, p. A-99 to p. A-102. 

^ See '' Fatigue of Shafts at F'itted Member.s with a Related Photoelastic Analy¬ 
sis,” by R. E. Peterson and A. M. Wahl, Journal of Applied Mechanics^ March, 
1935. 
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with the points to which the needles are attached. However, the very 
pressure needed to eliminate the slipping of the contact needles may in 
itself introduce a disturbance into the required deformation. 

§7.6 Electrical Extensometers. Fig. 7.9 shows a rather recent type 
of lateral extensoineter dc^veloped by Anderson and the late A. V. 


4 

Fi(i. 7.S(a) I^hotograph of Lateral ExtensoaieUir Eiiiployiug HuRgeubergcr 

'leiisoineter. 



(le Forest.^ This instrument utilizes the great sensitivity of the electri¬ 
cal strain gages developed by de Forest and Huge (SR-4 gages), which 
respond to the changes in electrical resistance in wires under strain. 

The instrument consists of three parts; the U-shaped frame, Fig 
7.9(a), which is clamped to the model, a portable galvanometer, and a 
compensator element, Fig. 7.9(6). Four strain-sensitive elements are 

^ See “ A New Lateral Extensometer,” by A. V. de Forest and A. R. Anderson, 
Proceedings of Tenth Semi-Annual Eastern Photoelasticity Conference^ December, 
1939, pp. 31-34. 
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glued to the curved sections of the frame as shown in Fig. 7.9(a). When 
the frame is clamped to the model with a light initial pressure, it can 
follow the chang(\s in the thickness of the model caused by the appilca- 
tion of the loads. Gages 1-2 and 3-4 take strains of opposite sign to 
those taken by gag(\s 1-4 and 2-3. 


Fia. 7.8(6) Extnibometer in Position on Test Sp(*ciinen. 

Walil ) 


(From Peterson and 



The strain-sensitive gages on the e\t(Misom('ter, Fig. 7.9(a), act as 
arms of a Wlu'atstone bridge', and the strains introduced into them are 
measuri'd in the bridge its changes in resistance. 

The instruiiK'iit is calibrated by means of a simple tension test exactly 
like Gok('r’s extensometer. Fig. 7.10 shows a curve of ai + <72 = 
(p + q) across the transverse section of symmetry in a tension bar with a 
central circular hole as determined by de Forest and Anderson with this 
extensometer. 
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§7.7 General Observations on Lateral Extensometers. The value 
of (p + q) determined from lateral deformations is independent of all 
photoelastic data such as fringe order at a point or the isoclinic through 
it. It is also independent of the values of 8 at any other point in the 
model. This eliminates the cumulative errors inherent in most, if not 



Fig. 7.9 Sketches Showinj^ Elements of the (h* h'orest Anderson Kleetronic Exten- 

sonieter. 

(a) Arrangenu'nt of wire-resistiinee gages on U-fraine; (h) compensator unit; (c) 
wiring diagram. 


all, of the processes requiring integration. A good lateral extensometer 
is probably the (piickest means of di^termining (/; + q) at an isolated 
point. The method, however, is IcMigtliy when a large region is to b(? 
explored. In siK^h cases tlu) method of harmonization or iteration is to 
be preferred. See the next chapter. 

In addition, it is important to remember that eq. (1.37c), Vol. I, on 
which the lateral extensometer rests, is applicable only to thin bars in 
which the stresses may be assumed to be two-dimensional. 

As already pointed out (see §1.9), in thick bars the state of stress 
around a discontinuity is generally three-dimensional even when the 
utmost precautions are taken to develop a sensibly uniform stress in the 
regions surrounding the discontinuity. 



2500 
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In such plates there are developed not only the usual two-dimensional 
stresses fix and ay but also an appreciable transverse stress Gz in the direc¬ 
tion of the thickness. For example, in a tension bar, 3 in. by 1 in. in 
cross section, containing a central slot 0.5 in. long with radii at the roots 
of 0.04 in., the transverse stress Gz is equal to the average tension 
approximately. 

From eq. (1.43) we have 


<^x+ (Ty = 


— + /(O'g)ave. 

vi 


It follows that, when i{Gz) ave. i« an appreciable quantity, the effect of 
dropping that term and of calculating {gx + g^^ as in a thin plate may 
lead to a serioTis error. It should be emphasized that this error is ind(‘- 
]XMident of the accuracy with which the deformation is determined. 

Failiu’e to take this three-dimensional effect into (‘onsideration has led 
some investigators to the erroneous conclusion that factors of stress 
concentrations in thick plates are much smaller than in thin bars, whereas 
reliable plioloelastic, measiinmients show that these factors are substan¬ 
tially the same. The essential point is that the lateral extensometer is 
inherently an instrument suitable for thin plates and unsuitable for 
thick plates. 

§7.8 Approximate Values of {p + q)» Approximate values of 
{p + q) can be o])tained from models deformed at 200° F. At that 
temperature the deformations are so great that they can be measured 
with an ordinary micrometer. Thus, taking E for Jkakelite as 000,000 
psi. at room tempei‘atuj(* and as 1000 psi. at 2()0° F., it is seen from the 
expresvsion 


5 = - l{p + q) 

that at 200° F. tlie d(4ormation jmt unit stn^ss is at l(*ast 000 times as 
great as at room tc'inpcTatun*. Assuming a conservatiAx^ value of 
50 psi. for (p + q),i = ^ ] 2^ = 1000, we have 6 == 0.000 in. 

approximately. IX'formations of such magnitudes can be easily meas¬ 
ured. To facilitate' the work we draw a scpiare nt'twork on the mod('l 
and measure the thickness at the center of eac^h square before and afte'i* 
loading. 

Fig. 7.11 (a) shows a set of isopac^hic (airves determiiu'd by means of a 
Federal Ames Dial for a bar strained at 200° F by a snugly fitting rivet. 
Fig. 7.12 shows the principal stresses p and q as well as the^ shear and 
normal stre^sses determined by combining (/) — q) from a photoelastic 
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Fig. 7.11 (a) Isopachic Curves for the Head of Bar Strained by a Pin Determined by 
Means of an Ordinary Micrometer by Measuring the Lateral Deformations Pro¬ 
duced by Frozen Stresses. 
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pattern, Fig. 7.11(6), with (p + q) from the frozen model. It is seen 
that the normal stresses across section A-A form a system substantially 
in equilibrium. 



Fig. 7.11 (?>) The Frozen Stress Pattern of the Model Shown in (a). 

The method described above can be used as an approximate self- 
inclusive method to determine first approximations to factors of stress 
concentrations» The only equipment needed is a Bakelite or other 
plastic model, a small furnace, and a good micrometer. 

PART II ISOPACHIC STRESS PATTERNS BY EXPERIMENTAL METHODS 

§7.9 Isopachic Patterns by Reflection, (a) Inherent Plane of Syrn- 
metry. In a two-dimensionally stressed body there is always one plane 
of symmetry. This plane bisects the body and has no lateral displace- 
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merits. It is the only plane which in thin plates remains a plane under 
all loads giving two-dimensional stresses. This plane we will call the 
laherent plane of symmetry. It is obvious that there may be one or two 
more planes of symmetry pt^rptHidieular to the plane just discussed. A 



Fkj. 7.12 (Uirves of Nornuil iiiid Shear Stresses Detenniiied from Fig. 7.11(a) and 

(h). Note static check. 


two-dimensionally stressed body which has no plane of symmetry other 
than the inherent plane will be spoken of as a non-symrnetrical two- 
dimensional body. 

(6) Deformation of a Flat Surface in a Two-Dunendonal Stresfi Systern. 
If a plate which is subjected to a two-dimensional stress system has 
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initially flat surfaces, these surfaces, after the ap[)lication of the loads, 
will no longer be flat. They will l)e deformed. If one of these surfaces 
is polished and a plate of glass with a g(x>d optical surface, a datum 
plane, is brought close to it so that the two planes are separated by a 
thin film of air, and if now the model is strained and its polished face 
illuminated by a normal beam of monochromatic light, then the inter¬ 
ference fringes obtained by n^flection would be ]mths of constant thick¬ 
ness of the air film between the datum xdanc and tlie fat^e of the model. 

(c) Isopachic Pattern!^, If we assume that during the application of 
the loads to the model the inherent plane of symmetry in the model and 
the datum plane remain parallel n^lative to one another so that the 
changes in the thickness of the air film could be attributed to the stresses 
alone, then each interference fringe would directly represent a path of 
constant {p + q)- The resulting pattern will l>e n^ferred to as an 
isopachic pattern. 

§7.10 Equipment and Procedure. The main ociuipment needed to 
obtain an isopa(*Jnc pattern by reflection consists of: (I) a monochro¬ 
matic source of light, (2) a collimating l(ms, (3) a straining frame, (4) 
an interferometer or datum plane, (5) a balancing or adjusting head, and 
(()) a camera. Fig. 7.13. 

The optical })ath is as shown in the sketch of Fig, 7.14. A beam of 
monochromatic light originates at tlu^ source t/, is collimated by lens //, 
and is partially refiecti'd by tlu; glass plate /. The n^flecting surface of 
this ])late is set vertically and at 45° to tlu' direction of the collimated 
beam HI. The reflected Ix'am IK mcxd.s the incliiuxl plane of the 
interferomeUT prism K and is again n^flcxd-ed A crtically downward, passes 
through the air ga]) between the pri::m K and model L, and rf'traces its 
path to the plati* I carrying with it the image of the isopachic stress 
j)attern, which (tan ho obs(‘rved and r(‘Cor(l(*d by the camera J . 

The interh^rometer prism was placed diri'ctly on the polished surface 
of the model and ri'sU'd on th(‘ high ])oints developed in it })y the loads. 
Since the weight of the ]3rism is not uniformly distributed, and since 
there may be small diffe^rencc's in the elevations of the high spots in the 
model itself, th(' int/crh'rometer surface may not be parallel to the inher¬ 
ent plane of symmetry. In order to assure that the planes in (question 
are parallel, the interferometer prism was set in a light Bakelite disk 
about 5 in. in diameter which we call a balancing or adjusting head, 
Fig. 7.15. 

This head was fixed to the glass prism by means of two small horizontal 
screws as shown in Fig. 7.15. The balancing or adjusting of the prism for 
parallelism and symmetry was attained by means of small weights placed 
on the horizontal disk at suitable points. 
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§7.11 Isopachic Pattern of a Steel Ring. Fig. 7.16 shows an iso- 
pachic stress pattern obtained from a steel ring using the apparatus of 
Fig. 7.13. This is the same pattern which is shown in Fig. 6.14 in combi¬ 
nation with the corresponding theoretical pattern. The reliability of 



Fia. 7.13 Photograph of Equipment Used to Obtain Isopachic Stress Patterns. 

A, B — cross bars; C = loading lever; D, E = lever bearing and guide; F — bal¬ 
ancing head of prism; G = mercury-vapor lamp; // = collimating lens; / = reflect¬ 
ing glass plate; i/ = camera, il/ = supporting plate; = weights for loading. 

the results has already been discussed in the preceding chapter, where it 
was shown that by combining the values of (p + g) from the steel ring 
with the values of (p — q) from a Bakelite ring stresses are obtained 
which satisfy the boundary conditions as well as the laws of equilibrium. 
This is true not only on the sections of symmetry but also across arbitrary 
radial sections.^ 

^ See author’s paper, ** On the Optical Determination of Isopachic Stress Patterns,” 
Proceedings Fifth International Congress for Applied Mechanics, pp. 221-227, held in 
1938 at Cambridge, Mass., John Wiley & Sons, N(‘w York. 



Fig. 7.15 Photograph Showing Adjusting Head in Place on Interferometer, and 
Small Weights Used for Balancing. 

Image of steel ring can be clearly seen through prism. 
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§7.12 Significance and Extension of Isopachic Patterns. Thus far 
we have emphasized only that aspect of isopachic patterns which bears 
on the influence of the material on the stress distribution. There is, 
however, another angle to it which, although not of great practical 
importan(*e, is of decided scientific interest. These patterns complete 



Fi({. 7.16 Isopac^hic Stress Putteni from a Stainless-Stool Ring Subjected to Concen¬ 
trated Diainetnd l^oads. 

Dimensions of model; inner diameter = 0.375 in.; o\iter diameter = 0.751 in.; 
thickness = 0.24)1 in. 

the optical solution of a two-dimensional problem by providing loci of 
constant sums of principal stresses analogous to the photoelastic stress 
patterns which give constant differences. 

The optical method discussed here can be extended to non-symmetrical 
bodies. In such cas(\s a positive means must be provided to keep the 
datum plane of the interferometer parallel to the inherent plane of sym¬ 
metry of the model. Such a result can be obtained by equipping the 
model with one or two projecting wings or arms, attached at points 
sufficiently distant from the str(*ssed n^gion under obser\'ation so as not 
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to affect its state of stress. It follows from Saint Venant’s principle 
that such arms, if attached through a single small area, remain free from 
strain or stress. This is clearly shown in the photoelastic pattern of 
Fig. 7.17. C;?omparison with a stress pattern from a bar without arms 
shows that the attached arms do not alter the stresses in the region under 
investigation. 

The interferometer prism can l>e set in a casing equipped with a three- 
point adjustable support, which in turn rests on the strain-free arms. 
Before applying the loads the interferometer datum plane is adjusted 
until it is parallel to the polished face of the model. Since the supports 
on which the adjusting screws rest remain free from strain, it follows that 
in two-dimensionally stressed systems the datum plane must remain 
parallel to the inherent plane of symmetry during and after the applica¬ 
tion of the loads. 

It may be found desirable to make attachable arms with flat polished 
surfaces, which may be utilized to verify the assumption that the datum 
plane remains fixed relative to the model, and at the same time furnish a 
level for adjustment. 

The model and the interferometer supports can be tied together by 
means of a spring to act as a unit, and in this way difficulties due to vibra¬ 
tions and relative motion can be eliminated. Further, the interferome¬ 
ter can be adjusted so that it does not rest on the model but is separated 
from it by a thin layer of air in order to provide space for possible expan¬ 
sion of the specimen under strain. 

A somewhat different procedure for isopachic stress patterns by reflec¬ 
tion was suggested by Tesar.^ 

§7.13 Isopachic Stress Patterns from Transmitted Light, (a) Very 
interesting isopachic patterns have been obtained by Sinclair and 
Bucky, using transmitted light and a Mach-Zehnder or Jamin inter¬ 
ferometer. 

In this procedure two identical models, identically loaded must be 
used. The models are separated by a quartz plate 0.139 inches thick 
cut perpendicular to the optic axis. After emergence from the first 
model, the beam is passed at normal incidence through the quartz plate, 
which has the effect of rotating all directions of polarization through 90®. 
The rotated image is then passed through the second model. The basic 
equation in this method is 

n = «(p + 9)(-2j+Ci + C2). 

^ See Photodlasticitd m^thode purement optique pour determiner les deforma¬ 
tions d'4paisseurs des modules, etc.,” by V. Tesar, Rev. d^opHque, Vol. 11, pp 97- 
104, 1932. 
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where m is the index of refraction, Ci and C 2 , the direct and transverse 
stress optic coefficients. An isopachic pattern from a Bakelite model is 
shown in Fig. 7.19.^ 



Fig. 7.18 Skrtch Showing Hiihh’.s riitorferorneter for Isopachic Patterns. 



(a) (6) 

Fig. 7.19 State of Stress around a Tunnel Directly below a Pier. 


(o) Photoelastic stress pattern; (6) corresponding isopachic pattern. (From Sin¬ 
clair and Bucky.) 

(fe) Another set-up giving isopachic patterns by transmitted light 

' See A New Optical Method for the Determination of the Principal Stress 
Suro/^ by D. Sinclair, Proceedings of the Tenth Semi-Annual Eastern Photoelastidly 
Conference, held in December. 1939. at Cambric I irp 
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has been proposed by Bubb, Fig. 7.18. In this arrangement only one 
transparent model is employed} 



Fio. 7.20 Notation for Nouber's Equations: Nj, N 3 , and N 7 — tangents to stress 
trajectory, isopachic, isochromatic, and isoclinic, respectively; N 2 , AS 4 , and Ng = 
corresponding normals, 

PART III ISOPACHIC PATTERNS — NEUBER’S GRAPHICAL METHOD 

§7.14 Notation and Statement of Problem. Referring to Fig. 7.20, 

S = (p + (/), 2 n — isopachic curves of order n. 

A = (p — (/), An — fringe or isochromatic of order n. 

Si, S 2 — directions of principal stress trajectork^s. 

S 3 — direction of isopachic curve 22 ,,. 

S 5 — direction of fringe or isochromatic An. 

S 7 — direction of isoclinic. 

S 4 , Sq, Ss — normals to S 3 , S 5 , S 7 resix^ctively; positive direction of S 4 
obtained by a counterclockwise rotation of > 83 , etc. 

0 — arbitrary point on fringe A„. 

^ For further details see ** A Complete Photoelastic Instrument/’ by Frank W. 
Bubb, Journal of the Optical Society of America, Vol. 30, No. 7, pp. 207-298. July, 
1940. 
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XyY — arbitrary rectangular reference axis through 0 . 

6 — angle between Si and X axis. 
a — angle between Si and S 3 . 
jS — angle between Si and Sg. 
y — angle between Si and S7. 

All angles are measured from Si, and the counterclockwise direction is 
taken as positive. 

The problem is to determine the direction S 3 of the isopachic curve 
2n through point 0. This reduces itself to a proWem of determining 
the angle a from the angles p and 7 which can be found from the photo¬ 
elastic data. 



§7.16 The Directional Derivative. In Fig. 7.21 let A-S be a curve 
in the XY plane, and let P and Q be tAvo points on this curve separated 
by the increment As, with corresponding projections of Ax and Ay. 
Now consider a function u — f {x^ y) defined at every point in a region S 
containing the curve A-S, 

If Af denotc^s the (ihange in the value of f(x, y) in going from P to Q, 
then the directional derivative is defined as the 

. AT 

limit — 

>0 As 

and represents the rate of change of /(x, y) along the curve A-S. Also 

,Ax dx 

limit — ” T ~ ^ 

Aft—>0 As (Zs 


.. Ay dy 

limit — = — = sm a, 
^8—H) As us 


and 
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where a is the angle which the tangent to AS at P makes with the 
X axis. Now from the theory of partial derivatives we have 

dx (Is dy ds 


Hence 


d/ d/ . 

— cos a + — sin a. (7.3) 

ds dx dy 

§7.16 Neuber’s Equations of Isopachic Curves. In §2.8, Vol. I, we 

derived the equations 


and 


d:^ d\ ^ ^ dd 

~-^ ^ 7 “ ~ 

dSi asi ds2 


d^ dA dO 

- -— + 2A — = 0. 

06*2 a.S*2 d,S*i 


(tt) 

( 6 ) 


(7.4) 


These equations will now lx‘ transformed to give the directions of the 
isopachic curves From the general equation for the directional 
derivative, eq. (7.3), it follows that 


az 

as 

as 



== — cos a — 

— sin a, 

(«) 

a,si 

a,S3 

dS4 

as 

as , 

as 



= — sin a + 

-cos a, 

(b) 

dS2 

a.S3 

a,s'4 

dA 

aA 

aA . 



= — cos — 

— sin 0, 

(c) 

a^'i 

a^s 

dsQ 

aA 

aA . 

dA 


dS2 

= — sm + 
ds^ 

— cos /3, 

dSQ 

(d) 

de 

dd 

dd 


dsi 

= — cos y — 
dsj 

IT 

dsg 

(e) 

60 

dd . 

dd 


dS2 

= — sin 7 + 
as7 

— COS 7. 
dsg 

(f) 
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and 


asa ’ 

(a) 

dS6 ■ 

(6) 

11 

p 

(c) 


With these in mind, eqs. (7.5) reduce to 


k7.6) 


as _ 

dsi 

as . 

— — sm a, 
as4 

(a) 

as 

d.S*2 

as 

— cos a, 
ds^ 

(b) 

M _ 
dsi 

- — sm 

056 

(c) 

dA _ 
dS2 

aA 

— cos P, 
dso 

id) 

dd 

dsi 

00 . 

- — sm 7 , 

Osg 

(«) 

dd 

dS2 

00 

— cos 7 . 

a.s*8 

if) 


(7.7) 


The minus signs in eqs. (7.7) are due to the fact that the angles a, 
and 7 , which locate Si with respect to S3, S5, and S7, are negative angles 
for purposes of the directional derivative. 

Substituting thes(^ expressions in eqs. (7.4) and transposing, we obtain 


dS . dA . ^ dS 

— sin a --sin + 2A — cos 7 , 

ds^ dsQ dsg 

dx dA dS . 

— cos a = — cos B + 2A — sm 7 . 

dS4 d.s'o dsg 


(«) 

(b) 


(7.8) 


If we now denote the distances between successive isopachics, succes¬ 
sive fringes, and successive isoclinics by a, b, and c respectively, so that 
a, b, c are measured along /S 4 , So, and Sg respectively, as shown in 
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Fici. 7.22 Sketch Sliowiiig Neuber’s Method for the Construction of a d'lingent to 
iiri Isopachic Curve at Any Point. 


Fig. 7.22, we can write eqs. (7.8) approximately as follows; 

. dA dd 

— sm a --- sill + 2A — cos 7 

HOC 


dA de 

— cos a = — cos + 2A — sin y. 
a b c 


For simplicity we chfX)se 

dX = dA. 

Multiplying each term by hc/dA, we can write eqs. (7.9) thus: 



he . 

de , 



— sui a = 
a 

—c sin + 2A — 6 
dA 

cos 7 , 

(a) 

be 

^ de , 



—* cos a = 
a 

c cos i8 + 2A — b 
dA 

sin 7 . 

(b) 
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If we now introduce the symbols a', 6 ', where 

a' = ~ and b' = 2A^ b = 2b ^ dd, 
a dA \dA/ 

and solve for the angle a, we get from eqs. (7.10) 

a' sin a = b' cos y — c sin 


and 


a' cos a = sin 7 + c cos jS. 


(7.11) 


(«) 

(h) 


(7.12) 


These equations, first developed by Neuber, form the basis for his 
graphical method for the det(irmination of a and isopachic curves. From 
the above equations we obtain by division 


tan a = 


b' cos y — c sin 0 
1 ) sin 7 + c cos 0 


(7.13) 


P'our quantities are thus required to find a\ the angles 0 and 7 , the 
length Cy and the (piantity h\ Thv first tlm^' £tre readily measured. 

In order to simplify the evaluation of f/y eq. (7.11), we take dA as 
unity. Then, letting n denote the order of the fringe through 0, 



1, 2, 3 


If do is taken as 5° = 0.0873 radian, then 


2 



do - 0.1746H. 


Hence, for dO = 5®, 

b' = 0.174fm6. (7.14) 

Eq. (7.14) defines a family of straight lines as shown in Fig. 7.23, from 
which the value of b' corresponding to b can (easily be found. 

§7.17 Graphical Method for Isopachic Curves. The graphical 
evaluation of a as given by eq. (7.13) is carried out in the following man¬ 
ner, Fig. 7.22: 

1 . Prepare a large composite drawing of the isochromatics, isostatics, 
and isoclinics. 

2. Select a point of intersection of a fringe with an isoclinic, point O, 
and determine S 3 and S 7 at that point. 

3 . From 0 as a center draw two circles of radii 6 and c, approximately 
tangent to the nearest fringes and to the nearest isoclinics. 

4. On the circle of radius c, denote by A and B the intersections with 
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Si and iS 2 i and by C and D the intersection with the tangents to the 
isochromatic S 5 and isoclinic S 7 respectively. 

5 . Lay off an arc AE = AC ao that the stress trajectory Si bisects 
angle EOC, and angle AOE — 0 . 

6 . Lay off arc BE = AD, so that angle BOF = y. 

7. On OF lay off OG = b', and draw GE. 

8 . The straight line through O parallel to GE is the direction of the 
isopachic (S„)„ through point 0 . 



Fia. 7.23 Neuber’s Nomograph for the Evaluation of V in Eq. (7.13); d6 =5°; 

An 


Proof: In Fig. 7.24 lay off AW = b, and draw the straight line NP 
parallel to GO. Let PE l)e taken as the distance a. From similar tri¬ 
angles it then follows that 

G^ _b 
OE ~ a 


b^ 

GE ^ - ^ a'. 
a 


From E we drop a peri)endicular EM to Si, and from G we draw GL 
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perpendicular to EM. We see that 

ML == OK = b' cos 7 , 
ME = c sin p, 


and 

Hence 


EL = 6' cos 7 — c sin p. 

EL b' cos 7 — c sin jS 
^ ^ a' 


= sin a, 



Fig. 7.24 Sketch Showing Method of Finding Distance a from Point 0 to Next 

Isopaehic. 


which obviously defines the angle a given by eq. (7.13). Fig. 7.24 gives 
the value of a, which represents the distance from 0 to the next isopaehic. 

§7.18 Free Boundaries and Order of Isopachics. A free boundary 
is a stress traji^ctory where one of the principal stresses vanishes. It can 
be shown that at such boundaries 


and 


tan a = tan ^ 2 cot 7 for p = 0 
cot a = cot jS + 2 tan 7 for g = 0 . 


(а) 

( б ) 


(7.15) 


These equations show that at free boundaries the evaluation of a is 
much simpler than at interior points. The starting points in the graphi¬ 
cal evaluation of the isopaehic curves are naturally points on free boun¬ 
daries from which the order of some isochromatics is determined. 

Angles a are then determined at a larger number of interior points, and 
the isopaehic curves are drawn as in constructing isostatics from iso¬ 
clinics. The values of (p + q) along isopaehic curves which do not 
intersect the boundaries are determined from a set of orthogonal curves. 

For further details and special cases the reader is referred to Neuber’s 
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Fuj. 7.2.') Isopachic (^irvtis and OrthoKonal Lines from Neuber. 

pap('r.^ Another method for deriving Neuber’s equations is given by 
Knoll and Sehneider.^ Fig. 7.25 shows a set of isopac^hie eurves deter 
mined by Neuber. 

In conelusion, with Neul)er\s graphical method to determine isopachie 
curves it may be useful to determine tlu^ isocliiiu^s by coating the model 
with a brittk^ Iac(iuer as was done by Dundli. Figs. 7.20 show typical 
results from tliis procedure.^ 

^ See Exact Construction of tht* (ai -h —Network from Photoelastic Obsc^r- 
vations,” by H. P. Neuber, Trans. A.S.M.E., Vol. 5b, pp. 733-737, 1934. 

2 See Experimental Methods of Stress Analysis (Russian), pp. 78-80, publication of 
the Photoelastic Laboratory of the Bubnov University, Leningrad, U.S.S.R., 1935. 

® “ lOxperimental I)(‘termination of Tsostatic Lines,'' A. J. Durelli, ,/. Applied 
Mechanics, Trans. .I.N..U.E., December, 1942, pp. A155-A160. 
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Fig. 7.26(a) Photograph of Stress Trajcctori(*s as Detca-jiiined by Diirelli Using 

Brittle Laeqiu'r. 

.Mod(*l was first spray(‘d and eoating allowed to dry. Tensile loads wc'rc then 
applied. 


§7.19 Miscellaneous Methods, (a) Membrane Methods. It has 
already been shown (§1.15) that the sums of the principal stresses satisfy 
Laplace’s equation, i.e., 


-- _j-— Q 

dx- dy 


(1.146) 
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Fin. 7.26(6) Pliotograph of Stress Trajectories Orthogonal to Thow! Shown in (o), as 


Dotcnninal by Diirelli Using Brittle Laciiner. 

Here tensile loads were applied first and the lacquer next. When coating was 
dry loads wen? removed. 

It can be shown that eq. {1.14b) is also the equation of the surface of a 
stretched membrane acted upon by forces applied only at its boundaries. 

Accordingly if the boundary ordinates of this surface be made propor¬ 
tional to the boundary values of (p + g) in a stressed two-dimensional 
plate, then the interior ordinates under the membrane would directly 
represent the values of (p -f- q) at the corresponding points in the model. 
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These observations were made by den Hartog,^ Biezeno,^ and 

Koch. 

In the experimental procedure a thin wall is erected around a boun¬ 
dary having the same shape as the model itself, and the height of the wall 
is at each point made proportional to the value of (p + q) at the corre¬ 
sponding point on the Ixjundary of the model. A membrane is then 
formed over the wall. Two types of membranes have been successfully 
used: a soap film similar to that used in torsion problems,^ and rubber 
membranes.^’®. 

(6) Electrical Methods. It has been also suggested that eq. (1.146) 
can be solved by measuring the potential in a metal plate having the 
same shape as the model, on the boundary of which an electrical poten¬ 
tial proportional to (p + r/) is impresHcnl/ It can be shown that the 
potential at ea(*h i)oiiit in the i)late is proportional to (p + g) at the 
corresponding point in the model. 

(c) Numerical Methods. The most powerful and practical methods for 
the solution of Laplace*s equation and the determination of isopachic 
patterns are the numerical methods, which were first introduced into 
photoelasticity by Weller and Shortley. Starting with the boundary 
values of (p + q) obtainable from good photoelastic patterns, the values 
of (p + q) can be calculated at all interior points. 

The numerical methods are of great importance in many branches of 
engineering and physics. They are treated in detail in the next chapters. 

^ J. P. den Ila-rtog, Experimentelle L6sung des ebenen Spannungsproblems,’^ 
Zeitsclirift, angcw. Math. Mech.^ Vol. 11, p. 156, 1931. 

^ M. A. Biot, Contribution ii la technique photo61astique,’' Annales soc. scien- 
tifique Bruxelles, Vol. 1153, pp. 13-15, 1933. 

® C, B. Biezeno and J. J. Koch, Uber einige Beispiele zur elektris(;hen Spannungs- 
bestimmung,’’ Ingenieur Archiv, Vol. 4, pj). 384-393, 1933. 

^ E. E. Weibel, “ Application of Soap-Film-Studies to Photoelastic Stress Deter- 
nination,” Assoc int. des ponis et charpenles — M&moires, Vol. 3, pp. 421-438, 1936. 

J. G. McGivern and H. L. Supper, “ A Membrane Analogy Supplementing 
Photoelasticity, Trans. A.S.M.E., Vol. 56, pp. 601-604, 1934. 

® M. A. Biot and H. Smits, “ Etude photo-elastique des tensions de contraction 
dans un barrage,” Bull. tech, de V Union des ingenieurs sortis des icoles speciales de 
Louvain, No. 4, p. 10, 1933. 

^ See references 2 and 3, above; see also L. Malavard, L’analogie 6lectrique 
comme m6thode auxiliaire de la photo-elasticit6,” Compt. rend., Paris, Vol. 206, 
pp. 38-39, 1938; and H. Meyer and F. Tank, “ Uber ein verbessertes elekt- 
risches Verfahren zur Auswertung der Gleichung A</) = 0 und seine Anwendimg bei 
photoelastischen Untersuchung,” Helv, Fhys, Acta, Vol, 8, pp. 315-317,1935. 



C’lTAFl'ER 8 

THE NUMERICAL SOLUTION OF LAPLACE’S EQUATION 

PART I ALGEBRAIC HARMONIZATION — ELEMENTARY CASES 


§8.1 Introduction. Harmonic Functions. Dirichlet’s 

Any function U{x, y) whi(!h satisfices the relation 

+ TT = 

ax ay 


Theorem. 


( 8 . 1 ) 


is said to be a harmonic fund ion, and eci. (8.1) is known as Laplace's 
differential eyualion, or briefly as Laplace’s eyuatian. 

All harmonic functions possess one fundamental property which is 
formulated in Dirichlet’s theorem. This theoiem states that/or a given 
boundary r surrounding a region R to which the function applies, and for 
specified boundary values on F, there exists only one solution of 
Laplace’s equation for all points within the region R. ^ 

In §1 ..5 it was shown f haf the sums of 1 he principal stresses {p + g) = 
2 form a harmonic function, i.(>., 

S;, + = 0- (1.14b) 

It follows that the sum of the principal stresses 2 is uniquely deter¬ 
mined at every point within a given region of a two-dimensionally 
stressed body provided that the boundary stresses are known. It may 

be assumed that it is j)ossible to obtain photoclastic stress patterns which 
yield boundary values of 1' of high accuracy. One effective method for 
the determination of t he sums of principal stresses thioughout the whole 
interior region of a t wo-dimensional problem rests on the utilization of 
these boundary values in accordance with Diriehlet’s theorem. In this 
procedure it is necessaiy to solve eq. (1.14/>) for a specified boundary and 
boundary values. The rigorous mathematical solution of Laplace’s 
equation is possible only in cases where the boundaries are relatively 
simple. When the boundaries are complicated, it is generally difficult or 

* For a proof of this theorem stv textbooks on advanced calculus. 
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impossible to find an analytical solution. However, it is always feasible 
to obtain approximations by means of numerical solutions which are 
quite sufficient for all practical purposes. 

Alth()up;h our main concern is with Laplace's equation as it affects 
])hoto('lastic strciss analysis, this ])roblein transcends our immediate 
objectives. Harmonic functions enter into many branches of engineer¬ 
ing. For oxam})le, th(i same necessity for an approximate solution of 
Laplace's eciuation arises in the calculation of electrostatic fields in 
regions enclosed by boundaries at known potentials, and in heat-con¬ 
duction })rohIcms in coniU'ctJon with Hnnperature distributions of the 
steady state. Laplace’s e(|uatiou also ai)f)ears in ccirtain problems of 
hydromechanics and gravitation, and in the calculations of the shapes of 
films and rnembraiuNs. 

In this and in t Ik^ succeeding chapter we develop basic (equations and 
mcdbods which have been found (effective in the numerical solution of 
Lajdace's (Hiuation. These' methods are also ai)plicable to the solution of 
Poisson's ecpiation 


dHJ 


dHl ^ 

H- 7 = r, a constant, 

dy" 


< 8 . 2 ) 


which arises in ('lasticity in the i)r()blem of torsion as well as in other 
))ranches of k^chnology. 

§8.2 Some Additional Properties of Harmonic Functions without 
Singularities.^ 

I. The value of a harmonic function at the center of a circle is equal to 
the mean A^aliK; on tla^ circumference. 

II. A harmonica function in a given region cannot have a maximum 
value or a minimum value in the region except on the boundaries. Th('. 
surfaces which the function dedines can haA^(^ no peaks or troughs. Hence, 
iso])achic curves, i.e., lo(;i of points along which the function is constant, 
cannot form closer I curves. 

III. If a harmonic function has a constant value on the boundary of a 
region it is constant throughout tlie n^gion. 

IV. The line integral 

rdU , 

l w * - "■ 


in which (c) is a closed boundary containing no singularities, and 
dU/dN is the normal derivative. 

^ For proofs of those propositions see textbooks on advanced calculus. 
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§8.3 Basic Equations. Numerical or approximate solutions of 
Laplace’s equation 


dHl 

dx^ 


dHl ^ 
H—r~2 “ ^ 


( 8 . 1 ) 


are generally based on the fact that the value of the function U at an 
arbitrary point O of the region R to which the function U applies, 
Fig. 10.1, must satisfy the general equation:^ 



a{a + c) 


Wa + 


Hb + d) 


+ 


c{c + a) 
1 


+ 


d(d + b) 


Ud, (8.4) 


B(O.b) 


in which Ua, Wc, and Ud are the valuas of the harmonic function U at 
four neighboring points, A, B, C, and D respectively, with coordinates as 
shown in Fig. 8.1. Eq. (8.4) will be referred to as the four-point influence 
equation^ or more briefly as the four-point equation. 

The most common procedure in numerical solutions generally consists 

of drawing a square network distant h 
apart over the region R and adjusting 
the values at each ])oint of intersection 

lo_^a,0> of the network linens (network points) 

until they satisfy the four-point equation. 
When that is attained, an approximate? 
or numerical solution is said to have been 
found. The distance h between the net- 
Di0,-d) work lines is called the lattice unit. The' 

points A, B, Cy and D may be located on 
the network lines, or on line?s inclined 45° 
to them. In the first case we speak of normal neighbors; in the second 
case, of diagonal neighbors. In the treatment which follows be)th types 
are used. 

Most of the interior network jK>ints will have equally spaced neighbors. 
For such points eq. (8.4) reduces to 


Fig. 8.1. 


4Uo = Ua + Ub + Uo + Ud. 


(8.5) 


Eq. (8.6) is generally called the Liebniann formula.^ Another case of 
^ For a derivation see Appendix A in this chapter. 

* The derivation of this formula is generally credited to Liebmann. See SUzungs- 
berichte der math.-phys. Klasse der Bayer. Akad.y Miinchen, p. 385, 1918. 
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special interest is that in which a — b and c — Fig. 8.1. Then eq. 
(8.4) reduces to 

c(Ua + Mfc) . a(Uc + Ud) 

2(a + «) + 2(a + c) ' 

Assuming a < c, and a/c = 5, this may be written 

(Ua + Ub) , d(Ue + Ud) 

“’-WTT)+-WTW’ 

where 5 is a fraction less than unity, or 

+ Ub) + K2(Uc + Ud)y ( 8 . 8 ) 

where the coefficients Ki and K 2 arc* given by 


2(S+1) 

When h — c ^ d, a <b and a/h = 5, we have 

_ Ug d(Ub d~ Ud) 

” (1 + 8 )^ (1 + 6)2 2(1 + 6 ) 


( 8 . 10 ) 


The process of adjusttnent which vmkes the values of a harmonic function 
agree with the four-point influence equation at each network point will for 
brevity he called a process of harmonization. 



Fia. 8.2. 


§8.4 Key Values. Definition. A set of interior values of Uj so 
located in the region R to which the function U applies that, from these 
values, the values of U at all other network points can be calculated by 
the Liebmann or four-point formulas applied either normally or diago¬ 
nally, is defined as a set of key values. In a square (3 X 3), Fig. 8.2(6), 
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any one of the-four interior values Ui, u^y or U 4 is a key value for the 
whole region. Thus, if iii be known, can be found from the diagonal 
neighbors, and ^ 2 , W 4 from the normal neighbors. 

Similarly in a rectangle (4 X 3), Fig. 8.3(6), either Ui or 14 is a key 
value for the whole region. Thus, if iii be known, Ha and can be 
found from diagonal neigh)>ors, and U 4 , ua from normal neighbors. 




Fifj. 8.a 


A similar condition exists in a (4 X 4) square, Fig. 8.5(6), in which Uu 
the value at the center of the scjuarc', defines the n'maining eight interior 
values. Four of tliese valu(*s, Ha, H 4 , Hr„ are found from diagonal 
neighbors, and the remaining four from normal neighbors. In all thnje 
cases, one key value is sufficicuit to obtain a conq^Iete numerical solution 
of Laplace’s eciuation. 

An interior, or unknown, value will always be denoted by ii with a 
suitable subscript relating it to a gi\xm point. Known boundary values 
will be denoted by a, 6 , c, • • •, vie. 

§8.6 Key Values for Incomplete and Full (3 X 3) Rectangles, 
Fig. 8.2(a). (h) a rectangle 3(2 + 5), in which d is a fraction less than 

unity, will be spoken of as a iiUHmiplete (3 X 3 ) sejuare, Fig, 8.2(h). In 
order to find tlie A^alue Ui we use eejs. ( 8 . 8 ) and ( 8 . 5 ). Thus, 

ui = Ki{ai + do) + A"2(h 3 + M3), (a) 

4u 3 = + Cl + C 2 + C 3 . ( 6 ) 

Upon solving, eliminating Ki and K 2 by eqs. (8.9), we have 

(8 + 75)mi = 4(ai + ^ 2 ) + 5 ( 4 o 3 + Ci + C 2 + C 3 ). (8.12) 

Putting S equal to unity we obtain 

3 3 

15ui = 4X; riz + E a. (8.13) 

t*=i i=i 

Eq. (8.13) gives the key value for a full (3 X 3) s(piare, Fig. 8 . 2 ( 6 ). 





Be(\ SJ7 


KEY VALUES FOR RECTANGLES 


243 


§8.6 Key Values for Incomplete and Full (3 X 4) Rectangles, 
Fig. 8.3. («) A rectangle 3(3 + 5), Fig. S.3(a), will be spoken of as an 

incomplete (3 X 4) rectangle. Eqs. (8.5) and (8.8) give also the key 
value ui for this case. Thus, 


4ui = //a + ?/5 + + r/ 2 , 


(«)1 


Au-i = Ml + «1 + Ih + Cl, 


(b) (8.14) 


Ms — K\{(l 2 + ^ 2 ) + + Cl). (c) J 



di 6, 

'di 
‘a 
dz 

dz 62 

( 6 ) 







Ui 

' 


y , 





Fi(i. S.4 


Solving, and eliminating K\ and K 2 , we obtain 

/15 4-13A , , , 

\—i—i-~5 / + Cl + 4di + 4 ^ 2 ) 

+ (^^2 + ^2 + 5 ci ). ( 8 . 15 ) 

(6) Putting 5 equal to unity, we obtain the key value for a full rect¬ 
angle (3 X 4), Fig. 8.3(Z^. Thus, 

14?/i = + <72 + 2 ci + 4(r/i + ^ 2 ) + -|- 62 - ( 8 . 10 ) 

(c) By putting 5 equal to zero, changing the notation of the boundary 
values to agree with that of Fig. 8.2(6), and observing that when d 
becomes zero <12 = ^2 = we obtain eq. (8.13), i.e., the key value for 
a full (3X3) square. 

§8.7 Key Values for Incomplete and Full (4x3) Rectangles, 
Fig. 8.4. (n) A rectangle 4(2 + 5), Fig. 8.4(a), will be spoken of as an 

incomplete (4 X 3) rectangle. In order to find the key value ui we again 
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use eqs. ( 8 . 8 ) and (8.5) and obtain the following three equations: 

Ui = Ki(di + ^ 2 ) + K 2 (us + W 5 ), (a) 

4u 3 = ui + ai + 61 + Cl, ( 6 ) ^(8.17) 

4^5 = + a 2 + 62 + Cl. (c) ^ 

Upon solving we have 

(— S —) ~ g (^1 + ^ 2 ) + 2 («i + ^'2 + ^1 + ^ 2 ) + Cl. (8.18) 


( 6 ) Putting 6 equal to unity in eq. (8.18) we obtain 

7ui = ^(ai +^2 4" + ^ 2 ) + 2(di + ^ 2 ) + ci. (8.19) 

This is the key value for a full (4X3) rectangle, Fig. 8.4(6), which agrees 
with eq. (8.16) giving the key value for a full (3 X 4) rectangle at the 
same point. 



02 63 Cg 62 Cl 





Ui 


Ui ^ 


F^ 


, 


F^ 






^6 ^4 ^7 ®4 

( 6 ) 


Fig. 8.5 


§8.8 Key Values for Incomplete and Full (4 X 4) Squares, Fig. 8.6. 

(a) A rectangle 4(3 + 8 ) will be spokijii of as an incomplete (4X4) 
square, Fig. 8.5(a). There are three ways to obtain an expression for 
the key value Wi. The simplest procedure is to express Ui in terms of 
U 2 f U 3 , U 4 , and U 5 and then to express these quantities in terms of ui. 
Using eqs. (8.5) and ( 8 . 8 ) we obtain the following five expressions: 


4wi = 112 + U^ + U 4 + Us, 

(a)' 

4 U 3 = Ui + 02 + C 2 + C 3 , 

(«>) 

4u4 = Ui + U 3 + C 3 + C 4 , 

(c) • 

U 2 = Ki(ai + ci^) + K 2 (ui + C 2 ), 

id) 

U 5 = Ki(a 4 + Ci^^) + K 2 {u\ + C 4 ). 

(«) . 


( 8 . 20 ) 
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Upon solving we have 

/7 + 5A 1 ^ , cti + «4 + Cl' + Cl" 

( ^ ^ + O3 + C2 + 2c 3 + C4) H-r +"5 

fi(C2 + C4) 


+ 


1 + 5 


( 8 . 21 ) 


( 6 ) Putting 5 equal unity and observing that then Ci' = c/' = ci, we 
obtain 


4 4 

6u-i = Cl’. 

t«l t=l 


( 8 . 22 ) 


This gives the key value for a full (4X4) square. 

(c) Eq. (8.21) also yields the key value for a rectangle (4 X 3). 
Putting 5 equal to zero, changing the notation of the boundary values 
to agree with that of Fig. 8.4(6), and observing that, when 5 = 0, 
c' = ai = di, and c/' = ^4 = ^ 2 , we obtain eq. (8.19) for a full (4 X 3) 
rectangle. The equations developed in sections 5, 6 , 7, and 8 will be 
found useful in harmonization of rectangular figures as well as in figures 
of general boundaries. 
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PROBLEMS 

1. Derive an expression for ui for the (3X3) square shown in Fig. 8 . 6 , 
using normal neighbors only. 

Am, 2^ui = 7(6i + 62 ) + 2(63 + 64 + 67 + 63 ) + 65 + 6 ®. (8.23) 

2. In Fig. 8.6 find 112 , t /3 and 144 by eq. (8.23); and also by eq. (8.13) 
following the procedure outlined in §8.4. Assume boundary values as shown. 
Explain the slight differences in the results. 




246 


SOLUTION OF LAPLAOE'S EQUATION 


Chap. VIII 


3. Derive an expression for uy for the (4 X 3) rectangle of Fig. 8.4(6), using 
normal neighbors only. 

Arts. /^4 \ai 4" U 2 4” 3(6i 4" 62 ) 4“ 2(rfi 4" 4" 4ci 4" 8 C 2 ]. (8.24) 

4. Derive an expression for the key value uy at the center of the (4 X 4 ) 
square, Fig. 8.5, using normal neighbors only. 

X 4 

Ans. 16ui = (8.25) 

t = 1 i = l 

In the proceeding problem find ui in the following manner: use 

normal neighbors for ui, Me, wy, ms, M.ijand diagonal neighbors for « 2 , uz, W 4 , Me. 

4 4 

-l/w. 20 mi = 42Z<’i + (8.26) 

* = 1 i = 1 

6 . In the (4 X 4) square of Fig. 8.5, find all nine interior values in three 

ways: eqs. ( 8 . 22 ), (8.25), and ( 8 . 20 ) respectively. Assume oy = 2235, 
a 2 = 1118, as = »1185, (u = 0370, 61 = 2910, 60 = 2100, 63 = 1580, 64 = 

1455, 65 = 2450, 6 g = 45(X), 67 = 0150, 63 = 4900, cy =- 3770, co = 1935, 

C 3 = 1885, C 4 = 5520. A m. vi == 3200 approximately. 

7. In the incomplete (4 X 3) rectangle of Fig. 8.4(a) assume 8 = 0 . 5 , 

ai = 3.09, (h 2 = 2.08, 61 = 3.95, 62 = 3.00, cy — 3.00, dy = 3.70, and d 2 = 
3.48. Find all six interior values. ?/i = 3.40 

8 . In the incomplete (4 X 4) square of Fig. 8.5(a) assume 8 = 0.5, oy = 

4.10, a 2 = 3.09, as = 2.08, 04 = 3.00, cy - 3.92, cy" = 3.75, C 2 = 3.95, 

C 3 = 3.00, C 4 = 3.00. Find all nine interior values. Am. tq = 3.40, 

§8.9 Laplacian Perimeters. In the a})i)lication of the formulas for 
the elementary areas to long rectangles or comj)osito rectangles, it will be 
found conve^nient to simj)lify the expressions of the key values already 
derived; specifically, we sliall writ(‘ tli(‘ formula for each key value ti for 
an elementary area in the form 

au = P A- n (a) ] 

or [-(8.27) 

an = 7^ + u' + u'\ (6) J 

in which a is a constant coefficient, P is a quantity determined by the 
known boundary values, and ?</, u" are unknown boundary values. The 
constant P in eeis. (8.27) will be referred to as a Laplacian perimeter. 
Since we have eight elementary arenas — four ce)mplete and fe)ur inejorn- 
plete re>ctangles — we^ shall need tdght Lai)lacian peTirnetc^rs. These 
will be elene)t.eel by P and p, fe)r the ee)mj)lete and incomplete areas 
respectively, with suitable subscripts. Thus 7 ^ 4 x 4 will refer to a full 
(4 X 4) square, aiiel /qxi tn an inee)rnf)l(f e (4 X 4). 

It will be seem later that, in long rectangles, the elementary formulas 
will be used so that one or at me)st two bounelary values will be character¬ 
istically missing. Thus the formula for a full (4 X 4) square will always 
be useel in such a manneu* that cy or or both will be unknown. In the^ 
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definitions of the eight Laplacian perimeters that follow we are entirely 
guided by such considerations. 

§8.10 Summary of Formulas for Elementary Figures in Terms of P 
and p. 


(1) 3 X 3, Fig. 8.2(6), eq. (8.13). 

15ui = ^3x3 + Cl, (a) 

3 

•^3X3 = 453 ai + C2 + C3. (6) 

(2) 3X4, Fig. 8.3(6), eq. (8.16). 

14ui = P3X4 + L unknown 6’s, (a) 

P3X4 == (^1 + + 2ci) + 4(di + (^2) + S known 6^s. (6) 

(3) 4X3, Fig. 8.4(6), cq. (8.19). 

7ui = Pixs + Cl, (a) 

P 4 XS ~ 0.5(ai + ^2 + ^1 + ^ 2 ) + 2(di + ^ 2 ). (6) 

(4) 4X4, Fig. 8.5(6), eq. (8.22). 

6wi = P4X4 + unknown c^s, (a) 

4 

^4X4 = 0.55] + 53 known c's. (6) 

i = l 

(5) 3X3, Fig. 8.2(a), eq. (8.12). 

«3X3Wl = P3X3 + Cl, (a) 

8 + 75 

«3X3 = —;— » (6) 

0 

■4(oi + «2) , , , 

P3X3 — -;-1" 4a3 + C2 + C3. (c) 

d 

(6) 3X4, Fig. 8.3(a), eq. (8.15). 

«3X4Mi = P3X4 + 5l, (o) 


(8.28) 


(8.29) 


(8.30) 


(8.31) 


«3X4 = 


15 + 138 


p3x4 = a, + Cl + 4(di + dz) + 


2(02 ~l~ ^2 + 5ci) 
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(7) 4X3, Fig. 8.4(a), eq. (8.18). 

«4X3Wl = P4X3 + Cl, 

4 + 3« 

«4X3 = - g * 

, 1 .1X1 2 (dl + d 2 ) 

P4X3 = 0.5 (ai + 02 + Oi + 62 ) H-;- 

0 

( 8 ) 4X4, Fig. 8.5(a), eq. ( 8 . 21 ), 

«4X4M1 = P4X4 + C3, 

7 + 55 
1 + 5 ’ 

0.5fe + 03 + a + c.) + "■ + 

J -f- d 

, 5(C2 + C4) 

+- T + r - 


«4X4 = 

P4X4 = 


(a) 

(b) 

(c) 

(a) 

(b) 

>(8.35) 

(c) 



PART n THE ITERATIVE PROCESS 
§8.11 The Iterative Process. Introduction. From the examples 
treated in the preceding part it is apparent that a set of simultaneous 
equations could be written down for a network of arbitrary size and shape 
which would express the basic requirement of a numerical solution of 
Laplace’s equation given by the general four-point influence formula, 
eq. (8.4). However, when the number of interior points, and therefore 
the number of equations, becomes great, the exact simultaneous solution 
of the resulting set of equations is too laborious to be of practical value. 
Fortunately, it is always possible to obtain approximations to any set of 
linear equations, and therefore an approximation to the numerical solu¬ 
tion of Laplace*s equation, to any desired degree of accuracy. In this 
procedure it is possible to assume a set of arbitrary values at the network 
points and to improve them in successive steps until they satisfy eq. 
(8.4). This process of adjustment or harmonization is known as the 
iterative process. 

§8.12 The Solution of a Set of Linear Equations by the Iterative 
Process. As an illustration of the iterative process we solve the set of 
four equations below: 

= 8 + 1(^3 + U4), {a) 

U 2 = 24 + J(u 3 + U 4 ), ( 6 ) 

W3 = 4 + J(wi + U2), (c) 

W.1 = 34 + ^(mi + W2)» (d) 
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Inspection of these equations shows that Ui and 1^2 determine U 3 
and U 4 , and similarly, that U 3 and U 4 determine ui and U2. We therefore 
begin by assigning arbitrary values, say zero to 143 and U4. 

Substituting ^3 = 144 = 0 in eqs. (8.36a) and (8.366), we obtain 

= 8 + i(0 + 0) = 8, 

U 2 — 24 “I” 4(0 -f" 0) = 24. 

With the above values of ui and U2 wc calculate new values of 143 and 
U4, Thus, 

M 3 = 4 + J(8 + 24) = 12, 

M4 = 34 + J(8 + 24) = 42. 

The first set of values, Ui = 8 , U2 = 24, U3 = U 4 = 0 , satisfies the first 
two of eqs. (8.36) but not the last two. On the other hand, the second 
set Ui = 8 , t <2 = 24, 2/3 = 12 and U 4 = 42 satisfies the last two equations 
but not the first two. The proceiss is then repeated until one set of four 
values satisfies all four equations. 


TABLE 8.1 


Approximation 

Row 

Ul 

U2 

243 

144 

Finst 

1 



0 

0 


2 

8 

24 



Second 

3 



12 

42 


4 

21.5 

37.5 



Third 

5 



18.75 

48.75 


6 

24.9 

40.9 



Fourth 

7 



20.45 

50.45 


8 

25.7 

41.7 



Fifth 

9 



20.85 

50.85 


10 

25.92 

41.92 



Sixth 

11 



20.96 

50.96 


12 

25.98 

41.98 



Seventli 

13 



20.99 

50.99 


14 

2G 

42 




It can be shown^ that upon repeating the process a sufficient number 
of times a state of convergence will be reached at which the roots will 
equal or approach the true values given by an exact solution. In the case 
under consideration convergence is, for all practical purposes, attained 
after seven approximations. The results are given in Table 8.1. 

' See Differential und integral Gleichungen der Mechanik und Physik, by P. Frank 
and R. von Mises, F. Vieweg und Sohn. Berlin 1 - 
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This table shows the successive values as weU as the manner in which 
they were obtained: each pair of values in one row determined the pair in 
the next row. Thus from the assumed values U 3 = U 4 = 0 we found 
u\ = 8 , W 2 = 12 . From these values we calculated *^3 = 12, W 4 = 42, 
which in turn determined the values of = 21.5 and W 2 = 37.5, etc. 

The values in the rows 1 and 2 , 3 and 4 , 5 and 6 , etc., satisfy the first 
two of eqs. (8.36). The values in the rows 2 and 3,4 and 5, 6 and 7, etc., 
satisfy the last two of eqs. (8.36). Inspection of Table 8.1 shows that 
after seven approximations the values converge to ui = 26, U 2 = 42, 
Us = 21, and U 4 = 51. It can be readily verified that these values 
represent the exact solution to eqs. (8.36). 



48 64 72 96 


Fig. 8.7 

§8.13 Procedure in Harmonization by Iteration. Order of Improve¬ 
ment. Inspection of Fig. 8.7 shows that the four equations solved in the 
preceding section by iteration, e(is. (8.36), represent the numerical so¬ 
lution for the (3 X 3) scpiare in tcTins of the normal neighbors and 
given boundary values. The results in Table 8.1 are therefore the 
numerical solution for the square of Fig. 8.7. 

In the method of iteration we do not always write down the necessary 
set of equations although the expressions are always implied. The 
results of the calculations are sometimes arranged as in Fig. 8.7, in which 
the columns near each interior point are identically the same as in 
Table 8.1. 
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Order of Improvement. In the example under consideration the order 
in which the points were improved was uj, us, and U 4 . However, the 
final results are independent of this order, although the intermediate 
values do depend on it. This can be clearly seen from Fig. 8 . 8 , in which 


0 0 0 0 



48 64 72 96 

Fio. 8.8 


the order of improvement is Ua = M 3 , Ub = mj, Uc = M 4 , and ua = M 2 . 
The final re.sults arc the same as in Fig. 8.7. It is important, however, 
not to change the order of improvement during the solution, but to 
adhere to the same .sequence in all traverses. In this case th(! equations 
are 


M„ = 4 + 


Ub + Ud 

- , 

4 


M6 = 8 + 


tla "h Me 

- > 

4 


etc. 


PART in INITIAL VALUES BY THE LINEAR ROSETTE METHOD 

§8.14 Initial Values. The Linear Rosette Method. Instead of 
beginning with zeros, as was done in the preceding example, it will be 
found that much time and labor can be saved by starting the solution 
with a more reasonable set of first approximations. The method used to 
determine the initial values must, of cour.se, lie simple and rapid. 
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The values of u define a surface which may be roughly approximated 
by assuming threads or strings to pass over the given point in different 
directions to the terminal values of u. These threads may be thought of 
as fixed at one end and under suitable tension at the other. Each thread 



Fio. 8.9 Sketches Showing a Rapid Graphical Method for the Evaluation of an 

Initial Value for 

is in general raised or lowered by an intersecting one. Ultimately they 
concur at one point, the height of which above the datum plane is, to a 
first approximation, equal to the arithmetic mean of the heights of all 
the strings passing over that point. Referring to Fig. 8.9(a), {uo)i is 
the linear approximation to Uo from the string A-A', corresponding to 
the boundary values Ua and Ua, at points A and A' respectively. Such 
linear values can be fourul graphically in a few minutes, and they will 
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always be of great help. The graphical evaluation of initial values is 
somewhat facilitated by laying off the end values from a fixed base line 
on a piece of transparent graph paper, Fig. 8.9(6). 

At points near the boundary, and in particular near sources of stress 
concentration, the accuracy is notably good. This method of deter¬ 
mining initial values will be referred to as the Linear Rosette Method. 
The number of lines in the rosette will depend on the manner in which 
the boundary stresses vary. The sharper this variation the greater 
should be the number of lines or strings. 



Fig. 8.10 Sketch of an Equiangular Linear Rosette for the Evaluation of wi. 

Example 8.1. As an illustration of the significance of initial values and the 
rosette method we solve again the problem in §8.12. Using an equiangular 
rosette, Fig. 8.10, we find ( 111)0 = 24.5, or roughly 24. From diagonal values 
we obtain 

(^ 2)0 = i(16 + 48 + 72 + 24) = 40. 

Using normal points we have 

(ii 3 )o = 'KI 6 + 24 + 40) = 20, 

(ti 4 )o = i(40 + 72 + 64 + 24) « 50. 

These are our initial values. 

It is apparent that without any further improvement we have obtained a 
good approximation to the true values. One traverse gives 

u\ = 25.5, 142 = 41.5, 143 == 20.75, 144 * 50.75, 


254 


SOLUTION OF LAPLACE’S EQUATION 


Chap. VIII 


and the next improvement gives 

ui = 25.9, U2 = 41.9, = 20.95, ua = 50.95. 

We have thus accomplished in two traverses essentially the same results 
which were previously ac^complisljed in six. 



Fig. S.ll Linear Rosettes for Ua and iib. 
Note simpli(!ity of operations and quality of results. 


§8.16 Linear Rosette as a Lateral Extensometer. When a good 
lateral extensometer is not readily available, the linear rosette may he 
used as a substitute. Experience shows that it generally yields good 
approximations, as can be seen from Fig. 8.11. The true values of 
ip + q) obtained by harmonization are 5510 and 3175 at A and B 
respectively. The corresponding values from the rosettes are 5385 
and 3700. Fig. 8.12 shows the stress pattern from which the boundary 
values were taken. Near a source of stress concentration the type of 
rosette shown, in which the limiting strings in the rosette are tangent to 





Fig. 8.12 Photoelastic Stress Pattern of a Bar with a Central Circular Hole Sub¬ 
jected to Pure Tension Giving Boundary Values of (p -f- o) Fig. 8.10. 
Width of bar = 1.042 in.; diameter of hole = 0.316 in.; fringe value of model = 
333 psi. tension or compression; uniform stress in bar = 3.11 fringes; maximum 
tensile stress at hole = 11.81 fringes; maximum compre.ssive stress at hole = 4.00 
fringes. 


Ckt'lf 
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the discontinuity, has been found to be quite sufficient. The accuracy 
seems to increase as the point gets closer to the discontinuity. 



Fig. 8.13 Drawing Showing the Application of the Linear Rosette in Combination 
with Eq. (8.22) for a (4X4) Square to the Rapid Evaluation of Approximate 
Principal Stresses in a Bar with a Hole in Tension. 

Results for the section of Symmetry S-S are given by curve I, and for section 
T 1 -T 2 by curve III. 


§8.16 Further Applications of the Linear Rosette. The linear rosette 
can he combined with eq. {8.22) for a {4 X 4) square to give a good 
approximation to the true distribution of (p + q) across sections of 
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symmetry. Thus in Fig. 8.13 we can find the complete distribution 
across the horizontal section of symmetry by determining (p + g) at A 
and B from rosettes and then calculating the value at the center of the 



square by eq. (8.22). The results are shown by curve I, Fig. 8.13. 
Curve II shows corresponding values from harmonization. 

Curve III gives the values of (p + q) across section Ti — T 2 . It is 
seen that even along this section the results are satisfactory. Attention 
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is called to the maximum value which was determined from a rosette, 
showing again that near sources of stress concentrations the accuracy 
of the rosette is ])artieularly good. 

Another example is shown in Fig. 8.14. It is proved in §9.6 that the 
polar rectangle XYZU transforms into a (4X4) square. In this 



Fig. 8.15 Sketches Showing Possible* .\i)pliration of Linwir Rosette and Eq. (S.22) 

to Ihirs with Fillets. 


case only (p + q) at A has to be found by a rosette. The remaining six 
values which enter into eq. (8.22) are known boundary values. The 
results may therefon^ be expected to be particularly good, and curves I 
and II show that they are. 

Fig. 8.15 shows how the same idea can he applied to a bar with fillets 
in tension or bending. The method also gives (excellent results in a 
tension bar with deep grooves. 

PART IV METHOD OF BLOCK ITERATION 

§8.17 Rectangular Areas. We consider next rectangular areas of 
arbitrary dimensions (m X n) and show how the key values in sucdi 
figures can be found by combining the iterative process with the basic 
formulas for elementary rectangles, i.e., by the block iteration. 

In rectangles (m X n), where m — 3, 4, and n is an integer, the number 
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of key points k is given by 



Tn rectangles (m X n'), n' = n 
unity, 


for n odd, 
for n even. 

6 , where 6 is a fraction less than 


k = 



for n odd, 


fc = - > for n even. 

The key points are numlxTcd 1, 2, 3 • • • k, and the corresponding key 
values are dc^noted by Wi, ^^3 • * * Uky respectively, Fig. 8.16. 
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Fig. 8.16 


To begin with, we divide the short side of the rectangle into three or 
four equal units. This det(irmines the unit for the longer side and the 
value of 71, which, in general, will not be an integer. Next we determine 
the required boundary values and calculate the Laplacian perimeters for 
the ek^rnentary figures surrounding each key point. We then calculate 
initial key values from diagonal points, using the Liebmann formula. 
Last, we write down explicitly the necessary equations and improve all 
key values in numerical order. 

It is evident that the use of the basic formulas for elementary areas or 
blocks must result in a great saving of labor over the straight averaging 
process which employs the Liebmann formula only. Clearly, the num¬ 
ber of equations to be solved is sharply reduced. For example, in a 
rectangle (4X16) there are 45 interior points necessitating 45 Liebmann 
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equations. However, if we work only with key values in (4 X 4) squares 
the number of equations is reduced to 7. There is a vast difference in the 
time required to solve 7 equations as compared with 45. The saving in 
time is great even when one adds the additional time required to find the 
remaining 38 values, all of which are calculated by the direct use of the 
Liebmann formula. A numerical example will demonstrate this point. 
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Example 8.2. Find the key values in the (4 X 16) rectangle of Fig. 8.17 
with boundary values as given in Table 8.2. 

TABLE 8.2 


a 

b 

c 

d 

e 

/ 

9 

2079 

2996 

3689 

4220 

4664 

4997 

5298 

h 

i 

3 


1 

rn 

n 

5561 

5793 

5829 

5886 

5677 

5447 

5193 

0 

V 

Q 

r 

s 

t 


4913 

4605 

4277 

3951 

3689 

2996 


Solution. 

(a) Laplacian Perimeters to the Nearest Integer, eq. 

(8.316): 

Pi 

Pi 

P 3 

P 4 

Pi 

Pi 

P 7 

16,810 

15,851 

17,580 

19,064 

20,341 

21,459 

28,278 

(6) Initial Values from Diagonal Points: 




Uj 

U2 

Us 

ua 

Ui, 

Ui 

U7 

3433 

3943 

4381 

4754 

5076 

5357 

5606 


(c) Harmonization, ec{. (8.31a): 

6ai = Pi + = 16,810 -h 3943, 

ui = 3459. 

6m2 = + + 15,851 + 3459 + 4381, 

U2 = 3949. 

6^8 = Ps ”1" aj + W 4 == 17,586 -I- 3949 4" 4754, 
1/3 = 4381. 
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6w4 = P 4 + Its + 146 = 19,064 + 4381 + 5076, 
ua = 4754. 

6w6 ^ Pb + U4 + ub = 20,341 + 4754 + 5357, 

U6 = 5075. 

6w 6 = Pe + 145 + 147 = 21,459 + 5075 + 5606, 

1^6 = 5357. 

6w7 = P 7 + 146 = 28,278 + 5357, 
ui = 5606. 

This ends the traverse. In the case under consideration it will be found 
that the values obtained above differ only by a fraction of 1 per cent from those 
in the next traverse. The above values, or those in the second traverse, repre¬ 
sent therefore the solution to the problem. The procedure remains the same 
when n is not an integer. In such cases the last perimeter is either for an 
incomplete (4 X 4), eq. (8.35c), or for an incomplete (4 X 3), eq. (8.34c). 

The method is equally effective in composite rectangular areas, such as 
angles, channels, T shapes, Z shapes, etc. 

PART V GENERAL BOUNDARIES 

§8.18 Irregular and Curved Boundaries. 

Harmonization by iteration is especially 
useful when the boundaries of the figure 
are curved or irregular. Consider point 0, 

Fig. ^8.18. The distances a and 6 from 
point 0 to points A and B respectively 
are clearly less than the lattice unit h. 

Such points on the boundary will gener¬ 
ally be referred to as irregular points. 

They will be denoted by A and 5, and their 
respective distances from 0 by a and 6 , with 
a always less than b. 

Eq. (8.4) may be written as 

Uq ” “I" ”1“ CpUc “f" (8.37) 

After calculating the coefficients Ca, C 5 , Cc, and Ca in the general four- 
point formula, it is desirable to simplify the expression to the form 

y^o “ Q ”1“ “b O^Ud} (a) 1 

K8.38) 

Q = CaUa + CbUbj a constant. (6) J 



in which 
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It is convenient to write the value of Q on th(^ boundary between points 
A and B and to write the values of Cc and Cd near points C and D respec¬ 
tively. Points A and C are always taken on one line, Fig. 8.18. 


3190 2760 2040 1040 520 



Fig. 8.19 Boundary Values and Notation Showing Order of lTnj)roveTnent; also 
Rosettes for ui, t/ 2 , and ?/(•,. 


Example 8.3. Curved Boundaries. As a next illustration of the iterative 
process we find a numerical solution for Laplace’s equation for the configura¬ 
tion shown in Fig. 8.19. 

Solution, (a) Preliminary Steps. After determining the boundary values 
we choose a convenient order of improvement, calculate the ne(;essary irregu¬ 
lar coefficients, and write down the basic eejuations. Since the stresses along 
the curved boundary vary a])preciably it is desirable to bring in as many i)oints 
as possible from that boundary. This suggests the use of normal neighboring 
points for the calculation of iq. For simplicity we use the same system for all 
other points. The order of improvement is ui, ^2 * • • ug. 

There are minor reasons for this choice. It is desirable to improve ui first 
since it directly affects us and and indirectly lu, uq, and a?. Also, wg cannot 
be improved before ii 2 is improved. However, different orders may be taken 
with equal effectiveness. We next measure the necessary distances a and b 
and calculate the irregular coefficients and the constants Q. The results 
are shown in Table 8.8. 
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TABLE 8.3 

Irregular Coefficients 


Point 

t/i 

7/2 

7/6 

7/7 

W8 

a 

0.630 

0.792 

0.792 

0.576 

0.576 

b 

0.630 

1.00 

1.00 

1.00 

1.00 

Ca 

0.307 

0.311 

0.311 

0.402 

0.402 

Cb 

0.307 

0.221 

0.221 

0.183 

0.183 

Ca 

0.193 

0.247 

0.247 

0.232 

0.232 

Ca 

0.193 

0.221 

0.221 

0.183 

0.183 

CoUa 

62 

2314 

-529 

-1008 

3946 

ChUb 

CcUc 

1584 

1261 

257 

121 

1291 

Q 

1646 

3575 

-272 

-1487 

5237 


All coefficients for wa, W 4 , and 1^5 are 0.25. 

We now write down the exidicit simplified expressions correspondiiifs; to 
Table 8.3 and the agreed-upon order of improvement. Thus 


III = 1 () 4 () + 0 . 193('/3 + t(b)i {(i) 

uo = 3575 + 0.221 {ih + us), ( 6 ) 

Uz = 1081 4“ 0,25(wi “h U 2 4“ W 4 ), (r) 

= 1582 4- 0.25(w3 4- ^ 5 ), (d) 

^(8.30) 

1^5 = 510 4“ 0.25(wi 4“ <^4 4” we)) (c) 

2^6 = -272 + 0.221 (//5 + ^^ 7 ), (/) 


m = -1487 4 - 0.183 X 2</o = -1487 + OMirm, (g) 

Us = 5237 4 - 0.183 X 2^2 = 5237 4 - 0.360^2. (h) ^ 

We note that 117 and us are on lines of symmetry, and therefore we enters 
twice into 117 and enters twice into ug, 

(Jb) Initial Values. In order to reduce the numl)er of traverses or iterations 
we determine initial values. First we find (mi)o from a four-line equiangular 
rosette. Using this value of (ai)o and three-line rosettes we find (^ 2)0 and 
{us)o, Fig. 8 19. The results are (wi)o = 2025, ( 7 / 2)0 = 5975, and ( 1 / 6)0 = 
— 120. The remaining five values are found by the Liebmann or four-point 
formula. Thus 

(7/4)0 = i(4325 4 * 3190 -h 2040 4- 2625) = 3045, 

(7/3)0 = 1(4325 4 - 2025 4 - 5975 4 - 3045) = 3992, 

(w6)o = 1(2040 + 2625 + 3045 - 120) = 1900. 

Also by eq. (8.39gr) and (8.39//) 

(7/7)0 = -1487 4- 0.366(-120) = -1530, 

(7/8)0 = 5237 4 - 0.360 X 5975 = 7427. 
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We now have a complete set of initial values. The irregular coefficients enter¬ 
ing into (t47)o and (w8)o are those given in Table 8.3. 

It will be seen later that the small effort involved in getting good initial 
values is more than offset by the resulting speed of convergence. 

(c) Harmonization. We next solve eqs. (8.39) l)y iteration. Thus 

( 7 / 1)1 = 1646 + 0.193(3992 + 1900) = 2783, 

( 7 / 2)1 = 3575 + 0.221(3992 + 7427) = 6100, 

(//3)i = 1081 + 0.25(2783 + 6100 + 3045) = 4063, 

( 7 / 4)1 = 1582 + 0.15(4063 4- 1900) = 3073, 

(7/5)1 = 510 + 0.25(2783 + e3073 - 120) = 1944, 

= -272 + 0.221(1944 - 1530) = -180, 

( 7 / 7)1 = -1487 + 0.366(-180) = -1553, 

( 7 / 8)1 = 5237 + 0.366 X 6100 = 7472. 

This completes the first traverse or improveiueiit. The cycle is now 
repeated, using always the last av/iilable ^'alues. The results from the next 
traverse are: 


( 7 / 1)2 = 1646 + 0.193(4063 + 1944) = 2806, 

( 7 / 2)2 = 3575 + 0.220(4063 + 7472) = 6125, 

( 7 ^ 3)2 = 1081 + 0.25(2806 + 6125 + 3073) = 4082, 

(7/4)2 - 1582 + 0.25(4082 -h 1944) = 3089, 

( 7 / 5)2 = 510 + 0.25(2806 + 3089 - 180) = 1939, 

( 7 / 6)2 = -272 + 0.221(1939 - 1553) = -187, 

( 7 / 7)2 = -1487 + 0.366(-187) = -1555, 

( 7 / 8)2 = 5237 + 0.366 X 6125 = 7477 

For all practical purposes convergence has been obtained and the problem 
is solved. 

Fig. 8.20 shows the same problem solved with zero initial values and a 
different order of improvement. It is seen that the results are essentially the 
same, but that it took four traverses to arrive at approximately the same degree 
of convergence as before. In large networks this may mean a great difference 
in labor and time. 


PROBLEMS 

1. Harmonize Fig. 8.20, using zero initial values and the same order of 
improvement as in Fig. 8.19. 
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2. Harmonize Fig. 8.20 using the given order of improvement and the initial 
values of Fig. 8.19. 


Stctiei)— 5 6 7 6 9 


^ 31^0 2760 2040 t040 520 



Fkj. 8.20 Same Prohleni as in Fig. 8.19 Solved with Zero Initial Values and Using a 

DifTerent Order. 


§8.19 The Use of Fundamental Rectangles in Harmonization. 

Referring to Fig. 8.21 let us cissume that we have a set of initial diagonal 
values u\, U 2 , etc., which have to be adjusted or harmonized. For simplic¬ 
ity we number the points in the finer network in the manner indicated, 
placing Ui and 112 on the line closest to the outside boundary. The con¬ 
secutive points then fall on an accordionlike curv^e. The simplest 
(although not the shortest) way to harmonize the finer network is to 
improve the points in numerical order 1, 2, 3 • • •, and to repeat the cycles 
until convergence is obtained. In this manner all points are improved 
the same number of times. 

Considerable labor in harmonization can be saved if a regular rectangle 
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(4 X n) or (3 X n) can be inscribed in the figure under consideration. 
For example, in Fig. 8.21, we can inscribe a rectangle (4 X 10). In such 
cases we improve first all the points lying outside the regular figure and 
those on its bourulary. We next adjust or harmonize the key values 
X, y, z, u in the regular rectangle to agree with the improved values on its 
boundaries, as in the preceding section. The key values are then 



Fifi. S.21 Sketch Showing the I'stMif Kegular llectmish's in tiio llimnonization of 
a Figure with an Irregular Ihmntlary. 


resolved to obtain the interior diagonal values* All points have now 
been improved once. This ends the traverse and the cycle is repeated. 
When satisfactory convc^rgence lias been attained the remaining values in 
the finer network are calculated from normal neighbors. 

Sometimes it is possible to inscribe some combination of n^ctangles as 
in Fig. 8.22. Here again we first im])rove all jioints outside the regular 
figure and those on its boundary, iioints 1 to 21 inclusive. We then 
harmonize the key values .r, ?y, z, u, v inside t he regular figure, until they 
agree substantially with the values on the regular boundary, as in the 
preceding section. Finally we resolve the key values ;r, • • • v to obtain 
the diagonal values inside the regular figure, points 27 to 36 inclusive. 
The cycle is then repeated, until convergence is attained. We note that 
points A and B are not needed in the harmonization. 

§8.20. Coarse and Mixed Networks, (a) Coarse Network. The 
process of harmonization can be expedited by reducing the number of 
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network points, and therewith the number of unknowns. Much labor 
can be saved by using a preliminary coarse network. The effect of 
doubling the size of the lattice unit on the number of interior points N can 
be judged from the expression 

N == {N,- l)(Ny - 1), 



Fkj. <S.22 Sk(*icli Showing tlu? Use of Ckmiposite Rectangles in the Harmonization 
of a Figure with a General Boundary. 

which gives the value of N for a rectangular boundary with sides Nx 
and Ny. Thus in an (8 X 8) square Nx — Ny = S and N — 49. If we 
double the size of the lattice unit, = 4 and N = 9. The num¬ 

ber of unknowns is thus reduced from forty-nine to nine. Moreover, it 
can be shown that the rate of convergence increases rapidly as the 
number of equations is reduced. The net result is a drastic reduction 
in the time and labor necessary to effect the harmonization of the coarse 
network as compared with a finer one in which the lattice unit is half 
the size. 

When the harmonization of the coarse network is completed it is a 
simple matter to resolve the coarse values, i.e., to calculate all the values 
of the next finer network. 

Referring to Fig. 8.23(6), and assuming the boundary values as well 
as the six interior points in the coarse network to be known, it can be 
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readily seen that all points marked d can be found from adjacent diagonal 
values and all points marked n can be found from adjacent normal values. 

It is important to observe that the new set of values obtained in the finer 
network must be readjusted or harmonized, since the initial values from the 
coarse network will not be consistent with the final values in the finer 
network. 
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Fig, 8.23 Sketches SlK)wing Transition from a (k^arsc to a Finer Network. 


(6) Mixed Networks, Considerable labor can sometimes be saved by 
the use of a mixed network, in which the spacings in one region are 
twice the size of those in another. Mixed networks are especially desir¬ 
able when there are sources of stress concentration and the region for 
exploration is relatively large. 

In order to facilitate the transition from a finer network to a coarser 
one it is useful to introduce the traiisition points Ni, aS 2 , S 4 located on 
the boundary of the finer network, Ing. 8.24. Smdi an arrangement 
makes it possible to pass from one network to another by means of the 
Liebmann equation only. 

§8.21 Initial Values in Coarse Network. The preliminary coarse net¬ 
work is basically a method for determining initial values for the finer 
network. These initial values in the coarse network can be determined 
rapidly by a combination of: (/) the linear rosette, (2) the assumption 
that near the boundary the values of u can be approximated by {p — q), 
and (J) the use of the fundamental rectangles and the formulas for their 
key values. 
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Fig. S,24 Sketch Showing; a Mixed Network and Method of Transition. 


It will be useful to bear iii mind that in general 


djy + q) 
dS2 


d(v - g) ^ 

dS 2 ^^‘2 


and that 

d.S'2 Pi 

Now at straight boundaries Pi = (p — q)/pi = 0, and 
S{P + <?) ^ d{p - q) 
dS2 dS2 


[(2.23), Vol. I] 


(8.40) 


Hence at boundaries which are fairly straight (p + q) is of the same 
magnitude as (P — q)- 

Consider for example the configuration in Fig. 8.25, in which there are 
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twenty-six network points. We observe that we can inscribe a full 
(4 X 4) square in which the key value 7^13 is given by eq. (8.22) in terms 



Fig. 8.25 Initial Values in a Coarsci Network; r Indicates the X^se of a Rosette; 
b Means the Nearest Boundary Value. 

of ii 2 , U 4 y Ui 5 , U 24 y W 22 , and 1 ^ 11 . If these six values were known we could 
find all nine values inside the square. 

The neceasary six values can be approximated either by equating them 
to the nearest ( 7 > — 9 ), or by linear rosettes, depending on the distance 
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from the point to the boundary. Thus W 4 and U 22 will be found from 
rosettes and ^ 2 , Wis, ^ 24 ? and un from the nearest (p — q). 

We then calculate ?/i3 by eq. (8.22) and resolve it to obtain W7, W9, W17, 
and uiQ, The value of 1/25 i« found from the nearest diagonal neighbors. 
From the coarse values on the diagonals the remaining values such as 
and can be readily calculated. If the initial values, such as U 4 
and U 22 j have been determined with some degree of care, it is possible and 
even d(\sirable to disptiuse with tlu^ harmonization of the coarse network 
and to resolve it directly into a finer network. 



Fig. 8.20 Drawing for Example 8.4. 


Example 8.4. Referring to Fig. 8.20 the f)r()blcni is to determine b\' 
iteration all the values at the interior points of lattice unit A. 

Solution, {(i) We begin by taking a coarse network in which the lattice 
unit is 2/i, Fig. 8.27. We o})serve that the figure contains a rectangle (3 X 4) 
whose key value K could be found if the three values (r3, (77, and E9 were 
known. These we find from four-line equiangular rosettes and obtain (73 = 
(77 = 7 and E9 = —200. Using the four nearest neighbors and a two-line 
rosette we next find G9 = —4. I^astly we find Cll using a three-line local 
rosette terminating at E9, A9, and All and obtain Cll = —132. The 
remaining coarse values can be calculated })y the Liebmann formula. The 
complete set of fourteen coarse values is given in column 2, Table 8.4, and are 



272 


SOLUTION OF LAPLACE’S EQUATION 


Chap. VllI 


marked (c). The time necessary to determine the complete set of coarse 
values was less than hours. 

(b) The above coarse values are then resolved without improvement to give 
all the diagonal values (d) in the finer network of Fig. 8.26. The results of this 
resolution are shown in column 2, Table 8.4. For example, F2 = —1600, 



1 3 5 7 9 11 13 

Fi(J. 8.27 Coarse Network for Fig. 8.26. 

H4c = 705, etc. We now have a set of necessary initial diagonal values for 
the network of Fig. 8.2(). It will ])e found later tliat the diagonal values 
around ur, and uq are not needed. 

(c) We next harmonize the initial values given in column 2, Table 8.4, in 
the order listed. In this ])rocess we proceed as in §8.19, harmonizing first all 
the values outside tlie (6 X 8) rectangle RSTQ, and those on its boundaries, 
making use of e(is. (8.41), which are all based on the general four-point influ¬ 
ence formula; 

11 = 470 + 0.0418?/, 4- 0.04()()//rf, (a) ' 

7/8 = 102 + 0.107(1/6 + ^la) + 0.222u,, (6) 

774 = 7()7 4 0.166?/6 4 0.222//,, (c) 

G3 = 343 4 0.214(//6 4- na) 4 0.244//,, (d) 

k8.41) 

G9 = 4 4 0,167(//6 + ua) 4 0.222//,, (e) 

FIO = -78 -f- 0.101//, -f- 0.0824i/d, (/) 

DIO = -37 4 0.227(//6 + Ud) + 0.248t/„ {g) 

Cll - -5 4 0.24(//6 4- Ud) 4 0.25//,. Qi) 
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TABLE 8.4 



1 

2 

3 

4 

5 

6 



Improved 

Values 



^oints* 

Initial 

Travers(» 

Traverse 

Traverse 

True 


Values 

1 

2 

3 

Values 

17 

519 (c)t 

494 

494 

494 

504 

HS 

207 

186 

186 

184 

189 

m 

.392 

.386 

.387 

387 

381 

H4: 

705 

774 

770 

772 

765 

(73 

7(c) 

-14 

4 

3 

0 

(75 

28(c) 

23 

20 

17 

0 

(77 

7(c) 

20 

14 

9 

0 

G9 

-4 (c) 

-16 

-19 

-23 

0 

FIO 

-90 

-99 

-103 

-104 

-87 

^9 

-200(c) 

-227 

-236 

-238 

-232 

DIO 

-211 

-221 

-213 

-21.3 

-238 

CO 

-344 (c) 

-358 

-.360 

-363 

-384 

cn 

-132 (c) 

-147 

-143 

-142 

-160 

m2 

-100 

-100 

-96 

-98 

-103 

BIO 

-245 

-251 

-2.52 

-2.53 

-270 

m 

-1992 (c) 

-1976 

-1997 

-2003 

-20.32 

E5 

-916 (c) 

-956 

-973 

-982 

-1012 

E7 

-454 (c) 

-465 

-477 

-48.3 

-504 

C7 

-706 (c) 

-7.39 

-745 

-751 

-773 

C5 

-1491 (c) 

-1495 

-1518 

-1,523 

-15,55 

C3 

-2973 (c) 

-.3074 

-.3082 

-.3085 

-3120 

F2 

-1600 

-1519 

-1.520 

-1.521 

-15.35 

F4 

-736 

-731 

-7.37 

-741 

-765 

FO 

-331 

-345 

-3.54 

-360 

-381 

F8 

-162 

-172 

-180 

-184 

-189 

D8 

-435 

-447 

-455 

-459 

-479 

BS 

-526 

-529 

-531 

-533 

-544 


* Points in (iolunin ] an* listed in the order of improvement, 
t (c) in column 2 denotes coarse values. 


We then improve the six values wi, 7/2 •• • uq using cq. (8.22) for the (4 X 4) 
square. Columns 3, 4, 5, Table 8.4, show the successive values after three 
improvements. The last column gives the known true values. From the 
diagonal values in column 5 the remaining values (n) in the finer network can 
be readily calculated. 

Figs. 8.28 and 8.29 show isopachic curves and contours of y)rincipal stresses 
for a grooved bar in tension as determined by block iteration. ^ For additional 
solutions see next chapter. 

' ** Calculation of Stresses within the Boundary of Photoolastic Models,” by 
H. Weller and G. H. Shortlcy, Journal of Apj)lied Mechanics^ Trans, A.S.M.E.y 
June, 1939, Vol. 6, No. 2. 
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Fig. 8.28 Stress Pattern (above) and Drawing of Isochromatics (below) in a Grooved 
Bakelite Bar in Tension. (From Weller and Shortley.) 
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PART VI THE METHOD OF DIFFERENCES 

§8.22 The Method of Differences. The number of traverses and the 
amount of arithmetic involved in the solution of a set of equations by 
iteration can be further reduced by harmonizing the differences between 
the values of two successive traverses rather than the actual values 
themselves. 

Letting (ui)o denote the initial value at point (i) and (ui)i, (Wt )2 
the values after the first and second improvement, we may write 

(^i)l ^ 

{ui )2 ■“ {Ui)i = (A?ii) 2 , etc., 

so that 

{Ui)i = (Ui)o + 

{Ui)2 = + (AUi)] + (AUi)2. 

In general, after n traversers or improvomernts, 

{Ui)n - {Ui)o + L {AUi)r, (8.42) 

r-1 

The equations giving the increments Au at the different points can be 
readily obtained from the basic eciuations for ui, ii 2 , W 3 , etc. 

F^or example, referring to Fig. 8.18 and assuming tic and Uq to be im- 
firoved before uj wer have in any traverse k 

(Wo)jfc = Q + (8.43) 

By definition 

(AUo)a; = i^oi) k (ao)A:—1 

“ Q “b ^ciMc)k ~b ^di^^d^k —I Q ^ k —I ^di^^d^k —2i 

or 

{Avo)k = Cc{Auc)k + Cd{Aud)k-^\- (8.44) 

The equation for the increment (Aui)k differs from the equation giving 
iUi) k itself in two respects: it does not contain the constant Q, and each 
u is replaced by its corresponding Au. 

As Ui approaches its limiting value, Aui approaches zero. The method 
of differences thus consists of replacing the boundary values by zeros and 
harmonizing the differences ( Ami)a:, (A?^ 2 )a: * * • {AUn)ky at any stage fc, by 
means of the increment equations until they vanish, and of adding the 
sum of all the increments to the last value of (Wi)o, eq. (8.42). The value 
of k may be taken as unity. 

It will be found that after a number of traverses each successive incre- 
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ment begins to bear a fixed ratio to the preceding one, i.e., 




a constant. 


Assuming that this stage is reached at the end of m traverses, we can 
then write 


V 

limit 23 (Awi)r = 


p—*co r = 1 


(AUi)m + \(AUi)rn + (AUi)m + * * * + X* (Au,)„t 
(AUi)m(l + X + + • • • 



(8.45) 


Hence as soon as the stage m is reached at which X is sensibly (constant 

(technically this is known as the eigenvalue stage), it is possible to calcu- 

00 

late the sum of all the (lilh^ences, 2Z (A//,)^, without further iteration. 

p —m 

Hence, by eqs. (8.42) and (8.45) the final value of ui is 


Ui 


(Ui)() + (Au,)i + • • • + (Au/)^n—l + (Au/)„t 



(8.46) 


T/iis method is particularly useful when the set of equations is such 
that only one value need be assumed in order to calculate all others, as 

for example in the cases shown in Fig. 8.30, where Uy determines all other 
w’s. In such cases X is a constant in all traverses, and it can be calculated 
directly from the equations of the increments. The final value of Ui 
can then be determined after one traverse. 

Consider, for (example, the five unknowns in Fig. 8.30(c) in which the 
key value Ui is related to the remaining four cjuantitieis by the following 
equations: 


(ui)m = 0.25 (U 2 + M 3 + U 4 + U^)m—ly 
(U2)m = Q 2 + 

(^3)/^ = Qs “b 

~ Q4 "T f^4(Mi),^t, 

(^5)w = Qs + C'5(^l)w, 


(a) 

(b) 


(c) 


K8.47) 


W) 


(e)j 


in which rn denotes the number of the traverses or improvements. 
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The corresponding equations for the increments in any traverse m are 
(Aui)m = 0.25A(M2 + ^^3 + W 4 + ^5)m—b (®) 


(AU2)m = C2(^Ut)rny 
(AUs)^ = C3(AUi)m, 
i^Au^') ffi = C4(A4^l)//t, 
( A #^5 ) = C 5 ( A?/'| ) rtf 


(b) 

(c) 

(d) 

W J 


(8.48) 



Fia. 8.30 Sketches Showing Special Cases in Which Diff(?rence Method is Particu¬ 
larly Effective. 


Hence 

(Awi)ni = 0.25[r2(A?q),rt_i + (73(A?q)w —1 + 

+ C5(AUi)w_i] 

= 0.25(C2 + C 3 + C\ + C3)(^Ui)rn^l 


(<’) 1 


(8.49) 


(&)J 


and 


(AMl)m 

(Awj)m_i 


= 0.25 (Ca + Ca + C 4 + Cg) 


X. 


(8.50) 
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Fi(i. Drawing for l']xainpk‘ S.f). 


Example 8.6. Determine by the difference method the value of u\ in the 
(4 X 4) s(|uare of Fig. 8.31. 

Solution. The necessary e(illations are 


Ui 


0.25 (ao 

+ ?/3 -j- W 4 “h Ui,)f 

(a) 

U2 

= 

1985 + 

0.25a,, 

ib) 

U3 

= 

1235 + 

0.25ai, 

ic) 

W 4 

= 

2(548 + 

0.25a,, 

(d) 

^6 

= 

3915 4- 

0.25wi. 

(e) 


Hence 


C2 = = 0.25, 


and by eq. (8.50), 

X = 0.25(02 + O3 + 04 + O5) = 0.25. 
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Assuming (wi)o = 0, we find 

Mo = 1985, (^^3)o = 1245, ( 7 / 4)0 == 2648, Mo = 3915 

and 

( 7 / 1)1 = 0.25(1985 + 1235 + 2648 + 3915) = 2446. 

Section— 1 2 3 4 5 

^ MI 8 1579 1937 2158 2335 

) C 

12909 D 

►3769 C 

►4900 B 

► A 

3185 4500 5520 6150 6370 

1 2 3 4 5 

FuJ. 8.32 Sohitioii of Example 8.,^) by Straip;lit Harmonization Using the Licbmann 
Formula Only, and Assuming (ai)o = 0. 

By eq. (8.46) the final value of ui is given l>y 
Ui = (A7/i)i 

= [(wi)i — (wi)o] 

-- "> (riWs) - 

Chsck. By eq. (8.22), 

ui = + 2335 + 6370 + 3185) + 4(1937 + 1885 + 5520 + 3769) 

= 3269. 
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In areas surrounded by irregular boundaries the method is exactly the same, 
except for the coefficients C 2 , C 3 , etc., which will in general be different from 
each other. 

Fig. 8.32 shows the same problem solved by straight harmonization with 
(wi)o = 0. The difference in labor is obvious. 

PART VII METHOD OF RELAXATION 

§8.23 Method of Relaxation. A niimorical method known as the 
method of relaxation has been developed in England by Professor South- 
well.^ 

(a) Residuals and Relaxation. In this method the Liebmann formula 
is written as 

“h I62 H" tfc3 “f" W4 — AUi, = Q. (8.52) 

Clearly, if the values ui, U 2 • • ^ Uo are harmonized, Q equals zero. Con¬ 
versely, if th(^ values are not harmonizcHt, Q does not vanish. 

The quantity Q is s])olven of as a residual. In terms of the residuals 
the numerical solution of Laplace’s (equation may said to consist of 
such adjustments in the initial values of u as would make the rcvsiduals 
vanish. When the residual Q vanishes the point is said to be relaxed. 
The term relaxed would thus seem to be synonymous with harmonized. 

(b) Relaxatim Pattern. In the method of relaxation it is important 
to keep in mind a simple relation between the change Ji^t any point 0 
and the resulting changes in the residuals Qo, Qn ' *• Thus let (Qo)o 
and (C>o)i clenote the residuals at O corres])onding to values of Uo and 
{Uo + respectively. Then 

(0o)o = '^1 + ^2 + n,-} + — 4zZo, (a) 1 

and K8.53) 

(Qo)i = + ^2 + “b ~ + Awo). (6) J 

The change in the residual at 0, i.e., AQ^, i^^ then given by the expression 
AQo = (Qo)i - (0o)o = -4 (8.54) 

Similarly, Fig. 8.33, 

(Qi)o = + W5 + ^^0 + Ur — 4zzi), (a) 

(Qi)i = (Mo + Azz„) + //.5 + U(s + 11-7 — 4z^i, (h) .(8 55) 

and 

AQi = (Qi)i — (Qi)o = Az/„. (c) ^ 

^ See R. V. Southwell,/ 2 e^aa:aZio?i Methods m Enfjineering Science.Oxiord University 
Press, 1940, Chapters VII and VIII; and Relaxation Methods in Theoretical Physics^ 
Oxford, Clarendon Press, 1946. See also D. G. Christophi^rson and R. V. South- 
well, “ Relaxation Methods Applied to Engineering Problems,” Proc. Roy. Soc. 
London, Vol. A168, pp. 317-350, 1938. 
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By analogy 


AQi = AQ2 ~ AQq = AQ4 = Auq 

AQo^ 

4 


There are thus three significant facts to nantunber: 


(a) 

K8.56) 

(h) 



Fkj, 

1. A change in Uo affects all five residuals Q,,, Q\, Q 2 > Qa, dnd hut 

does not affect any other residuals, 

2. The change in Qo equals four times the change Auo and is of 

opposite sign, (8.54). 

3. The effect on Qu Qz, Qa, O 4 equals the 

f p— /T) - change AUo, eq. (8.56). These fa(4.s are shown 

I graphic^ally in Fig. 8.34, which is rehu-njcl to as the 

JL I relaxaliofi pattern. 

Vanishing Residuals. A set of five residu¬ 
als at a point () which satisfies the expression 


Fio. 8.34 Rpljixation 
Pattern for the Lieb- 
inann Fonniila. 


Qi — Q2 — Qs 


inann Fonnula. spoken of as a vanishing set. Thus, the 

sot Qo = —40, Qi = Q 2 = Q 3 = Q 4 = 10 is a van¬ 
ishing set. It is clear that by making Aiio = —10 all residuals would 
vanish at once. F^or then, by eq. (8.54), 

AQo = —4 AUo 

= -4(-10) = 40, 
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and by eq. (8.56a) 

AQi = AQ2 = AQs = AQ4 - Awo = -10. 

Hence, the point 0 can be completely relaxed by introducing a change 
of Auo = —10, This idea of creating a vanishing set at a point is an 
important guide in the method of relaxation. 

Generally several changes in the A'aluc of n„ must be made before a 
vanishing set is obtained. In somc^ cases it is desirable to introduce a 
value of AWo which is greater than that necessary to make Qo vanish. In 
other cases the opposite choice is made. This is often n^ferred to as 
overshooting and undershooting^ respectively. 

(d) Operating InstrucMons. Tlie operating instructions are then as 
follows: 

1 . Calculate and record all residuals in the network. 

2 . Select the point at whic^h the r(?sidual is numerically the greatest, 
and relax it approximately, overshooting or undershooting as may be 
iridicated. 

3. Calculate all tln^ resulting (‘hanges in t lu' residuals, as well as their 
final values, resulting from the relaxation of the largest residual. 

4. Proceed to iho point of the next greatest, residual and repeat the 
process. 

These instructions, which arc admit tenlly Aague, become clearer in the 
actual numerical solution of concrete problems. The method is rather 
flexible and highly subj(H;tive. To (experts in the use of this method its 
flexibility is a great advantage in that it permits tlui computer to expedite 
a solution by exercising individual judgment and ingenuity. As in 
iteration good initial values are of great help. 


Example 8.6. Consider the triangular area of Fig. S.35 in which all boun¬ 
dary values are zero, and let it l>e requirc<l to find the three interior values 
02 , U’^. The solution to this ]>roblein is obviously Ui — = 0. 

However, in order to illustrate the method, we deliberately assume a set of 
poor initial values: V] = 40, //o = 60, 7 /.? = 120. 

Solution. 1. From the known l)oundary values and the assumed quantities 
for Wi, 7^2, and 7/3 we calculate the residuals (C>i)o, ((>2)0, and (C?3)o. Thus 


(Qi)o = 0 + 0 + 0 + 60 - 4 X 40 = -100, 


(Q2)o = 0 + 0 + 40 + 120 - 4 X 60 = -80, >(8.58) 


(Qs)o = 0 + 0 + 60 + 0 - 4 X 120 = -420. 


2. The largest residual is {Qilo — —420, and therefore this point is 
relaxed first, A change of —105 in would eliminate (Q 3 )o entirely. How¬ 
ever, since all residuals are negative, we choose Aaa somewhat greater numeri- 
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cally, say — 110; i.e., we overshoot 5. With this change in ws we have 
{(h)i = -420 + 4(110) = +20, 

( 02)1 = -80 - no = -190, 

(Qi)i = -100. 

These values are shown in the second row of Table 8.5. 



3. We next relax 7/2 and overshoot by 2}y2 order for the residuals to have 
opposite signs. Then choosing — 50 for A ?^2 wo obtain 

(Qi)2 = -150, (Q2)2 - 10, (^ 3)2 = 

as shown in the third row of Table 8.5. 

4. Next we relax ui, letting Aiii = —40, i.e., overshooting again by 2J^. 
We then obtain 


(0i)a = 10, (( 32)3 == -:i0, m, -30. 

5. Wenowreturn to usand choose Aa .3 = —10. This gives 

(Qi)4 = 10, (^ 2)4 = -40, (^ 3)4 = 10, 

which is a vanishing set of residuals for Au 2 — — 10. 

Two other solutions which begin by overshooting ua are shown in Tables 8.6 
and 8.7. Table 8.8 shows a solution in which 7/3 is undershot. In the solution 
shown in Table 8.7 use was made of the known fact that the values must 
vanish everywhere.^ The point is merely to show that available information 
can be utilized to shorten the process. 

^ Solutions in Tablt's 8.7 and 8.8 are by Professor Emmons. See his paper, ** The 
Numeric^al Solution of Partial Differential Equations,” Quarterly of Applied Mathe- 
maticSf Vol. II, No. 2, pp. 173-195, Oct-ol>cr, 1944. 
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TABLES ILLUSTRATING METHOD OF RELAXATION 



Point 1 


Point 2 



Point 3 


Table 

Q 


u 

Au 

Q 

u 

Au 

Q 


w 

Au 


-100 


40 


-80 

60 


-420 


120 



-100 




-190 



20 



-110 

8.5 

-150 




10 


-50 

-30 





10 



-40 

-30 



-30 





10 




-40 



10 



-10 


0 




0 


-10 





Results 

Qi = 

0 

U\ = 

0 

O 2 = 

0 ?/2 = 

0 

C?3 = 

0 

W 3 = 

0 


-100 


40 


-80 

60 


-420 


120 



-100 




-205 



80 


- 

-125 

8.6 

-150 




-5 


-50 

30 





10 



-40 

-45 



30 





0 




-5 


-10 

20 





0 




0 



0 



-f5 

Results 

Qi = 

0 

Ui = 

0 

Q2 = 

0 U2 = 

0 

Qs = 

0 


0 


-100 


40 


-80 

60 


-420 


120 



-100 




-200 



60 


- 

-120 

8.7 

-160 




40 


-60 

0 





0 


- 

-40 

0 



0 




Results 

Qi = 

0 

Ui = 

0 

Q2 = 

II 

0 

0 

Qs = 

0 

m = 

0 


-100 


40 


-80 

60 


-420 


120 



-100 




-180 



-20 


- 

-100 

8.8 

-150 




20 


-50 

-70 





10 


-40 

-20 



-70 





10 




-40 



10 



-20 


0 




0 


-10 

0 




Results 


0 

Ui = 

0 

Q2 = 

II 

0 

0 

Qs = 

0 

W3 = 

0 


Example 8.7. A somewhat more difficult problem is illustrated in Fig. 8.36, 
which represents the cross section of a furnace with an inside temperature of 
500° F and an outside constant temperature of 100° F. It can be shown that 
in the steady state the temperatures at each j)oint satisfy Laplace's equation.’ 
A solution by the method of relaxation is shown in I'ig. 8.37. Professor 
Emmons gives the time required to obtain this solution as 1% hours and 
contrasts it with the 11 hours reciuired by the averaging process. 

It is no doubt true that the elementary iterative or averaging process is 
extremely slow if one limits himself to the Liebmann formula only and makes 
no effort to obtain good initial values. As already pointed out, tremendous 
savings in time can be made in the iterative process by utilizing the formulas 
for larger blocks. To be specific, the problem under consideration can be 
solved by block iteration in fifteen to twenty minutes without a calculating 
machine. 
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Thus, Fig. 8.38, the initial or first key values are found by the Liebmann 
formula and diagonal boundary values. This gives 

(ui)o = 200, Mo = 235, Mo = 300, (^ 4)0 - 300. 

These values are all improved hy the formula for a (4 X 4) square 

4 4 

6 u = 0.5 J^((i + 

i=l 1=1 



Thus 

6Mi = 0.5(500 + 100 + i(K) + 100 ) + 2 X 235 + 200 . 

(ui)i = 178 . 

6 (a 2 )i = 0.5(500 + u. + 200) + 3(K) + 500 + 178 -f 100, 

(U 2 )i = 259. 

6 ( 113)1 = 0.5(500 -h 500 + 100 + 100) + 300 + .500 + 259 -f 100, 

Ml = 293. 

6 (w 4 )i = 0.5 X 1200 + 300 + 500 + 293 + 100, 

Mi = 299. 

The next traverse gives 

M 2 = 180, M 2 = 260, (m 3)2 - 293, {iu)2 = 299. 

The remaining eight values are found by the direct use of the Liebmann for¬ 
mula. The final answers arc sliown in Fig. 8.38. 

As far as Laplace’s equation is concerned, the author liasadecided preference 
for the block iterative process. It is definite and teachable. We have found 
it relatively rapid not only in simple rectangular areas but also where the 
boundaries are (piite irregular. 
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Fig. 8.37 Solution of Furnace Problem of Fig. 8.3G by Relaxation. 

(From Emmons. See footnote 1, p. 284.) 

The real power and advantage of the method of relaxation becomes evident 
only in partial differential ecpiations which are more complicated than La¬ 
place's. In photoelasticity, our chief interest is in Laplace's equation, and, 
therefore, the iterative process has here found preference. 


§8.24 Poisson’s Equation. The methods of iteration developed in 
this chapter can be extended with slight modifications to apply to the 





Fig. 8.38 Temperature Distribution in the Furnace of Fig. 8.36 Determined by 

Block Iteration Using Eq. (8.22) and Two-Line Rosettes for Initial Values. 

The method of derivation of the basic formulas for regular figures, the 
forms of the final equations, tlie general method of harmonization, and 
especially the difference method are essentially the same as those devel¬ 
oped here for Iiaplace\s equation. 

For a detailed discussion of this topic as it relates to torsion the reader 
is referred to the paper by Weller, Shortley, and Fried. ^ Rectangular 
areas are treated by Moskovitz.^ 

' The Solution of Torsion Problems by a Numerical Integration of Poisson^s 
Equation,” by R. Weller, G. H. Shortley, and B. Fried, Journal of Applied Physics^ 
Vol. II, No. 4, pp. 283-290, April, 1940. 

^ ** The Numerical Solution of Laplace’s and Poisson’s Equations,” D. Moskovitz, 
Quarterly of Applied Mathematics, Vol. II, July, 1944. 
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APPENDIX A 

§8.26 The Four-Point Influence Equation by Taylor’s Series.^ 

Tjet U{Xj y) be a function^ of two variables, whose partial derivatives 
at the point (x, y) will be denoted by Uy^ Ihy. Uyy, Uxxxj 
Uxxyy Uxyyj Uyyyy where Uxxy for example denotes jdo? by. We can 

then approximate C/ (a: + a, y + A) by a portion of its Taylor series 
expansion. Neglecting terms of higher degree than the third in a and 6, 
we have 

17(x + a, 2/ + ft) = U{Xj y) aUx 4- bUy + + 2abUxy 

+ b^Uyy] + kWHlxxX + 3a%Uxxy 
+ Sab^Uxyy + b^Uyyy]- (8.60) 

Applying eq. (8.60) to write approximate values for 
Uix + rih, y), U(x — r2h, y), U(x,y + sih), U{x,y — S2h) 


we have, neglecting terms of higher degree in h than the third, 

U{x + rih, y) = U (x, y) + nhUx + \ri^h^Uxx 

+ \ri^h^Uxxx, (a) 

U(x - rah, y) = ?7(x, y) - r 2 hUx + \r 2 ^h^Uxx 

- \r2^h^Uxxx, (b) 

U (x, y + sih) = U (x, y) + SihUy + \si^h^Uyy 

+ yyyi (c) 

U{x, y — S 2 h) = U (x, y) — S 2 hUy + \s^h^Uyy 


H8.6]) 


To derive the Liebmanii formula from eqs. (8.01), put J'l = r 2 = 
sj = S 2 = 1, add the four equations, and, remembering that 

Uxx ”h Uyy — Of (8.1) 


we have 

U{x + h,y) + Uix - h,y) + U(x, y + h) + Uix, y - h) 

= 4C/(x,s/), (8.62) 

^ For this derivation the author is indebted to Dr. David Moskovitz, Associate 
Professor of Mathematics at the Carnegie Institute of Technology. 

^ We assume that U (x, y) is a function whose partial derivatives of all needed 
orders exist, and those of higher order than the first are independent of the order of 
differentiation. 
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from which 

U{x, y) = + h,y) + U{x — h,y) + U(x, y + h) 

+ U(x, y - A)], (8.63) 

which is obviously the Liebmann formula. 

When the four quantities n, r 2 , 6 * 1 , tS 2 arc not equal to each other we 
rewrite eqs. (8.01) without the last term of each eciuation. This amounts 
to neglecting terms in h of higher degree than the second. Multiply the 
resulting four equations respectively by / o, ri, .S 2 , and .vi, then add the first 
two and the second two, obtaining 

r 2 V{x + ri/i, y) 4- nV (x - r 2 h, v) = (^i + r 2 )U(x, y) 

+ hh\ir2{:rx + r2)Uxx, (a) 

ii 2 U(x, y + Hih) siU{x,y - S 2 h) = (.s *2 + y) 

+ ^h^Slii2(Sl + •^2)Uyy. (b) 

Divide cq. (8.04«) by rir 2 (ri + 72 ), tlien divide cq. (8.046) by 
+ *''■ 2 ), then add the resulting e(iuatioiis, and, again remembering 

that 

Uxx Uyy = 0 , ( 8 . 1 ) 

we have 

r 2 U(x + ri/?, y) + r^Ujx - r 2 /?, y) 

'' 2(^*1 + ^ 2 ) 

^ S 2 U(Xy y + ,si//) + fi\U(x, y — soh) 

+ •'’' 2 ) 

= (— + —)u{x,y), (8.05) 

In terms of Die notation of Fig. 8.1, observing that .r = ?/ = 0, vi = 
r 2 == Cl, .sj ~ b, and S 2 — d, the last expression reduces to eq. (8.4), 
whicli is th(' four-point influence formula. 

APPENDIX B 

Rectangular Areas by Means of Tables 

§8.26 Solution of Rectangular Areas by Means of Tables. It can be 

shown that, in any rectangle (m X n), vi = 3, 4, //'any number, the 
key values are linear functions of all Laplacian perimeters ui to Uk 
inclusive. Thus 

Ui = CiP 1 + C2P2 + • • • + C{Pi • • • + CkPkf 



( 8 . 00 ) 
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in which Ci, C 2 • • • C* are constant coefficients for each w,-. Table A 
gives coefficients Ci to Ck inclusive for the last key valice in rectangles 
(4 X n') respectively.^ Thus in a rectangle (4 X 5.5), Table A, 

Uk-- U2 = 0.02703Pi + 0.16216^2. 

This table is sufficient to determine all key values in rectangles 
(4 X n)j for values of n' between 2 and infinity. The procedure is as 
follows: 

First calculate the last key value Uk using the appropriate coefficients 
in the table. AVe can then treat the rectangle as if it were shorter, and 
its length n an (‘.ven integer. Next we find and then view the rect¬ 
angle as if it were further shortened by 2 units. We thus can find 
Uk^2y and continue the process until all key values are found. 

It should fje observed that in calculating Uk—\ the last perimeter 
Pk-i must b(^ modified by the addition of Uk. In general, in calculating 
Ui we add Ui^i to Pi. Thus 

Hi = CiPi + C 2 P 2 + • • • Ci{Pi + Hi^i). (8.67) 

Inspection of Table A shows that th(^ cocffi(dents for Uk rapidly 
ai)proach convergence. In rectangles (4 X //), Table A convergence is 
r(*a(^h(?d at n = 13. For values of n greater than 13, Cky Ck-^ 2 y 

f 3 nre the same as Co, C^s, C4, and res})ectively at n = 13 or n = 12, 
depending on whether n is odd or even. 41ie coefficients for values of 5 
other than those^ given in Table A can be found by interpolation. 

§8,27 Auxiliary Tables. In long rectangles it is desirable to be able to 
find directly interior values of Ui, without having to find first Uk, Uk—i • • • 
. This can bc^ done by means of Table B, which gives the coefficients 
for any Ui < Uk independent of all other key values. Table B is for 
regular rectangles, with integral lengths. If the length is not an integer it is 
necessary first to find Uk. 

Another adv^antage of Table B lies in the fact that all key values are 
given in terms of the one set of calculated for the rectangle (4 X n), 
and no modification of these is needed. 

Inspection of Table B shows that when n equals 14 the coefficients 
have become stabilized and that these coefficients may be used for all 
subsequent values of n. Specifically, for any integral value of n greater 
than 14. 

^ These coefficients can be obtained by combining the formulas for the elementary 
cas(‘s derived in Part I. For an analytical treatment and construction of these tables 
see author’s paper “ The Numerical Solution of Laplace’s Equation in Composite 
Rectangular Areas,” Journal of Applied Physics, September, 1946. 
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(a) The coefficients of wi, W 2 , and W 3 are the same as of ui, U 2 , and U 3 
for n = 14. 

(b) For n even, the coefficients Cjb, C]^^2, etc., of u/t-i and 

are the same as of ur, and U 4 respectively at n = 14. For n odd, the 
corresponding coefficients are the same as of 215 and 114 respectively at 
?i = 13. 

(c) The coefficients of Ui^ (3 < i < A: — 2), are constant, and essen¬ 
tially the same as for U 3 in n = 14. Thus, to four decimal places, n odd 
or even, 

Ui = 0.1768Pf + 0.0303(/Vi + Pi+x) + 0.0052(P^_2 + Pi+ 2 ) 

+ 0.0009 (P,-_3 + Pi+ 3 ); (8.68) 

since the last perimeter in eq. (8.68) is P^^-a it follows that Ui is affected by 
a relatively small lengtli of immediately adjacent boundaries. If we 
limit the accuracy of the (;oefficients to four decimal places it is seen that 
in rectangles (4 X n) the length of the influencing boundary does not 
extend beyond six lattice units measured from point {i) in either direc¬ 
tion. In rectangles (3 X n) the corresponding length is only four lattice 
units. These facts an^ useful in apj)roximate solutions. 

3.69 3.95 4.28 4.60 4.91 

8 = 


4.87 


4.81' 


2.08 3.00 3.69 4.22 4.64 

Yiq, 8.39 Boundary Values for Example S.S. 



Example 8.8. Given a rectangle (4 X 8.5) with boundary values as shown 
in Fig. 8.39. Required to find all key values. 

Solution, (a) We begin by calculating Pj, 7^2, Psj and the first three of 
which are found from eq. (8.316) and the last from eq. (8.34c). Thus 

Pi = 0.5(4.28 + 3.69 + 2.08 + 3.69) + 3.95 + 3.00 + 3.00 = 16.82, 

P 2 = 0.5(4.60 + 3.95 + 3.00 + 4.22) + 4.28 + 3.69 = 15.86, 
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P» = 0.5(4.91 + 4.28 + 3.69 + 4.64) + 4.60 + 4.22 = 17.68, 

P4 = 0.5(4.60 + 4.22 + 4.91 + 4.64) + 4(4.87 -1- 4.81) = 47.91. 

We next find = M 4 . From Table A we have 

Ui = 0.00045?! + 0.00272?2 + 0.01584Pj + 0.09235p4 = 4.754. 

We now view the rectangle as a (4 X 8 ) and find U 3 . Thus, by eq. (8.67), 
ws = 0.00490?! + 0.02941?2 + 0.17157(?3 + U 4 ) = 4.381. 
Considering the remaining figure as a (4 X 6 ) we have 

M 2 = 0.02857?! + 0.17143 (?2 + «$) = 3.950. 

Lastly 

Ml = 0.16667 (?! + 'M 2 ) = 3.462. 

( 6 ) AUemdive Procedure for ui and M 2 . After finding U 4 and Ms we take 
coefficients from Table B and write 

M 2 = 0.02941?! + 0.17647?2 + 0.02941 (?3 + M 3 ) = 3.939, 

M! = 0.17155?! + ().02941?2 + 0.00490(?3 + M 3 ) = 3.460. 

The exact values of M 4 , M 3 , U 2 , and mi are 4.7536, 4.3820, 3.9512, 3.4657, which 
differ but slightly from those given by our method. From the key values all 
remaining values can be calculated by the Liebmann formula. 
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TABLE B (4 X n) 


n 

u 

c. 

Ci 

Cs 

C4 

Ci 

Ci 

5 

Ui 

0.17073 

0.02439 





6 

Ui 

.17143 

.02857 






7 ui 

ut 

8 til 
U2 

9 ui 

U2 

Uz 

10 Wi 
Ui 
Uz 

11 Ui 
Ui 
W3 

Ui 

12 ui 
Ui 
Uz 
Ui 

13 Ui 

Ui 

Uz 

Ui 

U6 

14 Ui 

Ui 

uz 

Ui 

U6 


.17155 

.02029 

.17157 
.02941 

.17157 
.02943 
.00503 

.17157 

.02944 

.00505 

.17157 

.02944 

.00505 

.00086 

.17157 

.02944 

.00505 

.00087 

.17157 
.02944 
.00505 
.00087 
.00015 

.17157 

.02944 

.00505 

.00087 

.00015 


.02929 

.17573 

.02941 

.17647 

.02943 

.17660 

.03015 

.02944 

.17662 

.03028 

.02944 
.17662 
.03030 
.00517 

.02944 

.17662 

.03030 

.00519 

.02944 
.17662 
.03030 
.00520 
.00089 

.02944 
.17662 
.03030 
.00520 
.00089 


0.00418 

.02510 

.00490 

.02941 

.00503 

.03015 

.17588 

.00505 

.03028 

.17662 

.00505 

.03030 

.17675 

.03018 

.00505 

.03030 

.17677 

.03030 

.00505 
.03030 
.17677 
.03032 
.00518 

.00505 

.03030 

.17677 

.03033 

.00520 


0.00072 

.00431 

.02513 

.00084 

.00505 

.02944 

.00086 
.00517 
.03018 
.17588 

.00087 
.00519 
.03030 
.17662 

.00087 
.00519 
.03032 
.17675 
.03018 

.00087 
.00520 
.03033 
.17677 
.03030 


0.00012 

.00074 

.00431 

.02513 

.00014 

.00087 

.00505 

.02944 

.00015 
.00089 
.00518 
.03018 
.17589 

.00015 

.00089 

.00520 

.03030 

.17662 


0.00002 

.00013 

.00074 

.00431 

.02513 

.00002 

.00015 

.00087 

.00505 

.02944 



CHAPTER 9 


CONFORMAL TRANSFORMATIONS 

THE USE OF POLAR AND BIPOLAR COORDINATES IN 
HARMONIZATION 

§9.1 Equations of Transformation, Corresponding Points and 
Curves. In many problems in which we have to deal with curvilinear 
boundaries such as circular rings, or bars with grooves or circular holes, it 



is convenient to introduce in place of the ordinary cartesian coordinates 
(x, y) other cartesian coordinates (?/, v) so chosen that u or v is constant 
over the curved boundaries in question. For example, let us assume 
that in Fig. 9.1 

u = log {x^ + = log r 

and 

^ -1 y 

V — tan - == a. 

X 

In such a case all points lying on a circle of radius r = c® (c == a 
constant) with center at the origin in the (x, y) plane would in the (u, v) 
plane fall on a vertical line u = c. Likewise, all points on the radial line 
OP in the (x, y) plane which makes an angle a = ci with the X axis 
would in the v) plane fall on a horizontal line v = Ci, Fig. 9.1. The 
equations giving u and v in terms of x and y are known as the eqvxUions of 
transformation. In general, these equations will be expressed as 

u = u{x, y), V = v(x, y), 

where u(x, y), v{x, y) are specific given functions of x and y. 
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(9.1) 
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If P is a point in the (a;, y) plane of coordinates (x, y), then the point 
P' in the (u, v) plane whose coordinates (w, v) are given by the equations 
of transformation is said to be a corresponding point. 

The equations of transformation transform a locus of points in the 
(x, y) plane into some definite locus in the {u, v) plane. Curves made 
up of corresponding points will be spoken of as corresponding curves. 



§9.2 Orthogonal Transformations. In Fig. 9.2 let P' and P be a pair 
of corresponding points, and let the curves APB and CPD be the curves 
through P which correspond to the straight lines A^P^B' and C'P'D\ 
for which u = c and v = ci respectively. Since 

u = u{Xy y) 

it follows that 

du = — dx - dy. 

dx dy 


For the curve APB u is a constant, and therefore 

du = 0. 


Hence {dy/dx)abf the slope at every point on th(^ curve APBj is given by 



We assume that du/dy does not vanish. Similarly, 

V = v(x, y) 


, dv dv 

dv = — cte + T- 

dx dy 


and 
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Clearly, for curve CPD, t; is a constant, and therefore {dy/dx)cdy the slope 
at every point on curve CPD, is given by 



(9.3) 


Thus far we have assumed that the transformations are effected by 
arbitrary u and v functions. Suppose, however, that we restrict these 
functions to the real and imaginary parts of an analytic function of a com¬ 
plex variable. Thus if 


z = X + iy 


then 


S{z) = u(x, y) + w(x, y), (9.4) 

in which u is the real and the imaginary part. 

It is shown in advanced calculus that there exists a fundamental rela¬ 
tionship between the u(x^ y) and v{x, y) of eq. (9.4) or more briefly 
between the u and v parts of a function of a complex variable, namely, if 
f{z) is an analytic function, then 


and 


aii _ dv 
9x dy 

dU dU 

ay ” ax * 


(a) 


f(9.5) 


(b) 


These equations are known as the Cauchy-Riemaim equations. Two 
functions which satisfy the Cauchy-Riemann equations are called 
conjugate functions. It follows that each of a pair of conjugate functions 
is a harmonic function, ue,, if u and v are a pair of conjugate functions, 
then 



(9.6) 


a^^u a^t; 

-9 S-9 ~ 

(9.7) 


To obtain eq. (9.6) we differentiate eq. (9.5a) with respect to x, and 
eq. (9.56) with respect to y, and add. Similarly, to obtain eq. (9.7) we 
differentiate eq. (9.5a) with respect to y, and eq. (9.56) with respect to x, 
and subtract the results. 

Substituting from the Cauchy-Riemann equations in the expression 
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for (dy/dx)edy eq. (9.3), we obtain 

(dc/cd du/dx 

The two slopes (dyldx)abi eq. (9.2), and {dy/dx)cdy eq* (9.8), are thus 
negative reciprocals. Therefore, each pair of curves in the (x, y) plane, 
which corresponds to a pair of straight lines in the {u, v) plane for which 
u = c and v - Ci respectively, always intersects at right angles. Such 
curves are said to form an orthogonal system. 


Y 





X 


V 


Fig. 9.3 



§9.3 Stretch Ratio. Consider now two points P and Q distant ds 
from each other in the (x, y) plane and the corresponding pair P' and Q' 
distant ds^ from each other in the (w, v) plane, Fig. 9.3. We wish to 
derive an expression for the ratio 


J = 


ds 

ds 


(9.9) 


The quantity J will be referred to as the stretch ratio. To obtain this 
ratio we write 

ds = V dx^ + dy^j 
ds^ = + dv^. 


Since u and v are functions of (x, y) we have 

_ du , du ^ 
du = —dx + — dy, 
dx dy 


, dv dv 
dv = —dx + —dy, 
dx dy 
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so that 

■ (S) ^ +(ST ^ 

‘ (£T +(ST +2 g ^ 

Adding and remembering the Caucliy-Riemann relations we obtain 
(du^ + dv^) = [(g) + (g) ] {dx^ + dy% 
or 

= [(S) + (S) ] 

Hence, the stretch J, which is inherently a positive quantity, is given by 
^ 

Inspection of eq. (9.10) shows that J is independent of the directions 
of PQ and P'Q', It is thus a constant for a given point although it varies 
from point to i)oint. 

§9.4 Conformal Transformations. Referring to Fig. 9.4 (a), we have, 
from the well-known cosine law, 


In terms of the x and y projections, which we denote by a*, cbyy bx, by, as 
shown in Fig.9.4 (a), the lengths a, b, c are given by 

= ax^ + a/, 

b^ = bx^ -h 6/, 

= («X - Kf + {n-y - byf. 


Substituting and simplifying, we obtain 


cos a = 


(J>xbx 4 ” ^yby 
ab 


(9.11) 


Consider now two corresponding angles 0 and defined as the angles 
between corresponding segments, as shown in Fig. 9.4 (^) and 9.4(c). 
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Fin. 9.4 
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Adding, and remembering the Cauchy-Riemann equations, we obtain 
du 8u + dv8v = ^ 

or by eq. (9.10) 

du 8u + dv dv = J'^(dx 6x + dy 6y), (9*14) 

Since the stretch ratio J is a constant at a point we may write 

d'S ^ J ds. 


so that 


ds' = J 8s, 
ds' 8s' = ds 8s, 


da' 8s' 
ds 8s 


(9.15) 


Substituting this expression for ./^ in eq. (9.14), and dividing by 
ds' 8s'J we obtain 

du 8u + dv 8v dx 8x + dy 8y .r. ns 

- 7 ^. — 


(9.16) 


Hence by eq. (9.12) 
and 


cos 6' = cos 0 
0 ' = 0 . 


(9.17) 


It follows that a transformation by means of conjugate functions leaves 
corresponding angles unchanged in magnitude and sense at all points 
where J is finite but not equal to zero. Such transformations are said to 
be conformal. 

From the fact that the stretch ratio at a point is constant and the 
further fact that the magnitudes of corres])onding angles are preserved it 
follows that in a conformal transformation small figures in the (x, y) 
plane transform into similar figures in the (u, v) plane. The orthogonal 
character of the transformation by means of conjugate functions dis¬ 
cussed in §9.2 is now seen to follow also from the general conformal 
character of the transformation. 

§9.6 The Essential Character of a Harmonic Function is Not Changed 
by a Conformal Transformation. It is clear that the transformation of 
any function <i>{x,y) into a function by means of arbitrary 

equations 


J/), v=f2{x,y), 
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does not change the value of the function at corresponding points. Thus 
if {xi, Vi) and (ui, Vi) are the coordinates of a pair of corresponding points 
then 

Vi) = 

We will now show that when a harmonic function is transformed by 
means of conjugate functions the harmonic character of the function is 
preserved; i.e., given y), so that 

d^<l>(x, y) y) 


d3f 


then 


dy^ 


v) ^ v) 


du 


dir 


= 0, 

(a) 

= 0. 

ih) 


(9.18) 


Differentiating <t)(u, v) with respect to x we have 
dx 


d<f) du d(t> dr 
dll dx dv dx 


and 


d^<t) d<t> d^U du (d^<l> du 

^ 9 ~ T” »v 2 I 

+ 


dx^ du dx^ ^ dx 


du d^(t> dv\ 
dx du dv dx) 


d<t> d^v dv / d^(t> du 0^0 0r\ 
dv dx^ dx \(9?) du dx dv^ dx) 


or 


d^<t) d<t> d^U d(t> d^V / dii\^ d^(t> / 


dx^ du dx^ ^ dv dx^ du^ \dx 
d^<f> du dv 


+ 

+ 2 


Similarly 


d^<l> d<f) d^u 

1^2 ~ n .,2 


du dv dx dx 
d<t> d^ 


(9.19) 


dy^ du dy^ 


)^v ^^0 / du^ d^<j} /dv 
y^ du^ \dy) di^ Vdz/, 


+ 2 


dv dy 

d^<t> du dv 


V 


du dv dy dy 


(9.20) 


Remembering that 0, u, and v are all harmonic functions, and that by 
eqs. (9.5) 

v 2 /^. A 2 /; a - A 2 /^.\2 


( I (V / V / V 

\dx) \dy) \dx) ^ \dy) 


du dv du dv 

-}_-= Q 

dx dx dy dy 


and also that 
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we obtain upon addition of eqs. (9.19) and (9.20) and simplification 


e*3)[©’+©i- 


Having assumed in §9.2 that (du/dy) does not vanish, it follows that 
the Laplacian in eq. (9.21) vanishes, i.e., 


4- ^ - n 
du^ dv^ ~ 


(9.22) 


which shows that the <t>{u,v) is a harmonic function. 

This fact is of great importance in many problems in elasticity and 
physics and will prove of spo(dal value in applying the process of har¬ 
monization to problems involving sources of stress concentration such as 
circular holes, grooves, etc. Hy means of suitable conformal trans¬ 
formations an orthogonal system of curves which includes the curved 
boundary forming the sources of stress concentration is transformed into 
a square network. Since a transformation does not alter the value of 
the function at corresponding points, the boundary values o/ S = ^ + g 
at corresponding points are taken the same in both the {x, y) and (u, v) 
planes. 

But by eq. (9.22) 0(u, ?;) = 2 is a harmonic function so that the 
values of 2 at all net i)oints in the (?^, v) plaiKi can be found by harmoni¬ 
zation, and the values so obtained represent also the values of S at the 
corresponding points in the (x^ y) plane. 

Several types of conformal transformations are of special interest in 
practical problems in harmonization. To these belong polar coordinates 
and bipolar coordinates. Two other types of conformal transforma¬ 
tions, inversion and elliptical coordinates, are frequently met with in the 
theory of elasticity. 

§9.6 Polar Coordinates. Consider the analytic function 

{x H- iy) = (9.23) 

Solving for/( 2 ) we have 

f{z) = log {x + iy) 

= log (r cos d + ir sin B) 

= log [r (cos 0 + i sin ^)] 

= log (rc*^) 

= log r + id 

= log {x^ + + i tan~^ - 

X 

= nix, y) + iv{x, y). 


( 9 . 24 ) 
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The resulting equations of transformation thus are 

u = log r, (a) 1 

K9.20) 

r = e. (b) J 

As already pointed out in §9.1 the first of these equations transforms 
concentric circles with centers at the origin inf o straight lines parallel to 
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the V axis, and the second equation transforms radial lines into lines 
parallel to the U axis, as shown in Fig. 9.5. 

We note that the circle of unit radius is transformed into the V axis 
and that the X axis is transformed into the U axis. All circles l 3 dng 
inside the unit circle give negative values. These transformations are 
shown by the full and dashed vertical lines in the (u, v) plane. Fig. 
9.5(6). We further note that the entire (x, y) plane is transformed into 
a strip of width equal to 27r in the V direction and of infinite length in the 
U direction. 



§9.7 Bipolar Coordinates. Consider next the analytic function 

/(2) = log(^) (9.27) 

= log {z - a) - log {z + tt). 

Now let 

z — a = z + a = r 2 e^'\ (9.28) 

where ri and r 2 are measured from two new origins Oi and O 2 , known as 
poles, distant =ha from the original origin 0, Fig. 9.6. 

In terms of ri, ^ 1 , r 2 , and 62 

f(z) = log rie^^ — log r 2 e^^ 

= (log ri + idi) - (log ra + 162 ), 
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whence 


/(a) = log - + i{Bi - 02 ). 
>•2 


(9.29) 


The equations for a conformal transformation, therefore, are 


u = u{x, y) = log ~ y 
V = v(x, y) = di - $ 2 . 


(a) 

(h)) 


(9.30) 


These functions satisfy the Cauchy-Riemann equations. Wc now 
investigate the locus u = c, a constant. It is clear that u is a constant 
when 


Squaring we get 
From Fig. 9.6 



= ky a 

constant. 

^2 





= kW. 



ri^ 

= (x - 

af 

+ 1^, 

r2^ 

II 

+ 

a)2 

+ 2/^ 


Hence 

and 


(x - a)^ + y^ = k^l(x + a)^ + y% 
+ y^ + 2ax = 0, 


(9.31) 


which i.s the eeiuation of a circle with center on the A' a.xi.s, that i.s, the line 
determined by tlie pole.s Oi() 2 - The curves corre.sponding to a constant 
value of u are thus two families of circles with centers on the X axis as 
shown in Figs. 9.6 and 9.8. 

Now let 


Then 


/ = 


1 + 

1 - fc*' 


+ y^ + a^ - 2afx = 0. 


(9.32) 


Putting j/ = 0 we obtain for the x intercepts Xa, Xb, Fig. 9.6, 


Xa = a(f - Vj^ - 1), 
= a{f+ Vf^). 
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The distance Zj, from the origin 0 to the center K of the circle then 
becomes 

Xk = §[«(/ + - 1) + «(/ - VF^)] 

C9.33) 

The corresponding radius Rk of the circle is given by 

Rk = ~ Xa) 


= aVf ~ 1 



Fig. 9.7 


It is also easy to see that the locus of points corresponding to constant 
differences 6 i — 62 = a are portions of circles which pass through the 
poles 0i and O2 and whose centers lie on the Y axis, which is the per¬ 
pendicular bivsector of the pole distance O 1 O 2 . 

Obviously for all points P which lie on one side of the X axis on such a 
circle the angles O 1 PO 2 are all equal, Fig. 9.7. 

Referring to Fig. 9.7 it can be seen that 2/a, the distance from the ori¬ 
gin 0 to the center C of the circle corresponding to — ^2 = a, is given 
by 


2/a = a cot a, 


(9.35) 
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and that Ra, the radius of tiie same circle, is given by 

Ra = a sec a. (9.36) 

Inspection of Fig. 9.7 further shows that the center C and the radius 
Ra can be determined graphically by drawing a line through Oi which 
makes an angle a with the Y axis, as shown. Obviously OiC represents 
the radius, and OC the distance 
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As in the case of polar coordinates the entire (x, y) plane is transformed 
into a narrow strip 27r units in width and of infinite length, Fig. 9.8. The 
X axis represents the limiting circles for which 

0l — 62 — ztiTT. 

In the transformed infinite strip, the circle for which a approaches 
plus TT gives the upper boundary a = tt, and the circle for which a 
approaches minus tt gives the lower boundary v = —tt. The Y axis 
represents the circle whose center is at infinity on the X axis. For this 
circle 



and 


u = log 1 = 0. 

Hence, the Y axis is transformed into the V axis. 

'I"he IJ axis, ?; = 0, corresponds to the circle of infinite radius and center 
on the Y axis. The circles w^hose centers approach as a limit the poles Oi 
and O 2 give limiting ratios ri/r 2 equal to zero and infinity respectively. 
The corresponding vertical lines arc at infinity. 



§9.8 Two Circles Determine the Positions of the Poles. Consider 
two circles of radii Ri and 722, with centers Ki and K 2 respectively, 
distant H apart, as shown in Fig. 9.9. We wish to find the positions of 
the poles Oi and O 2 so that the two given circles will form a part of a 
bipolar system. 
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From Fig. 9.9 we have 

O 1 A 2 — H — 61 — R2i 

O 2 A 2 = R 2 — 

0\B2 = H ^ h\ /i?2> 
02^2 — R 2 ”1“ ^2- 

Referring i/O the circle with center at K 2 J let 

r 2 ~ ^ ■■ O 2 A .2 ~ O 2 S 2 ' 
In terms of H, bi, 62 , and R 2 wc obtain 

H -hi-R 2 H -bi + R2 


R 2 - h2 


whence 


bi = H - 


R 2 "h ^2 


R2^ 


bi = 


62 — 


For the circle whose center is at /Ci wc have, by analogy, 

02 = H -— • 

Oi 

Solving eqs. (9.37a) and (9.37fe) for bi and ?> 2 > we obtain 

+ Ri^ - R-/V 


+ Ri^ - 


2H 
+ R2^ - 




H 


2 y 


4/?,^ 


2H 




When 


/?i — R2 — Rj 


bi = b2 = b = 


H - V//2 _ 4ft2 


It follows also that in this special case 

O 1 O 2 = 2a = H -2b 


and 


H -2b 


Chap. IX 


(9.37a) 


(9.376) 


(а) 

^9.38) 

(б) 


(9.39) 


a = 


2 


(9.40) 
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ILLUSTRATIVE PROBLEMS 

Example 9.1. Concentrated Load Acting Normally to a Semi-Infinite Plate. 

Consider a concentrated load acting normally to the straight edge of a semi¬ 
infinite plate. By §2.2, Fig. 2.5, such a load can be replaced by a distributed 
system of boundary stresses along a small semicircular arc, which are given by 

2P cos d 

(Tr = - - - ( 2 . 8 ) 

wt T 

We lay down a network of polar coordinates, Fig. 9.10(a), and make a con¬ 
formal transformation by means of the eciuations 

u = log r, (a) 

r(9.26) 

= e, (b) 

which were derived in §9.6. We choose small angular increments, say 
AO = 15°. Then 

TT 1 

A?; = Al9 = 15° = -•;. = 0.2618. 

2 o 

Tn order to obtain perfect scjuares in the (a, r) plane we put 

An = Av— 0.2618. 

We can now calculate the values of r which are necessary in order that the 
polar network shall (jorrespond to the square network in the (u, v) plane, 
Fig. 9.10(5). 

From eq. (9.26a) 

r = ^ e^. 

Hence 

ro = e" = 1, 
n = = 1.30, 

ra = e<o.26i8x2) _ i 

In this manner we determine the dimensions for the polar network shown in 
Fig. 9.10(a). The corresponding boundary stresses shown in the same figure 
were calculated by eq. (2.8). The values at all interior points were then deter¬ 
mined by block iteration using eq. (8.22) and twelve ke}'^ points F3, E5 * • • 

We start the solution with a coarse network in which C5 and C9 are the only 
key points, and find approximate values from two simultaneous eqs. (8.22) and 
(8.19). We next resolve C5 and C9 by means of the Liebmann formula to 
obtain initial values for all other key values. We then write down the neces¬ 
sary twelve equations (8.22), taking into consideration the facts of symmetry 
about the U axis, and solve by iteration. The remaining values are all found 
by the Liebmann formula. 




Fig. 9.10 Conformal Transformation for a Normal Concentrated Load Acting on the Straight Edge of a Semi-Infinite Plate. 
= 10,000 lb.; ^ = 1 in.; boundary values in pounds per square inch calculated by eq. (2.8). 
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Contours. Fig. 9.11 shows the contours or isopachic curves as determined 
from the values obtained by harmonization. The curves of 2 for the radial 
sections A to F inclusive are shown on the left side of Fig. 9.11. The contours 



6 

oi 


O) 





3 

o 


X 

3 


05 

6 

£ 


for any one value of 2 are obtained from the points of intersection of the stress 
curves for the radial sections with the horizontal line drawn through the point 
on the stress scale corresi>onding to the given stress. Thus, for 2 = 1000 the 
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ix)int8 are a, 6, c, rf, Fig. 9.11. These points of intersection are projected on 
the line giving the scale for the radial distances, the horizontal line OG, Fig 



Fi(}. 9.12 Confoniuil Tniiisforiiiiition for an Inclined I^oad Acting on a Semi- 

Infinite Plate. 

P ~ 10,000 lb.; / = 1 in.; load inclined 30° to plate edge; boundary values of 2 
in pounds per square inch calculated by eq. (2.8). 

9.11. For 2; = 1000 the projections are a', 6', c', and d'. The distances 
from the origin 0 to the points of projection are then transferred with a com¬ 
pass to the respective radial lines, as shown in Fig. 9.11. 
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In §2.2 it was shown that tlie distribution produced by a concentrated load is 
purely radial. Hence, the loci of constant values of 2, that is, contours or 
isopachic curves, are circles tangent to the straight edge of the semi-infinite 
plate and having their centers on the line of the load. The contours obtained 
from harmonization and shown in Fig. 9.11 are evidently such circles. 



Fig. 9.13 Theoretical Isopachic Pattern for Inclined (/oncentrated Load of Fig. 9.12. 

Upper curves show (p -f q) across radial stjctions A-A, B-B . . . J-J, Lower 
figure shows isopachic curves for increments of 500 psi. 

Example 9.2. Inclined Load on a Semi-Infinite Plate. We next consider 
an inclined concentrated load which makes an angle of 30° with the straight 
edge of a semi-infinite plate, Fig. 9.12. 

A polar network and the corresponding square network were determined in 
the same manner as in the preceding example. The radius of the semicircular 
groove near the load was taken as unity and the maximum radius as 66 in. 
The angular intervals were taken 20° apart. A portion of the polar network is 
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shown in Fig. 9.12(a). The complete corresponding square network for a 
range of r from 1 to 66 resulting from the conformal transformation is shown 
in Fig. 9.12(6). 

The theoretical numerical values of the boundary stresses = 2 are shown 
in the rectangular network of Fig. 9.12. On the semicircular boundary where 
r = 66 in. the stresses wore assumed to vanish. 



Fig. 9.14 (\)nfornial Transformation of a Circular Ring. 


The isopachic curves for the e.xamplc under consideration are shown in 
Fig. 9.13 and agree completely with the corresponding curves from theoretical 
considerations whi(4i were discussed in §2.7. 

Example 9.3. Circular Ring under Concentrated Diametral Loads. Polar 
coordinates are es]iecially useful in bodies having circular boundaries and 
sources of stress concentrations. In such cases the polar coordinate system 
automatically gives a finer network in the regions surrounding the source of 
stress concentration, which gradually becomes coarser as the radial distances 
increase. An ideal exaiui)l(‘ is found in the circular ring of Fig. 6.15. The 
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Fkj. !).!;■) Th(‘<)retical Isopjurhir Stress I'attern for a (.iroiilar Ring under Diametral 

Compression Obtained by Using the Conformal Transformation Shown in Fig. 

9.14 and the Boundary Values Given by the Stress Pattern of Fig. 0.15. 

All interior values obtained by means of block iteration. For corresponding 
experimental pattern from a steel ring see Fig. 7.10. 

dimensions of the polar coordinates which are necessary in order to transform 
the ring into an approximately scjuare network and the square network itself 
are shown in Fig. 9.14. In the regions near the concentrated loads small 
rectangular pieces are removed and stresses from a radial distribution are 
assumed, eq. (2.8). 

In calculating the dimensions of the polar network the order is the reverse 
of the order used in the examples of the concentrated loads. Here ri and r 2 , 
the inner and outer radii of the ring, are given as equal to 1 and 2 units respec¬ 
tively. 
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In order to have a square network it is obviously necessary to divide the 
interval A-A^ Fig. 9.14, into an integral number of etiual intervals, say four. 
The value of Aw representing one side of the transformed squares is then given 
by 


Aw 


log 2 — log 1 
4 


0.1735. 



Fi(i. 0.10 DinuMisioTis f(»r <lu‘ C\)nf<»niuil 'rriuvsforination of a Bar with a Circular 
Hole ill Uniform Tinision. 

Boundary values from Fig. 8.12; I = 0.258 in.; P ^ 278.5 lb. 


But for a square network 
Ai; = Aw. 

Hence 


Ad — Av — 0.1735 radian 


10° approximately. 


The resulting contours for the ring under consideration are shown in Fig. 
9.15. In this network there are five key points, A3, C3, E3, G3, and 73. The 
harmonization is effected as in Example 8.2. 

Example 9.4. A Bar in Tension with a Central Circular Hole. Polar 
coordinates may be used to advantage even when not all the boundaries are 
circular. Consider, for example, the tension bar of Fig. 9.16. 
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The polar network shown will expedite materially the determination of the 
value of 2. It is clear that the circular boundaries r = 1 and r = 5.7 in the 
(.c, y) plane go into straight vertical lines in the (a, v) plane. On the circular 
boundary corresponding to r — 5.7 the stresses may be assumed as constant 
and equal to the uniform applied tension, wliich in the given example is 3110 
psi. 
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I'kj. 0.17 Skot(0i Showing (k)iifonnal Traiisfoniiaiion of Fig. O.lti and Final Values 
Obtained by llarnionization. 

Initial values for 7/0, 1)5, and B^5 from rosettes. Because of symmetry 7/0 ~ 
/7'0 and 775 — H'5, so that 115, which is the center of the (4 X 4) square, can be 
(calculated by (’q. (8.22). We next calculate 7^3, 77, B'S, and B7 (using diagonal 
neighbors and the fact that 7^^3 = 7f3) and improve D5. Similarly we calculate 
.77 and 77 and improve 7/0. We then improve the key ])oint 775. 

Further, the lines of symmetry, the X and Y axes. Fig. 9.16, are transformed 
into horizontal lines in the (a, v) plane. To take care of the outer straight 
vertical edges we replace them by artificial, broken boundaries as shown in 
Fig. 9.16. The five net points FIO, J&IO, E9, (79, and (78 on the right broken 
boundary do not enter into the calculations of the values of 2 on the coarse 
network shown. The values of 2 at the remaining three points Fll, 7)9, and 



322 


CONFORMAL TRANSFORMATIONS 


Chap. IX 


R8 are assumed to be equal to the nearest boundary values and were taken from 
the stress pattern shown in Fig. 8.12. 

The square network and boundary values corresponding to the polar system 
of Fig. 9.16 are shown in Fig. 9.17. These values were harmonized and from 
them the values of for a finer network determined. The resulting contours 
are shown in Fig. 9.18. Comparison with contours from a solution using a 
rectangular network shows that the accuracy of the results near the hole is 
somewhat better from the polar system. To obtain contours of the same 
degree of accuracy using a rectangular network would necessitate considerably 
more labor. 

Example 9.5. Deep Grooves in Tension. Bipolar Coordinates. Consider 
next a long bar with two deep, symmetrical semicircular grooves in a field of 
pure tension, as shown in Fig. 9.19. We will determine the values of 2 by 
harmonization and bipolar coordinates. 

It is obviously desirable that the semicircles at the roots of the grooves 
should form a part of the bipolar circles. Assuming this to be a necessary 
condition in the solution of the problem, we can by cq. (9.39) calculate the 
positions of the poles ()\ and O 2 , Fig. 9.20. 

From eq. (9.39) the distance h from the center of the circle fitting a groove to 
the nearest poles is 


// - Vh- - 4«- 



In the particular problem, 

H = 0.627.'> in., 

R = 0.0»7.'> in. 

Substituting these values in eejs. (9.39) and (9.40) respectively, we get 
b = 0.0157 in. and a = 0.298 in. 


We can now determine the necessary values of the bipolar network, that is, 
of Xkt Rkt Vaj Raj that when these values are transformed by eqs. 
(9.30) we will obtain a network of perfect squares 
As pointed out in §9.7 the Y axis is transformed into the V axis For the 
circle fitting the left groove 


w = log — = log 

TZ 


O1A2 
O2A 2 



log 


0.6275 - 0.0975 - 0.0157 
0.0975 - 0.0157 


log 6.286, 



ILLUSTRATIVE PROBLEMS 


323 



Fig. 9.18 Isopachic Stress Pattern for Fig. 9.16 Based on the Values in Fig. 9.17. 
One fringe = 333 psi. 
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Fig 9 19 Photoelastic Stress Pattern of a Bar with Deep Grooves in Pure Tension 
Radius of grooves = 0 0975 in , depth = four times the radius, width of bar = 
1 213 in , width of minimum section == 0 433 in , f = 0 172 m , P = 214 8 lb , 
2P = 500 psi tension, uniform stiess m bar = 2 06 fringes, maximum stress at 
grooves = 12 00 fringes 
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or 

u = 1.83S. 

The interval OA 2 in the (w, v) plane, Fig. 9.20, we divide into an arbitrary 
number of equal parts, say seven. This gives 

1.838 

Au = -y- = 0.2626. 


For a square network 

Av = An — (fii — ^ 2 ) = « = 0.2626 radian. 
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f P=2I4.8 lbs. 



Fig. 9.21 Confonnal Transformation for Fig. 9.20. 
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Hence 


a = 15.044^ 


The values Xk and Rk corresponding to th e orthogonal network shown in 
Figs. 9.20 and 9.21 can be calculated from the expressions 


Xk = a 


Rk = a 



(9.33) 

(9.34) 


Table 9.1 shows the final values of Xk and Rk for sections 1 to 8 inclusive, as 
well as for an additional section, 1', located between sections 1 and 2, which it 
was found useful to introduce. The complete bipolar network is shown in 
Fig. 9.21 and the transformation in Fig. 9.22. 

TABLE 9.1 


Section 

u 

e“ = - = fc 

Center 

Radius 



r2 

Xk 


Rk 





- 

- 


———^ 




Xk/a 

inches 

Rk/a 

inches 

1 

0.000 

1.00 





2 

0.2626 

1.30 

-3.90 

-1.165 

3.76 

1.123 

3 

0.5252 

1.69 

-2.07 

-0.620 

1.82 

0.544 

4 

0.7878 

2.20 

-1.52 

-0.454 

1.145 

0.342 

5 

1.0504 

2.86 

-1.28 

-0 382 

0.796 

0.238 

0 

1.3130 

3.72 

-1.155 

-0.345 

0.579 

0.173 

7 

1.5756 

4.83 

-1.088 

-0.325 

0.432 

0.129 

8 

1.8382 

6.286 

-1.051 

-0.314 

0.327 

0.097( 

1' 

0.1313 

1.14 

-7.667 

-2.29 

7.60 

2.27 


The centers and radii of the circles with centers on tlic Y axis. Fig. 9.21, 
corresponding to the horizontal lines A to 1j inclusive in the ( m , v) plane, 
Fig. 9.22, were determined graphically by the i)rocedurc described in §9.7. 
The vertical section of symmetry is given by the V axis, and the semicircle 
fitting the groove is transformed into the extreme left straight-line boundary 
which is parallel to the V axis, section 8 8, Fig. 9.22. The horizontal section 
of symmetry on wliich the poles are located is transformed into the straight 
line L-L parallel to the U axis. The portion of the groove which is given by 
the straight line in-n-o goes into the curve and the left vertical edge 

o-s-t goes into the curve o'-s'-t'. The extreme circle for which a — 15.044° is 
transformed into the straight-line portion of section A-A near the V axis. 

The boundary values shown in Fig. 9.22 were taken from the photoelastic 
stress pattern. Fig. 9.19. The final values of S are given in Fig. 9.22. 

In order to construct a set of coutours from these results it is convenient 
to plot the values of ^ corresixjiiding to each circle around that circle as in 
polar coordinates. The isopachic curves based on the results from the bipolar 
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Fig. 9.22 Drawing Showing Transformed Area of Fig. 9.21 and Final Values of S 
from the Numerical Solution Using Bipolar Network. 


Section 
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system are shown in Fig. 9.23. They agree with the contours obtained by 
harmonization using the mixed rectangular network shown in Fig. 9.24. 



1^'kj. 9.23 Isopachic Pattern for Bar with Deep Grooves in Fig. 9.19. 
One fringe = 500 psi. 


Fig. 9.25 shows comparative curves of the values of S across the sections of 
symmetry from the mixed rectangular network shown in Fig. 9.24 and the 
bipolar network of Fig. 9.21. It is seen that they are in close agreement. 
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In order to verify the results the principal stresses p and q across the sym¬ 
metrical sections through the grooves were determined and a static check 

1 4 8 12 14 



Fig. 9.24 Drawing Showing Mixed Rectanguliir Network for Bur with Deep 

Grooves of Fig. 9.19. 

made. The results are shown in Pig. 9.26. Corresponding to an applied load 
of 214.8 lb. we have for the sum of the p stresses across the maximum section a 
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value of 212 lb. The conditions of equilibrium are thus satisfied within 
1.3 per cent. 



Fig. 9.25 Curves of (p + q) across Sections of Symmetry of Bar with Deep Grooves 
Obtained from Bipolar and Mixed Rectangular Networks. 

Bipolar coordinates Involve a little more work in calculating the network 
and in plotting of contours than a mixed rectangular network. Nevertheless, 
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where there are two complete circular grooves or holes it will be found that the 
use of bipolar coordinates will result in a measurable saving of time as well as 
an increase in the accuracy. The saving of labor is due to a reduction in the 



Fig. 9.26 Curves of Principal Stresses p and q aci-oss Sections (d Syinmetry of Bar 

with Deep Grooves. 


total number of net points, a better distribution of these points, and fewer 
correction factors. The greater accuracy is due to the greater role which the 
boundary stresses around the sources of .stress concentration are made to play 
and the fineness of the network near these sources. 





CHAPTER 10 

THE STRESS-OPTIC LAW IN THREE DIMENSIONS 


10.1 Introduction. In Vol. I we discussed the stress-optic law in two 
dimensions. We proved this law by means of direct photoelastic evi¬ 
dence. It was shown that, for incidence normal to the plane of the 
principal stresses p and g, the retardation n in fringes is given by 

n = Clip - g), [(5.3), Vol. I] 

in which C is the stress-optic coeffi¬ 
cient, and t is the thickness of the 
model parallel to the ray, i.e., the 
kmgth of th(i light ])ath. 

In the pr(\seiit chai)ter we discuss 
the stniss-optic law in three? dimen¬ 
sions and similarly demonstrate it by 
direct photoolastic evidence. 

§10.2 Secondary Principal Stresses. 

The optical effects resulting from 
the transmission of polarized light 
through thr(?e-dimensionally stressed 
bodies, or from oblique incidence in 
two-dimensional problems, is connect¬ 
ed with the concept of secondary prin¬ 
cipal stresses, a concept which is 
generally net treated in elivsticity or g,^^ 

str(?ngth ol matcTials. Consider, for (^.omponents «n a Three-DimeD- 
example, the element in Fig. 10.1. «ional lOlernent. 

For an arbitrary si't of coordinate 

axes the stress system consists of six indepcjndent components: 
(Tx, (Ty, (Tz, r.jc.y, Ty:,, and We define secondary principal stresses for a 
given direction (i) as the principal stresses resulting from the stress 
components which lie in a plane normal to the given direction {i), and 
denote these by {p', g')*- Thus the secondary principal stresses for the 
Z axis are the principal stresses resulting from the stress components 
Gxi (Tyj and Txy Specifically 



(p', ?'). = ^4^ ± I v4;:7T(^r^, 
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with corresponding directions given by 


tan {2d)g = 


(Tx — <Ty 


Similarly, the secondary principal stresses for the Y axis are the 
principal stresses which result from the stress components dz, and 

^‘xz* 

We observe that sc^condaiy principal stresses differ radically from the 
primary or ordinary principal stresses. At each point of a stressed body 
there exists only one set of primary principal stresses. However, there 
exists at the same point an infinite number of secondary principal 
stresses, depending on the choic^e of the dire(?tion through the given point, 
although for each particular line o]- direction the pair of secondary 
principal stresses becom(»s unique. 

§10.3 The Stress-Optic Law in Three Dimensions. The stress-optic 
law in three dimensions may be stated in th(‘ form of several prop¬ 
ositions, as follows: 

A. Resolution of Light Vector and Light Vibrations: (a) When a 
polarized beam enters a stressed medium it is resolved into components 
which are parallel to the secondary principal stresses corresponding to 
the given ray at the point of entrance. Fig. 10.2(a). 

(b) The vibrations associated with the beam of light traveling through 
the stressed body are at each point parallel to the directionsof the second- 
ary principal stresses, for the given ray. If the latter directions are 
constant b(dAveen th(i point of entrance 0 and the point of exit Oi, 
Fig. 10.2(a), then the directions of the vibrations are also constant. If, 
however, the diiections of the secondaiy principal stresses for the given 
ray rotate as the light advancers, then the diix'ctions of vibration of the 
components of the? light v(H*tor also rotate through the same angle. 

(c) When rotation is present a plane-polarized beam entering parallel 
to one of the secondary principal stress directions generally emerges 
elliptically polarized. However, when the ratio of the angle of rotation 
to the retardation is small, that is for appreciable stress, the ellipticity is 
small and the emergent beam may, for practical purposes, be considered 
plane polarized. The entering light vector rotates with the secondary 
principal plane along which it entered, and produces a component vibra¬ 
tion in a transverse direction of negligible amplitude.^ This is evidenced 
by the fact that if the beam is plane polarized and enters parallel to, 
say, p', Fig. 10.2(6), full extinction can be obtained only by placing the 

^ See “ Stress Analysis by Three-Dimensional Photoelastic Methods ” by Daniel 
C. Druckerand Raymond D. Mindlin, Journal of Applied Physics, Vol. 11, No. 11, 
pp. 724-732, November, 1940. 
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principal plane of the analyzer perpendicular to the direction of p 
at the point of exit; i.e., the analyzer and polarizer are no longer crossed 
at extinction but are inclined to each other at an angle of (90® ^ a), 
where a is the angle of rotation. 



Ei(i. 10.2 Sketches Sliovviiip; tli(‘ Manner in Which a Beam of I’lane-Polarized Light 
Ti’avels through Sc'condary Principal J’lanes. 

(a) Dinu^tions of vibration remain constant. (5) A plane-pohirized beam entering 
parjillel to p rotates through an angle a and c.an be extinguished by setting the 
analyzer A perpendicular not to tin* polarizer P, but to p at the point of exit 0\. 


B. Retardations: (a) When the secondary principal stresses remain 
constant between the point of entrance O and the point of exit Oi, Fig, 
10.2, the retardation in wave lengths or fringes is given by 

n = a'(/ - q'), (10.1a) 

in whicdi C is the usual stress-optic coefficient, /' is th(' actual light path, 
and (p', q^) are the secondary principal stresses for the direction of the 
given ray. 

Q)) If only the directions of the secondary principal stresses remain 
constant and the magnitudes vary, then 

n== C r ip' - q') dt'. (10.16) 

do 

(c) When the directions of the secondary principal stresses rotate, 
the rotation tends to increase the resulting retardation. The increase, 
however, is small and may for most practical purposes be neglected. In 
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any event, the exact relation between this rotation and its effect on the 
retardations is at present not fully established.^ 

The law given by eq. (10.1) is generally derived from equations relating 
the indices of refraction to the secondary principal stresses. Thus, if 
Uq are refractive indices of the polarized waves with vibrations parallel 
to y and respectively, the index of refraction of the unstressed 
material, and r the normal stress parallel to the direction of the ray (x), 
then, on the basis of the historical experimental evidence, 

np - n, = Cy + C2(5'+ A (a)] 

K10.2) 

riq - Uo = Ciq' + C2(p' + '/), (h) j 

in which Ci, C 2 arc stress-optic coefficients. From eqs. (10.2) we have 
np - n, = (Cl - C2)C// - q') 

= C'(p' - 

where is the relative stress-optic coefficient. Multiplying by t'/\ we 
get 

(np - Mg) ^ = c' ^ (p' - q') = n, 


whence the retardation n is 

n = Ct\p' - g'), 
which is obviously eq. (10.1a). 

Instead of reproducing the historical evidence^ for eqs. (10.2) we 
proceed to establish eqs. (10.1) by direct photoelastic demonstration. 
Experimental and theoretical stress distributions are shown for a series of 
basic cases of oblique incadence of a parallel beam, which arc bedieved to 
establish the validity of the fundamental propositions stated in this 
section. 

§10.4 Normal Stresses Parallel to the Ray. We begin by showing 
that normal stresses parallel to the ray do not produce any photoelastic 
effects. To this end we freeze^ a system of pure bending stresses into a 
rectangular beam, and cut from it a transverse strip of width /i, Fig. 
10.3(a). Two stress patterns from this strip coiTCsponding to different 
directions of the ray are shown in Figs. 10.3(c) and 10.3(c). The first 

^ Soe rcfc^rence on p. 334. 

^ For a discussion of thii historical development of this subject the reader is referred 
to Chapter III, in Trealiae on Fhotoelaslicily by Coker and Filon, Cambridge Uni¬ 
versity Press, London, 1931, or Macmillan, New York. 

^See §§10.7-10.11, Vol. T, Fhoioelasticity, for the theory and properties of the 
frozen stress patterns. 
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of these patterns, Fig. 10.3(c), is of the conventional type and corre¬ 
sponds to a ray which is perpendicular to the plane of the bending 
stresses, Fig. 10.3(6). The fringes are here straight, parallel, and equi¬ 
distant, and the distribution is linear. Fig. 10.3(e) represents the effect 



Ficj. 10.3 (a) Sketch of Bearn with Frozen Stresses in Pure Bending Showing 

Transverse^ Section of Width h. (c) Sti'ess Pattern Obtained from Above Section 
Wlien Light is Normal to the Stresses Shown in (h). IJere Photoelastic Effects 
are Produced, (e) Stress Pattern of Zero Fringe Order Obtained When Light is 
Parallel to the Stresses Shown in (d). This Produces No Photoelastic Effect. 

2c = 1.022 in,; h = 0.229 in.; ^ = 0.176 in. 

obtained from the same strip when the ray is parallel to the bending 
stresses, i.e., parallel to the axis of the bar. Fig. 10.3(d). The experi¬ 
ment shows zero or no photoelastic effect, either for the tension or com¬ 
pression side, for the full range of stresses from zero to the maximum 
values. We thus conclude that normal stresses parallel to the ray pro¬ 
duce no photoelastic effects, at least when acting alone. 

Further corroboration of this effect is provided by the stress patterns 
of Figs. 10.6 and 10.12(a). 
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§10.6 Shear Stresses which are Coplanar with the Ray. We (‘con¬ 
sider next systems of pure shear which lie in one plane with the axis of 
propagation, and are paralhd and perpendicular to the ray, Fig. 10.4(6). 




Kifj. 10.4 Skotcli(*s Showing Two Basic Orientations of Systems of Ihire Sliear 
Stress(*s with Respect to tlie Direction of the Ray. 

(a) Produces photoelastic effects. (/>) Produces no photocdastic efTt'cts. 


To this end we take a transverse or inclined section from a circular 
shaft, Fig. 10.5, into which pure slu'ar stj-(\sses \\civ frozen, and allow a 
beam of polarized light to travel through it in a direction i)arall('l to the 
axis of the shaft. It is clear that at (W('ry point through whi(*h the light 



Fio. 10.5 Sketch Showing 'rransversc Section (\it from a Shnft in Pure Torsion; 
Also Ray Normal to Section. 


travels the stresses consist of pure sh(‘ars of th(‘ tyj)e shown in Fig. 
10.4(6). The n^sulting str(\ss patt(‘rns. Fig. lO.ti, are of zero fringe ordcT. 
Hence, systems of shear stresses which are coplanar with the direction 
of the ray, and the components of which are parallel and perpendicular 
to the ray, produce no photoelastic effects. 

The effects of systems of slu^ar thus depcuid on whetluir all four (com¬ 
ponents or only two of them are p(T])endicular to the ray. In the first 
instance, Fig. 10.4(a), photo(4astic effects are produc(Ml. In the second 
instance. Fig. 10.4(6), there are no ])hot()elastic (effects. 
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Eic. 10.() Stress Patterns of a Thin Transverse Secition Cut from a Circular Shaft in 
Pure Torsion, with the Lijjilit Normal to the Face of Disk, Fig. 10,5. 

ICxeopt for small tiine stresses the patterns show zero fringe orders, i.e., no photo- 
(ilastie efT(*(^ts. 


§10.6 Secondary Principal Stresses from Pure Tension. Consider 
now uii cleiiK^nt snbjoeted to nniforin tensile stresses o'/, Fig. 10.7(a) 
and placed in ])()larisc()p(‘ so that the ray which lies in the XZ plane 
niak('s an angh^ 6 with the direction of the stress. For conendeness we 
assume that ttu^ tensile str(\ss(\s lie in the XY, or vc^rtical, plane. 

The stress (‘oinj)onents acting on an element with faces parallel and 
perpendicular to the ray, Fig. 10.7(6), are 


(Tx' = (^t «in“ By 

(a) 

(^z' ~ (*ns^ By 

(b) 

O'/ . ^ 

Tx'z' - «m 2By 

(c) 


(10.3) 


in which Z' is the dir(‘ct-ion of th(^ ray, and is normal to it. 

Of th(‘ above str(\ss(^s t he only comjxment which lies in a plane trans¬ 
verse to th(^ ray is the component 

o-^' = (Tt siir 6, 


The secondary principal stresses therefore are 

]/ = O'/ sin^ dy (a) ] 

, klO.4) 

g' = 0, (b) j 

Hence, by eq. (10.1a), noting that t' = f/sin 6 in the unshaded region 6, 
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Fig. 10.7(0), 

n = tiCfft) sin ® (<*)) 

K10.5) 

= N't sin e, (6) J 

in which N' = Cat represents the frozen tensile stress in fringes per inch 
of light path at normal incidence, i.e., the normal fringe intensity. 





Fia. 10.7 (o) An Element in Pure Tension under Oblique Incidence. 

{h) Secondary Principal Stresses. 


Referring to Fig. 10.7(a) it is clear that this equation will hold in the 
unshaded region b, in which is constant. The stress pattern for that 
region should be of one fringe order. However, in the end intervals 
marked c, varies linearly from zero at the ends to 

The stress pattern for the end regions will consist of vertical parallel, 
equidistant lines, varying from a zero order at the ends to a value of n in 
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region b, A stress pattern for 6 = 68° 40', and N' = 7.92 fringes per 
inch, is shown in Fig. 10.8(a). The comparative curves of theoretical 
and experimental results, Fig. 10.8(6), show that the retardation is a 
function of the secondary principal stresses only. The maximum fringe 
order from the stress pattern is 6.2. The corresponding theoretical value 
given by eq. (10.5) is 

^max. = 0.712 X 7.92 X 0.932 = 5.25 fringes. 

It is thus seen that the normal sti*ess parallel to the ray, and the 
shear stresses tx'z' lying in one plane with the ray, produce no photo¬ 
elastic effect, not only when they act alone, as in Figs. 10.3 and 10.6, but 
even when they act in conjunction with secondary principal stresses. 

Fig. 10.9 shows a stress pattern, and comparative theoretical and 
experimental curves of n, for a disk cut transveisely from a circular 
shaft into which a uniform tension was fixed by freezing. The basic 
treatment is the same as for the block in Fig. 10.8. 

§10.7 Secondary Principal Stresses from Pure Bending, (a) Strip 
from a rectangular bar. A general demonstration of the effect of secon¬ 
dary principal stresses from tension and compression is provided by a 
transverse strip cut from a bar with fixed system of pure bending 
stresses, Fig. 10.10(a). If this strip be placed in the polariscope so that 
the ray is parallel to the neutral surface and inclined to the stresses at an 
angle 6, the secondary principal stresses are again given by eqs. (10.3), in 
which, however, the bending stress replaces the tensile stress at. 
Recalling that 



where y is the distance from the neutral axis, M is the bending moment, 
and I is the moment of inertia, we obtain 

M 

n = Ct — y sin 6. (10.7) 

Hence for the region in which is constant thc^ stress pattern consists 
of straight, parallel, equidistant fringes. The resulting stress pattern for 
d = 60° and comparative curves are given in Figs. 10.10(6) and 10.10(c), 
(6) Disks from a Circular Shaft. Fig. 10.11 (a) shows a sketch of a 
disk cut transversely from a circular shaft into which was frozen a system 
of pure bending stresses. The ray is assumed to lie in the neutral surface 
and to be inclined to the bending stresses, which arc parallel to the axis 
of the shaft, by an angle d. 




Fig. 10.8 (a) Stress Pattern of a Rectangular Block with Frozen Tensile Stresses 

under Oblique Incidence, (b) Theoretical and h^xpcriinental Fringe Orders. 
Dashed curve—theoretical; full curve—experimental, (c) Dimensions of Block 
and Angle of Incidence. AT' = 7.92 fr./in. 
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Fig. 10.0 Stress l^ittern of ii C Circular Disk (^it from a Sliaft in Tension im<ier 

Oblique Incidence. 

D = 0,940 in.; t = 0.257 in.; = 7.1S5 fr./in. at normal incidence; angle 6 
between ray and axis of shaft 70° appnixiinately. Maximum fringe order = 4.7 
from stress pattern, and 4.('»S theoretically. Jt is also to be noted that n is constant 
where is constant. 
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When 0 is small, Fig. 10.11(5), the distance t' traversed by the ray is 
constant except for the shaded regions near the corners. Therefore the 
retardation along a chord parallel to the neutral axis and distant y from 
it is given by eq. (10.7). 



(0) («>) (C) 

Fig. 10.10 Transverse Section from a Beam in Pure Bending under Oblique 

Incidence. 

(a) Direction of ray; (6) stress pattern; (c) theoretical and experimental curves. 
Maximum stress N' — 2Q fr./in. of light path at normal incidence. Maximum 
fringe order for 00° view is approximately 3, both experimentally and theoretically. 
Dimensions of bar same as in Fig. 10.3. 


Hence the pattern for the region for which is constant consists of 
equidistant straight linos parallel to the neutral surface, Fig. 10.12(6). 

When the angle 6 which the ray makes with the bending stress becomes 
large, specifically, when. Fig. 10.11(c), 


I tan ^1 > ~ 3 


the beam is no longer incident on the flat surface of the disk but on the 
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Bending under Different Degrees of Oblique Incidence. 


curved surface, so that the distance traversed by the light diminishes as 
the distance y from the neutral surface increases. The retardation is 
therefore no longer given by eq. (10.7). In this case, Fig. 10.11 (d), 


so that 


2(r2 - 2,2)1/2 

Sin 6 


(10.8) 

p = jy sm^ 9, 

\ 

(a) 

>(10.9) 

?' = 0, 

(P). 

1 

M 

n = €2(7^ -y^y'^jy sin 9, 




= iY' - 2(r^ -- sin 6, 


( 10 . 10 ) 
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in which 



Fig. 10.12 Stress Patterns of a Transverse Disk (%it from a ('ircular Shaft with 
Frozen Pure Bending Stresses for Normal and Obliciue Incidence. 

(a) e = 0°, {h) 6 = .56°, (r) 0 = 69°, (d) 0 = 74°;i4'. I) of sliaft = 1.046.5 in.; 
bending moment = 3.3.5 in.-lb.; d of disk = 0.930 m.]t = 0..347in.; = 8.2Sfr./in. 


As in eq. (10.5), N' denotes tlie maximum stress in fringes per inch of 
light path at normal incidence. 

Four stress patterns for different anglers of 6 an^ shown in Fig. 10.12. 
Theoretical and experimental curves of n for Fig. 10.12(d) are shown in 
Fig. 10.13. 
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§10.8 Variable Secondary Stresses. We next consider secondary 
principal stresses of constant directions but of variable magnitudes. 

Such systems can also be obtained from a bar in pure bending. Refer- 



l i 2 3 4 

FRINGE ORDER 

Fkj. 10.13 Tli(*(>retic:il and l^IxporiiiK'nial Curv(‘s of Frinj»;e Orders for Case (d) of 

Fig. 10.12. 

ring to Fig. 10.14 we cut a small cube from the bar with frozen bending 
stresses and allo\\' a beam of polarized light to pass through it in such a 
way that the boLim is parallel to the plane of the bending stresses. 4110 
secondary principal strc'ssc's in this case arc 



and 
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Observing that 

we have 


sm 0 


CM r , 

= —sin ? I %! ay 

■' '^Vo 


in which N'. is as in eq. (10.11). 


(а) 

(б) 
(c) 


( 10 . 12 ) 



Fio. 10.14 Sketch of an Element from a Beam in Pure Bending under Oblique 
Incidence with the Ray in the Plane of the Stresses. 


It is thus seen that n follows a parabolic distribution. 

Eq. (10.12) holds for rays which enter on the outside horizontal sur¬ 
face where y — and emerge on the lower horizontal surface where 
y = 7/o, Fig. 10.14. For rays entering at points on the right vertical face 
or leaving through the left vertical face the respective retardations are 


and 


, sin ^ 2 2 x 

n = N — (j/2 - 3/„2), 


.sin 0 . 2 2 \ 

n = N'—{(?- f). 


(a) 


Q>) 


(10.13) 


Comparative curves of experimental and theoretical values of wfor 
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§10.9 Secondary Principal Stresses from a Circular Disk. We con- 
sider next the secondary principal stresses arising in a circular disk when 
it is subjected to concentrated diametral loads and rotated in the polari- 
scope about one of the axes of symmetry, Fig, 10.16, 



Fig. 10.10 Sketclj Showing Notation I’.sod for a Circular Di.sk Subjected to 
(Vincent rated Diametral Loads. 


The expn^ssioii.s for tlie i’eetang:iihir .stres.s (*oinpoiient.s for this case 
were derived in Chapti^r 4 and are g;iveii by 


(Ell) 


where 


2P 

irt 

~{/t-y).r^ (R + y).r ll 

L ro'* ,lj ’ 

i») 

2P 

irt 

r(R-yf , (R + y)-' ll 

rrfJ’ 

(l>) 

T(/^ — y)‘^.c (It + 

L '4^ ^''2^ J 

(c) 


+ (72 - 2/)2, 

(a) 


^2^ = + (72 + y)^. 

(b) 


^(4.12) 


The secondary stress components depend on the axis of rotation and 
are clearly variable. For simplicity we consider only rotations about 
the X or F axis in which cases the mean stre.«ses an^ closely approxi¬ 
mated by the stresses at the midpoints of the optical paths. 
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For a rotation Bx about the X axis, Fig. 10.17 (a), the secondary stress 
components are 


kl0.14) 


(Tx* 

= (Tx, 

(a)' 

(Tyt 

= (Ty COS^ Bx, 

Q>) 


=- Txy COS Bx. 

(c). 

al)out the Y axis, Fig. 10.17(6), 


(Tx>f 

= <Xx COS^ Byy 

(«)' 

(Ty" 


ih) 

x"v>' 

= Txy COS By. 

ic) , 


(10.15) 



Frf;. 10.17 Sketches Sliowing Secondary Principal Stresses Resulting from Rotation 
f)f the Disk in Fig. 10.10 about the A' Axis and Y Axis respec^tively. 


The (liffercnces Ixdwoen the secondary principal stresses ( 7 / — q) 
then are [see eq. (1.14), Vol. I], 

{p - q')z' = v'4(rx« cos + (o-* - ffy cos^ (a) 1 

__ KlO.Ki) 

(P' - q')z’' = V'4(Tx„ (•')& + (<7* COS^ e„ - dy)'^, (b) J 

For points on the X axis, which is clearly an axis of symmetry, = 0 
and 


ip' — q)z> = CTx — <Ty COS^ 


ip' — (l')z" = <^x COS^ 6,1 — ffy. 


K10.17) 

ih)} 
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The resulting retardations, which wc denote by n«<, and n*//, then are 


Hz! 


Tlzn 


iv' - q')z' 

2Fz> 

ip' - q')z" ^ 

2Fz>' 


(a) 

ih) 


(10.18) 


where F*/ and Fz" are the fringe values in psi. shear, corresponding to 
the optical paths parallel to Z' and Z" respectively. 



Fig. 10.18 Sketch of Jig Used to Load and to Rotate Model in Oil Tank. 

§10.10 Stress Patterns from a Disk under Oblique Incidence. A 

Bakelite disk 1.846 in. in diameter and 0.153 in. thick was plaijed in a 
small rectangular frame which was equipped with a rod about whose axis 
a rotation could be produced, Fig. 10.18. The loads were applied 
through the lower two screws, and stress patterns were obtained for 
normal and oblique incidence with the disk and frame immersed in a 
glass tank filled with Halowax oil. The resulting stress patterns are 
shown in Figs. 10.19 and 10.20. 

The load was calculated from the expression 

UerfR 


(4.73) 






(a) Normal view (6) Angle B between ray and normal to face of disk = 30°. (c) B = 45° Z> = 1 846 in.; t =0 153 in.* 

= 281 psi. shear; P = 364 lb. » 
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in which ric is the fringe order at the center of the disk for normal inci¬ 
dence, / is the material fringe value in shear and equals 43 psi., and R is 



Fig. 10.20. Stress Patterns of Disk in Fig. 10.19 Resulting fron> a Rotation about 
the Horizontal Axis, (a) 0 === 30°; (h) 0 = I.")®. 


the radius of the disk in inches. The value of Hc at the center of the disk 
was determined from the curves of n for the horizontal and vertical axes 
using both dark and bright backgrounds. This value was found to be 
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5.84 fringes. Eq. (4.73) then gives 

0.923 

P = 5.84 X tt X 43 X = 364 lb. 

After the stress patterns wen^ ohttiiiie:! the disk was removed from the 
clamp, placed in thc^ r(‘g:idar straininp; frame, and subjected to gradually 



Fid. 10.21 I'licorotiral and lOxporiniental Curves of n along the A” Axis Resulting 

from a Rotation of 30". 

Experimental results sliown by full curve are based on the stress pattern in Fig. 
10.20 (/;). 

increasing coiKamtrated loads. A curve of n-c at the center of the disk 
versus the ai)i>liod load was plott('d from which the load for any fringe 
order could be detei’ininefl. Although the model was then one week old 
the load necessary to produce 5.84 fringes at the center was approxi¬ 
mately the same as that given by eq. (4.73). 

Theoretical curves of n W(^re then d(^t(u*mined for the X axis and for a 
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section parallel to it halfway between the center and the top. In these 
calculations which are based on the equations in §10.9 the sequence is as 
follows: first we find <Txj o-y, r^y; then Cy/, r^'y'; next we calculate 
iv' “■ q')j and last wefind /<. 

Comparative values of n as obtained experimentally and theoretically 
are shown in Tables 10.1,10.2, and 10.3 and in Figs. 10.21 and 10.22.^ 

It was found necessary to carry the calculations of n to better than 
slide-rule accuracy in order to match the precision of the experimental 
results. The degree of agreement between theory and experiment is 
indeed remarkable, as can be seen from inspection of the tables and 
curves. The slight deviations are in the main due to errors in the angles 
of rotation, to the load, and to the average secondary stresses. It is to 
be noted that the greatest discrepancy occurs in the values from a rota¬ 
tion about the X axis of 45° (see Tables). This seems altogether reason¬ 
able since the stresses at the midpoint of the optical path are in this case 
definitely not the mean stresses, especially for large values of ax- In 
addition there exists a relatively large rotation in the directions of the 
secondary principal stresses. 

TABLE 10.1 

Comparison op Theorktical and Experimental Values op n in Fringes 
FOR A Horizontal Diametral Section 


Rotation about Vertical Axis 

Normal View 30® Rotation 45° Rotation 


Point 

Theoreti¬ 

Experi¬ 

Theoreti¬ 

Experi¬ 

Theoreti¬ 

Experi¬ 

xjR 

cal n 

mental n 

cal n 

mental n 

cal n 

mental n 

0 

5.84 

5.84 

6.32 

6.24 

7.22 

7.00 

0.1 

5.67 

5,64 

6.14 

6.05 

7.02 

6.80 

0.2 

5.19 

5.15 

5.62 

5.54 

6.45 

6.24 

0.3 

4.47 

4.42 

4.85 

4.81 

4.60 

5.39 

0.4 

3.66 

3.57 

4,00 

3.90 

4.62 

4.42 

0.5 

2.80 

2.73 

3.08 

3.04 

3.59 

3.38 

0.6 

2.02 

1.96 

2,23 

2.20 

2.62 

2.44 

0.7 

1.34 

1.28 

1.50 

1.46 

1.77 

1.60 

0.8 

0.78 

0.72 

0.88 

0.81 

1.06 

0.86 

0.9 

0.34 

0.29 

0.34 

0.33 

0.47 

0.31 

1.0 

0 

0 

0 

0 

0 

0 


^ Similar results have been obtained by D. C. Drucker for a square plate under 
diagonal loads. See his paper “ Photoelastic Separation of Principal Stresses by 
Oblique Incidence ,Journal of Applied Mechanics, Trans., A.SM.E., Vol. 10, No. 3, 
September, 1943. 
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 


Fia. 10.22 Theoretical and Experimental Curves of n for Section A-B Resulting 
from a Rotation of 45° about the Y Axis. 

Experimental results shown by full curve are based on the stress pattern of Fig. 
10.19(c). 
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TABLE 10.2 

Comparison op Theorktical and Experimental Values of n in Fringes 
FOB A Horizontal Diametral Section 


Rotiitioii about Horizontal Axis 



Normal View 

_ ^ _ 

.‘50° 

Rotation 

45° 

Rotation 

Point 

- 

Theoreti¬ 

Exjita’i- 

Theorc'ti 

ExjX'ri- 

Th('oreti- 

ICxpiTi- 

x/R 

cal ?i 

mental n 

cal n 

mental fi 

cal n 

nu'utal n 

0 

5.84 

5.84 

5.48 

5.62 

5.16 

5.37 

0.1 

5.67 

5.64 

5.31 

5.42 

5.00 

5.21 

0.2 

5.19 

5.15 

4.85 

4.96 

4.54 

4.76 

0.3 

4.47 

4.42 

4.16 

4.30 

3.88 

4.10 

0.4 

3.66 

3.57 

3.39 

3.51 

3.13 

3.34 

0.5 

2.80 

2.73 

2.58 

2.68 

2.35 

2.56 

0.6 

2.02 

1.96 

1.84 

1.96 

i.o.-i 

1.86 

0.7 

1.34 

1.28 

1.21 

1.33 

1.07 

1.28 

0.8 

0.78 

0.72 

0.70 

0.81 

0.60 

0.80 

0.9 

0.34 

0.29 

0.30 

0.38 

0.25 

0.39 

1.0 

0 

0 

0 

0 

0 

0 


TABLE 10.3 

Comparison of Theoretical and Experimental Values of n for a 
Section Midway Between Load and Horizontal Diameter op Disk 


Rotation about Vertical Axis 



Normal View 

_____ ^ _ 

30° 

Rotation 

45° Rotation 

Point 

Tlicioreti- 

- > 

] experi¬ 

Theoreti 

10xp(‘ri- 

r 

Tlieon‘ti- 

lOxpiri- 

x/R 

cal n 

mental n 

cal n 

meiital n 

cal n 

mental n 

0 

7.80 

7.68 

8.58 

8.42 

9.98 

9.61 

0.1 

7.46 

7.38 

8.20 

8.08 

9.50 

9.21 

0.2 

6.59 

6.55 

7,19 

7.11 

8.30 

8.09 

0.3 

5.43 

5.39 

5,90 

5.83 

6.72 

6.58 

0.4 

4.20 

4.22 

4.54 

4.48 

5.13 

5.08 

0.5 

3.08 

3.09 

3.31 

3.24 

3.72 

3.62 

0.6 

2.14 

2.11 

2.28 

2.25 

2.57 

2.45 

0.7 

1.38 

1.37 

1.47 

1.43 

1.66 

1.54 

0.8 

0.79 

0.78 

0.85 

0.81 

0.96 

0.84 

0.9 

0.34 

0.36 

0.36 

0.33 

0.41 

0.33 

1.0 

0 

0 

0 

0 

0 

0 


§10.11 Rotational Effects. We now proceed to demonstrate the two 
rotational effects stated in §70.J: first, that the vibrations travel in the 
rotating principal planes, and second, that the rotation increases the 
retardation. These effects can be demonstrated by superimposing a 
linear bending stress ay over an initial system of uniform tension or 
compression at. which is inclined to the bending stn^ss at an aibitrary 
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angle 6 (6 not equal to zero).^ Experiment¬ 
ally this can be attained by freezing a system 
of pure tension at into a plate of Bakelite, 
Fig. 10.23, cutting out of it a bar at some 
arbitrary angle 6 to the direction of the frozen 
tension, and then subjecting this bar to bend¬ 
ing moments about an axis which lies in the 
plane of tlu^ tensile stn^sses and is normal to 
the long edge of the bar, i.e., about the axis, 
Fig. 10.23. 

The rectangular stress components and 
the gcmeral direction of the principal stresses 
at points of entrance and exit of th(^ ray are 
shown in Fig. 10.24. Denoting the maximum 
bimding stress by atm, a-nd the ratio by 

/w, the differ(mc(' ))(‘t ween the principal stresses 
at any point (/') distant z from the center of 
the beam is 

p — g = y + 2mzt cos 26 + 



Fio. 10.23 Sketch Sliow- 
ing Inclined Bar Cut 
from a Plate with Frozen 
Pure Tensile Stresstis. 


(10.19) 


and the directions of the principal stresses are given by 


tan 20 = 


mz sin 20 
i + mz (!Os 20 


( 10 . 20 ) 


At point A, ah is negative, and at B it is positives Also, at A, z = so 
that 


and 


tan (20)a 


— 7)1 sin 20 
1 ~ m cos 20 


tan (20)b = 


m sin 20 
1 + m cos 20 


(«) 

ih) 


( 10 . 21 ) 


Hence the angle of rotation a. Fig. 10.24(d), is given by 

« = (0p)6 — (<^p)o, (10.22) 

where (0p)a and (0p)6 denote the directions of the maximum stresses pa 

^ See “ Photoelastic Analysis of Transverse Bending of Plates,” by D. C. Drucker, 
Journal of Applied Mechanicdj Trans. Vol. 9, No. 4, December, 1942. 
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and ph at A and B respectively. From eqs. (10.21) 


tan 2a = 


2m 
1 — 


sin 2B 


(10.23) 




Fia. 10.24 (a) Sketch Showing the Supt?r{)ositioii of Pure Bending over the Frozen 
Pure Tension in the Bar of Fig. 10.23. (6) and (c) Stress Components at Points 

A and B llespectiv(*ly. (r/) Angle of Rotation a. 

Also, neglecting the rotational effect, the retardation n is given by 

where / is the shear fringe vahie of the material. Now let = utt/j. 
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Substituting (p — q) from eq. (10.19), integrating, 

— = — |(r>i + cos 26)Vl + 2m cos 26 + 

111 4hi [ 

+ (wt — cos 25)VT"^^^-~2 w'cos^F+~?^ 
o r. , ,/m + cos 20\ . . ,/wj — cos 20\1] 

“ H' {-w ^)+ 


+ Sin' 


2.8 
2.6 

2.4 
2.2 
2.0 

•* 1 ^* 

1.8 
1.6 

1.4 
1.2 
1.0 

0 1 2 3 4 5 

^bm 

Fia. 10.25 Curves for the Evaluation of (n/n/) for Different Angles of 9 and Ratios 
m = <rbni/(ri. (From Drucker.) 

The ratios n/rit for different values of m and B have been calculated by 
Drucker^ and are given by the curves of Fig. 10.25. Values of B from 
zero to 45° are sufficient for the whole range from 0 to 90°, since angles 
±lB or it (90 — B) lead to the same results, so that n/n< for 60° is the 
same as for 30°. 

§10.12 Experimental Verification. The theory developed in the pre- 
ceding section is confirmed experimentally. Comparative results for n 
and a from a pure bending test are given by the curves of Fig. 10.26. In 
this test the beam was 1.173 in. by 0.371 in., B was 45°, and the frozen at 
was 2.75 fringes. The beam was strained to give an integral number of 

^ See reference on p. 359. 
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fringes, and the bending stresses were determined. Corresponding to 
fringes of order 3, 4, 5, 6, 7, the values of m = came out to be 0.7, 

1.71, 2.52, 3.43, and 4.17. The theoretical values of n could then be 
read off the 45° curve of Fig. 10.25. Iiisix^ctiori of the curves in Fig. 
10.26(a) shows that the theoretical values ani consistently somewhat 
lower than the (experimental valuces and that the difference in(;r(eas(\s as m 



VI m 


Fig. 10.26 Theoretical and Experimental Values of ri and a as Functions of m 
Illustrating Rotational Effects. 


increases. The rotational ('ffect upon the retardation is thereby con¬ 
firmed. 

Fig. 10.26(6) shows comparative curvets for the angle of rotation a. 
For an arbitrary non-integral retardation this angh' can be determinc'd 
only by trial. Using plane-polarized light, the polarizer is set at random 
and the analyzer is rotated from an arbitrary position through 180°. If 
no extinction is obtained the polarizer is moved through a small angle, 
say 5°, and extinction sought again by rotating the analyzes. The proc¬ 
ess is repeated until extinction is obtained, for there will always be one 
setting of the polarizer for which its principal axis will be parallel to the 
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direction of a principal stress at the point of entrance. For that position 
of the polarizer extinction will be attained when the analyzer is at right 
angles to the direction of vibration at the point of emergence, point B, 
Fig. 10.24. The rotation of the light a is then given by the angle 
through which the analyzer must be turned from the crossed position 
corresponding to the last setting of the analyzer which gives extinction, 
Fig. 10.27. 



Fi«. 10.27 Sketch Showing tlie .\ngnlar Rotation of the Analyzer Necessary to 
Produce! Extinction of the Emerging Ray in Which the Direction of Vibration 
Ila.s Rcien Changed. 

In the ])articular case when the I'etardation is an integral number of 
fringes, extiii(!tion can be effected in a (!onsiderably simpler manner, for 
in tills iiLstaiKH! extinction can be jirodinied for all positions of the 
))olarizer. This follows from eq. (3.27), Vol. I, which shows that for a 
retardation equal to an int(!gral number of wave lengths the resulting 
beam is plane [lolarized, and the vibrations are parallel to the principal 
))lane of the polariz(!i‘. Hence, it is only neccssaiy to start with a crossed 
analyzer and polarizer, and to rotate the analyzer, until extinction is 
obtained. TIki angle of rotation a is the angle through which the 
analyzer is turned from its crossed position. 

Inspection of Fig. 10.26(6) shows good agreement between the theo¬ 
retical and experimental results Several applications of oblique inci¬ 
dence are described in Chapter 12. 



CHAPTER 11 

THREE-DIMENSIONAL TECHNIQUE 

§11.1 Introduction. In this chapter we discuss general questions of 
technique which arise in the application of the method of freezing and 
slicing and transmitted 'parallel light. Th(\se techni(]ues often differ from 
those used in two-dimensional ph()toelasti(^ity. Although they are rela¬ 
tively simple to apply it took considerable time and much labor to 
discover and to test them. The final proced\ires described in this chap¬ 
ter are based on the accaimulated exjK^rience during some eight years of 
work in three-dimensional problems. They are presented here in the 
belief that thoy may save much time and cost to oth(‘r workc^rs in th(^ 
field and will materially add to the quality of tlu) work. Essential 
equipment is also described. 

§11.2 Materials and Preparation. The primaiy material us(;d in this 
country at the present time in three-dimensional photo(4astic investiga¬ 
tions is the same which proved so siuicessful in two-dimensional work, 
namely Bakelite BT-61-893. This material possesses the (\ssential 
diphase characteristics which i>ermits of the fre(‘zing or fixing of an 
elastic pattern into a three-dimensional model, which is not disturbed by 
slicing.^ The only objections to Bakelite are the limitations in size of 
the virgin plates, the tendency to develo{) time stn'sses, and the high 
cost. Chief among these are the relativ(^ly small dimensions of tlui 
plates which the Bakelite Corporation has so far been abk* to put on the 
market. These dimensions are roughly 12 in. by 0 in. l^y 1 in., and all 
monolithic models have to be cut from such plates. The problem of 
time stresses, although annoying, can be ov(‘r(*om(^ This is discussed in 
the next sections. The possibility of cemented models still needs 
exploration. 

The virgin plates contain considerable initial stress(\s. Experieiuje has 
shown that these can be appn^ciably reduced by rep^^ated aniK^aling. We 
have used as many as 5 to 10 cycles of annealing with good results. The 
annealing procedure has benm fully described in § 10.13, Vol. I. The only 
revision we wish to make here is in regard to temperature. In thick 
plates the temperature sliould be 260® F. to 270® F. instead of 230® F. to 
260® F. 

^ For a detailed discussion of these characteristics the reader is referred to §§10.7- 

10 13, Vol. I. 
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§11.3 Methods of Loading for Circular Shafts, (a) Tension, Uni¬ 
form tension is a state of stress often assumed in theoretical discussions 
of problems in elasticity. It is an ideal condition for which mathe¬ 
matical analysis is much simplified. However, it is doubtful whether 
such a stress can ever he fully realized 
in pra(*tice in thick bars or shafts. 

Even in the laboratory it is extremely 
difficult to produce a good approxi¬ 
mation to a state of uniform tension 
in bars 3 in. wide, 1 in. thick, and 10 
in. or 12 in. long. 

Attempts to produce sensibly uni¬ 
form tension with a varu'ty of rigid 
mechanical devices of the universal 
type ]>roV(Hl unsuccessful. B(\st re¬ 
sults ar(' obtaiiK^d wIumi the rigid 
ch'vices iirv rephuHni by loops of 
strong but fi(‘xible twine or strings. 

The twine or strings should be formed 
into closed bands, put over rollers 
having a diameter ecpial to that of 
the shaft, and slij)iK^d ov(‘r the trans¬ 
verse pins })assing through the shaft. 

Fig. 11.1. Precautions must be taken 
to make sun^ that the strings do not 
slip along the pins, as that will pro- 
diK^e eccentric loading and bending. 

Small pulleys fixed so that they are 
free to turn but cannot move along 
the pins are desirable. 

To reduce the effects of accidental 
bending it is further desirable to place 
the transverse holes for the load¬ 
carrying pins at right angles to the 
hole, or other discontinuity in the 
shaft where the stresses are required. 

Fig, 11,1, 

With the above precautions it is 
possible to obtain sensibly uniform tension in a shaft 1 in. in diameter 
with a symmetrically located circular hole when the distance between 
the loading pins is approximately 6 in. 

(b) Compression, Except in very short blocks it is extremely difficult 



Fig. 11.1 Sketch Showing Method 
of Loading a Circular Shaft in 
Tension. 

The two bars Bi and B 2 are a 
part of the straining frame built 
into the furnace. 
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to produce uniform compression. The slightest eccentricity produces 
buckling. 

(c) Bending. As in tension, flexible strings are better than devices. 
In order to eliminate axial stresses the strings should be fairly long. In 

order to obtain a reliable measure of the bending moment it is absolutely 



Fig. 11.2 Sketch of the Loading Mechanism Used to Apply Torsion. 

Rigid bars B\ and and pulleys are all part of the straining frame inside the 
furnace. 

essential that the axes of pins which carry the loads should lie in the 
neutral surface of the shaft Important as this precaution was at 
room temperature (two dimensions), it is vastly more so at high temper¬ 
atures. 

(d) Torsion. Torsion has been successfully produced by means of the 
set-up shown in Fig. 11.2. 
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§11.4 Tension in Thick Plates.^ In thick slotted plates, of cross 
section (3 in. by 1 in.) approximately, the distribution of the tensile 
stresses in the regions surrounding the slot, for the type of head shown in 
Fig. 11.3, is a function of the ratio Jj/t = m, where V is the distance 



Ki(]. 11.3 Sketch of a 
Thick Plate Showing 
Head Design and Nota¬ 
tion. 


Fjg. 11.4 Sketch Showing llevensal in 
the Shape of the (Ty-Curvc at the 
Hoot of the Slot in Plate of Fig. 11.3. 
(Curves 1 and II nder respectively to 
short and intermediate plates. 


between the pins parallel to the loads and t is the thickness of the plate. 
Experiments sliow that, for in less than 8 approximately, <Ty follows 
curve I, Fig. 11.4, whicdi is chara(‘Terized by tlie fact that the maximum is 
at the center, where z = 0. In longer platens, 8 < ni <15 approxi¬ 
mately, the curve of dy reverses its shape and the minimum is at the 
center, curve 11, Fig. 11.4. 

A steady state of uniform tension is developed for values of m greater 
than IS, and an accidental or transient approximation to uniform tension 
may occur atm = 7.8 or 8 approximately. 

The experimental facts on which the above statements rest are shown 
in Fig. 11.5, where the variation in the shape of the curve is represented 
by the ratio R of the stn^ss at the center of the plate divided by the stress 

1 The data in §§11.4 and 11.5 arc reproduced from an investigation made by the 
author for the U. 8. Navy, David Taylor Model Basin. See refenmee 1, p. 17. 
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at the ends, i.e., 


(o'l/)g=0 

{(^y)z=il2 


( 11 . 1 ) 


Inspection of this graph shows that tiie values of R drop as 7n increases 
up to approximately a value of m equal to 10, then slowly increase to 
approach the line A-A^ where /? = 1, whic^i denotes uniform tension. 
The part of the curve which lies above line A~A represents a distribution 



Fkj. 11.5 Curve Showing the Manner of Variation of the Maximum Values of cry 
across the Root of the Slot for the Type of Loading Shown in Fig. 11.3. 

Line A-A represents a uniform stress distribution which is attained when m — 15 
approximately. At point R transient pure tension is develoi>ed. 


of (Ty with a peak at the center, curve 1, Fig. 11.4. The part of the curve 
which lies below A-A similarly denotes a distribution of dy with a mini¬ 
mum at the center, curve II, Fig. 11.4. 

Point B in Fig. 11.5, where the curve crosses the horizontal line A-A, 
is of special interest. It indicates that for m = 7.8 approximately a 
transient or accidental state of uniform tension may be developed. 

From the above discussion of the available experimental facts it 
follows that stable pure tension cannot be developed in a plate 1 in. 
thick, in which the loads arc applied as shown in Fig. 11.3. To develop 
such a stress the plate would have to be 15 or 16 in. long, and the avail¬ 
able photoelastic Bakelite has a maximum length of approximately 
12 in. Fig. 11.6 shows a typical stress pattern of a thick slotted plate 
in tension. 

Two ways are open to attain this result in a plate 1 in. thick. We 
might try a plate 7.8 in. between the loads and trust that traiisicmt pure 
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tension will develop, or wo might change the manner of loading. Fig. 
11.7 shows a sketch of a modified type of head design, which might pro¬ 
duce a closer approximation to imiform tension than the head Hoaign 
of Fig. 11.3. This requires further study. However, experiments show 



Ki(i. 11.(i Stress Pattern of a Thick Slotted Plate in Tension. 
Dimensions of cross section 8 in. by 1 in.; length of slot 0.5 in. 

that at m = 7.8 a transient state of approximately uniform tension 
actually exists. 

§11.6 Tensile Strength of Bakelite at High Temperatures. The 
ultimate tensile strength of Bakelite BT-61-893 at 260"^ F. in a three- 
hour test is only partially known. From the data which are available 
this ultimate tensile strength varies from 100 to 180 psi., approximately. 
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Heads of the type shown in Fig. 11.1 have withstood an average stress 
of 50 psi. approximately. Heads of the type shown in Fig. 11.3 have 
safely carried an average stress of 35 psi. api)r()ximat(Jy. This stress is 
probably fairly close to the ])reaking point. Plate heads with a single 
pin ill the center instead of two as shown in Fig. 11.3 are definitely 
weaker. 



Fig. 11.7 Sketch of ii Modified Hciul Design for Obtaining an Approximate Uniform 
Stress Distribution above and below tlie Slot. 


§11.6 Furnace and Heating. When heating large, thick models, say 
plates 3 in. by 1 in. in cross section, or even 1-in. shafts, it is absolutely 
essential that the temperature around the model should be sensibly 
uniform. 

The furnace must be sjiecially (h'sigiuMl to give' this r(‘sult. Heating 
coils should be symmetrically distribut(‘d und(M’n(‘a-th the floor. I h'ating 
units should also be attached to or iinbeddiHl in tlu' walls. It is desirable 
to arrange these heating units into s(‘veral independent elements each of 
which can be controlled by an independent rheostat. In addition, th(^ 
furnace should be equipped with a fan to provide effc'ctive circulation 
of the air. 

Thermometers must be attached to opy30site faces of the models, and 
the temperature should be read at frecpient intervals during both the 
heating and cooling period. The difference in temperature between 
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Fic. 11.8 Photograph of Furnaco witli Loading Frame Built Integrally into It with 
Only the Loading Beam Protruding. 

Photograph jilso shows^ indicator to measure deformation of specimens. Indicator 
is operated by a, flexible string wrapped around pulleys and attached to loading beam. 

opposite faces should be controlled at least to within ±5° F. Uneven 
temperature distributions in the furnace invariably produce disturb¬ 
ances in the stress distribution even when the loads are axial. 

The equalization of the temperature in a large model requires con¬ 
siderable time. Large models should be kept at 260° F~265° F. for not 
less than two hours and preferably longer. In our practice the model is 
allowed to cool overnight for a p(^riod of about twelve to sixteen hours. 

In order to observe the model and the attached thermometers during 
the heating process, th(' furnace should be equipped with glass windows 
on opposite walls, and the thermometer should be so adjusted that read¬ 
ings can be taken without opening the door. The mercury bulb shouhl 
b(i kept in contact with the specimen; ordinary Scotch tape is sufficient 
for the purpose. 

§11.7 The Loading Frame. In three-dimensional work it is best to 
build the loading frame integrally into the furnace. The interior dimen¬ 
sions of the furnace should therefore be large enough to accommodate 
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the largest model from a standard Bakelite plate. Such furnaces are not 
available on the market and must be built for each laboratory. The 
interior dimensions of such a furnace should be approximately 24 in. by 
28 in. for the floor and about 28 in. high. Fig. 11.8 shows the furnace 
and loading machine used by the author. 

The columns of the loading frame an^ rectangular steel bars l}^ in. by 
^ in. The upper horizontal bar is 12 in. long and l }/2 in. by in. in 
(TOSS section. The straining lever is about 30 in. long, measured from 
the fulcrum, and is equipped with a small ball bearing at the pivot, and a 
counterbalance. 

The columns are equipped with 3^in. holes spaced 1 in. apart to per¬ 
mit adjustments for models of different lengths. The horizontal bars 
have )<i-in. holes, 1 in. apart. 



Fig. 11.9 Sketches of Fixture Used with Loading Frame in Furnace to Permit 
Cantilever-Type Loading Shown in Fig. 11.10. 


§11.8 Fixtures. Several simple fixtures will be found useful. The 
bolt shown in Fig. 11.9(6) permits the use of the upper cross bar to pro¬ 
duce cantilever bending about the flat side of the model, Fig. 11.10. 

The pulley arrangement shown in Fig. 11.8 serves as a reliable indica¬ 
tor to measure the deformation at high temperatures. This is very use¬ 
ful when studying the fundamental strain-temperature curves for con¬ 
stant stress and the stress-strain curves for constant temperatures in 
different plastics. 

§11.9 Models. The outstanding feature of three-dimensional models 
consists of the inevitable, relatively large deformations which are pro¬ 
duced at 260° F. These deformations have two significant consequences. 
First, the final shape may be considerably different from the initial form. 
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Second, the results must always be interpreted as referring to the final 
shape of the model after cooling. When this latter condition is en¬ 
countered the initial shape must be deliberately modified by trial and 
error so that the final shape represents a close approximation to the 
problem at hand. 

Such a problem arises for instance in the study of valves of the type 
shown in Fig. 11.11. The deformation here may be very great. In 



Fig. 11.10 Inside View of Furnace Showing Several Cantilever Beams. 

some cases the heads completely buckled like an umbrella against the 
wind, Fig. 11.11 (ft). In addition the models are extremely small. The 
me(diani(daii\s tecdinique becomes of considerable importance in these 
investigations. 

§11.10 Method of Slicing. Two methods of slicing, the jilate method 
and the difference method, may be used. In the plate method thin plates 
are actually sawed out of the model and each plate is examined in the 
polariscope. In the difference method the shaft is not sawed into plates 
but is gradually reduced in thickness, and the difference between the 
fringe orders at a point between successive patterns is taken to represent 
the fringe order or stress in a plate of a thickness equal to that of the 
materials removed. Fig. 11.12. 

The difference method is in a sense equivalent to making sections with 
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(a) (h) (c) 

Fig. 11.11 Stress Patterns of Three Models from an Investigation on the Design of 
Diesel-Engine Valves. The Diameters of the Heads W(‘re about 1 in.; the Shaft 
Diameter about 0.19 in. 


(а) Stress pattern of a diametral section of an originally fiat valve under a load of 
1.458 lb., at 200” F. the head assumed the shape shown. 

(б) Stress pattern of a valv(* which completely buckled under a load of 2.042 lb. 
The original shape was similar to that in (r). 

(c) Stress pattern of a valve of slightly heavier ilesign than (/>) which retained its 
mushroom shape under a load of 2.042 lb. 


a knife of zero thickness. Were it not for the inevita))le boundary vague¬ 
ness resulting from the three-dimensional deformations whi(*h increases 
with the thickness, the difference metliod would have much in its favor. 
No material, and therefore no pertinent part of the model, would be lost 
in slicing. The stress patterns could be made to have' a ruther large 
number of fringes at relatively small stresses, and so tlu' changes in the 
curvature at the sourc(\s of stress concentrations could be materially 
reduced. However, all these advantages s(H'm to be offset by the ac¬ 
cumulation of space effects or shadows and the sul)se(iuent necessity for 
large extrapolations. The disadvantage of th(' plate method lies in the 
small number of fringes that can l)e frozen into the plaies without large 
deformations. The stresses in thin jdates are sharp, however, and the 
accuracy may be greater even though the number of fringes is small. 
A doubling polariscope carefully used may be of sonu' assistance. 

If the error in the maximum fringe order is about M of a fringe^ then a 
plate with 5 fringes would give the maximuni stress within 5 per cent. 
It is advisable to start with plates about in. thick, and then to reduce 
the thickness by sanding off ('qual amounts from opposite faces. This 
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affords a means of getting several values and, therefore, a check on the 
maximum stress at the center of the plate. 

The plate method is also soinewliat shorter. The whole shaft can be 



{a) {b) 


Fki. 11.12 Froze ‘11 Stress I’ntterns ot Sections fioin a Circular Shaft with a Trans¬ 
verse Hole in Tension, Obtained bv Milling off Equal Amounts from Opposite 
Sides Illustrating the Difference Method. D — ().9()3 in.; rjd — 0.1S7. 

(a) / = 0.035 in.; n„,ux. = 17.8 tiinges. 

(5) t = 0.401 in.; rtmax. = 11.9 fringes. 


sliced without being removed from the vise in the machine. Generally 
we prefer the plate method, although there are occasions when the differ¬ 
ence method is indicated. 
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CJonsiderable time can be saved by reducing the length of the plates. 
To this end we first cut off roughly one end of the shaft to within, say, 
3^ in. or % in. from the edge of the hole. Fig. 11.13, then grip the other 
end in the milling machine and cut plates to a suitable depth, say 1 in. to 
l3^ in. The plates are then cut off along sec^tion B-B. Section A-A 
can be made on a jigsaw. The other operations are best performed on a 
milling machine. A small Atlas machine of type M-F (bench model) is 
quite sufficient. 



Fig. 11.13 Sketch Showing Method of Slicing a Shaft. 

In all these operations there are just a few basic requirements. The 
tools must be sharp. They must be restricted in their use to the plastic 
models only. The cuts should be of moderate size, and the cutting 
must be done at moderate speeds with an effective coolant. In this 
connection cold soda water has been found better than oil. The main 
rule in machining is never to rush the work by cutting too fast or too deep. 

The cutters or saws should olmously be as thin as possible. (Circular 
saws Ke in. thick and 4 in. in diameter have been found to be sufficiently 
rigid. Cutters %2 in. thick have also been used. 

Upon removal from the furnace the model should be examined photo- 
elastically for symmetry. If the inspection reveals an unsatisfactory 
general distribution of stress the model can be annealed and the loading 
repeated. 

§11.11 Time Stresses. It is known that Bakelite models free from 
external loads will in a period of several hours develop internal stresses. 
It has been shown that the formation of these stresses 4S connected with 
the absorption of moisture from the air.^ These stresses, W'hich are 
known as time stresses, are compressive on the outer surface and tensile 
in the interior. It has been found that the depth of penetration of these 
compressive stresses is a function of several variables such as time and 

^ See papers by Walter Leaf, “ Time Edge Effect,^' Fifteenth Eastern Photoelastie- 
ity Conference, held at Massachusetts Institute of Technology, June, 1942; also 

Additional Data on Time Edge Effect,” presented at the Sixteenth Eastern Photo- 
elasticity Conference held at Illinois Institute of Technology, November, 1942. 
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atmospheric conditions. Depths as great as 3^ in. have been observed, 
Fig. 11.14. The magnitude of these stresses increases with time and in a 
few days may reach an intensity of 4 
to 6 fringes per inch of thickness. In 
a period of several months these in¬ 
tensities may be doubled.^ 

In two-dimensional problems time 
stresses were eliminated by speedy 
uninterrupted work, the effect of 
which was to arrest their develop¬ 
ment. This expedient cannot be 
used in three-dimensional problems 
in which freezing and slicing are 
employed. At least 24 hours, and 
possibly more, will always elapse 
before the slices are ready for in¬ 
spection. 

The time stressc's on a transverse 
section of a circular shaft probably 
follow a distribution similar to that 
indicated in Fig. 11.15. They con¬ 
sist of a narrow outer circular ring in compression and a much larger 
central core in tension. These internal, or time, stresses form a system 
in equilil)rium over any section which divides the body in two. The 
basic relation between the compressive str(»sses (Xc and the tensile stresses 
(7t is given by the expn'ssion 

H pa 

(Tc^irr dr — I afiwr dr 
or 

R pa 

O’er dr = I (Ttrdr. (11-2) 

Consider now a diametral section, such as the part between lines B-B 
and C-C, Fig. 11.15. We observe that in order to have equilibrium 
among the stresses on that section it is necessary that 

R pa 

(Xedr = J (Xtdr. (11.3) 

In view of eq. (11.2) the last condition is possible only if r is constant, 
1 See Figs. 11.1 and 11.13 in Vol. I. 






Fig. 11.14 Stress Pattern of a Disk 
Cut from a Shaft with Frozen Ten¬ 
sile Stresses Showing Deep Time 
Stresses Which Have Developed in 
Approximately Three Months. D 
— 1.038 in.; t = 0.424 in.; Wmax. at 
edge = C fringes approximately. 
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which it clearly is not. Hence, on a diametral section, there is no equilib¬ 
rium between the time stresses. 

Another way of arriving at the same conclusion is to consider the forces 
acting on the section CCBB, Fig. 11.15. Clearly the time stresses acting 


(ay 




Fir,. 11.15 Sketch Sliowiiig Jhobable Distribution of Time Stresses and 
the Inherent Absence of F^qiiilibrium on Section BB-CC. 

on the curved triangle OBC are in e(|uilibrium. It follows that the ten¬ 
sile forces on the triangles OBD and OCE have no compressions to 
neutralize them. Hence, on a diametral section the time stresses are 
unbalanced and the tensions are roughly twice as great as the com¬ 
pressions. 

Owing to the absence of equilibrium, redistribution and release of the 
time stresses in a thin plate may logically be expected. Experiments 
show that the expectation is actually fulfilled. If a section is cut from a 
shaft or thick plate and sufficient time is allowed for recovery, the time 
stresses, including the compressions on the boundary, gradually dimin¬ 
ish. The recovery is rather slow, often requiring several days. Sur- 
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prisingly enough, no new time stresses seem to develop during the time 
of recovery. This phenomenon of release of internal stresses has been 
found to he the most effective method to eliminate time stresses in 
three-dimensional work employing Bakelite models. Clearly this 
process is the very opposite to that employed in two-dimensions where 
speed is relied upon to arrest the development of time stresses. 

(< 

IiG. 11.16 Stims of the Outside Se(dJon (-ut from a Thick (1 in.) Slotted 

Plate in Tension, Fig. 11.3, Showing Pronounced Time Stresses. 

Photograi)h was taken immediately after slicing. Specimen was not .sanded. 
t = 0.207 in. 

Convincing evidence' on the process of release and recovery is believed 
to be shown in the stress patterns of Figs. 11.16 to 11.19. Fig. 11.16 was 
taken irnnit^diately after slicing. The region ai*ound th(‘ lioh' is badly 
distorted by time sti’esses. Note for instanc^e the complete absence of 
the singular points. The highest visible fringe order here is 7 approxi¬ 
mately. F^ig. 11.17 shows the reairangement 18 hours later. Although 
mai-ked disturbances ai*e si ill present the condition is much impi oved. 
A stress patt(^rn 66 hours after slicing is shown in Fig. 11.18. The singu¬ 
lar points begin to be discernible. Fig. 11.19 shows the results 70 hours 
after slicing. Here the thickness was reduced somewhat from 0.207 in. 
by sanding both sides equally. The time stresses are almost completely 
gone, the singular points aie clearly visible, and the maximum fringe 
order can be counted without extrapolation to be 6.6 approximately. 
Similar results have been obtained from a large number of other experi¬ 
ments. In order to retard the formation of new or additional time 
stresses during the period of recovery the sections are kept in oil. 
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The rearrangement and release can be accelerated by physically remov¬ 
ing the outer skin containing the compressive stresses. The actual 
motion of the stresses (fringes) resulting from the rearrangement of the 



Fig. 11.17 Same as Fig. 11.16, 18 Hours after Slicing. 



Fig. 11.18 Same as Fig. 11.16, 66 Hours after Slicing. 


time stresses can often be seen with the naked eye. Fig. 11.20 shows 
several stress patterns of disks cut from circular shafts in whic^h the skin 
was removed by turning. The removal of the time stresses by machin¬ 
ing off the skin is not recommended where the skin contains a source of 
stress concentration. 
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Instructive stress patterns of the redistribution of the stresses in a ring 
upon being split are shown in Fig. 11.21. 

To summarize: time stresses in three-dimensional photoelasticity 
employing Bakelite models can generally be reduced, or completely 
removed, by waiting for a rearrangement in the internal stresses. The 
interval of time necessary to bring about this release may be several 
days. Time stresses can also be reduced by removing the skin to a 



Kifi. 11.10 Stress Pattern of Section Shown in Fig. 11.16, Somewhat Thinner, 
Taken 70 Hours after Slicing. 

Comparison with h^ig. 11.16 shows that time stresses almost completely disap¬ 
peared. Note the clarity of the singular points. However, further work is required. 

suitable depth. See Fig. 11.25. In such cases the rearrangement pro¬ 
ceeds rapidly, often in a matter of minutes. If the time of recovery is 
long the sections should be stored in oil. 

§11.12 Determination of Fringe Orders. In two-dimensional photo¬ 
elasticity we use one of two basic methods for the determination of 
fringe orders. One method may be called static, the other dynamic. 
There are stress patterns which contain singular or isotropic points, i.e., 
fringes of order zero. A beam in pure bending is a typical illustration. 
In such cases the fringe order at any point can be determined from a 
single or static photograph, provided, of course, we also know the manner 
in which the pattern forms. Generally, however, the fringe of zero order 
is not retained in a stress pattern and the formation may be rather 
complicated. In such cases the most practical method to determine the 
fringe order at a point is by repeated loading and unloading and con- 
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id) {h) (c) (d) 

Fig. 11.20 Stress Pattc'riis Showing lUipid Renrrangoinent of Time Stresses. 

(a) Stress pattern of region in shaft from which disk was cut; D = 1.030 in. {h) 
Stress pattern of disk immediately after cutting; t = 0.273 in. (c) Stress pattern of 
the same disk about half a minute after reducing diameter to 1.007 in. (d) Same 
disk about 10 minutes later. 


tinuous observation of fj-inge fonnation. We may call this the dynamic 
method. This method can obviously not be employed in a frozen stress 
pattern. The static method will work in some cases but not in others. 
However, it is always possible to determine the fringe order at any 
point with great accuracy by compensation. 

§11.13 The Compensator Method. This method is basically the 
same as that used by Professor Coker for the evaluation of {p ^ q). 
Using white light as a source we superimpose a uniform tension or com¬ 
pression over the point under inspection until a dark zone forms. From 
the isochromatic or stress in the compensator strip at compensation the 
fringe order at that stress can be readily found. Using white light the 
load is measured at compensation. The white light is then replaced by a 
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monochromatic source, and the fringe order in the compensating strip at 
that load is determined. The fringe order in the compensating strip at 
c;ompcusatiou equals the fringe order of the compensated point. The 
usual conip(!n.sators are made for a small range of stress and are not 
suitable for this purijose. However, the compensation can easily be 
effected by inserting a small tcsision .specimen of arbitrary thickness into 
the main straining or loading machine, placing the annealed or frozen 
shaft (or other body) next to it at proper orientation, and measuring the 



Fig. 11.21 (a) Stress Pattern of Outside Ring Machined from the Circular Disk of 

Fig. 11.14. 1) = 1.030 in.; tl = 0.887 in.; I = 0.228 in. (6) Stress Pattern of 

Ring in (a) after Hoing Split. D = 1.03.'16 in.; d = 0.88.5 in. Splitting hail the 
effect of Tcducing the iiuixiiiniin fringe order. 

stress in the tension spcxuinen at the instant compensation is obtained. 
The fringe order in the tension strip at conipensatioii equals the fringe 
ord(^r of the comi)ensated point. Another possibility is to combine a bar 
of hxed fringe order, say 2 or 3, with a Babinet compensator. 

In the case of shafts in tension the fringes at the edges are rather 
crowded. Because of this it will be found more convenient to compen¬ 
sate the region along the axis of the shaft, wliere the fringes or isochro- 
inatics are broadest, Fig. 11.22. 

§11.14 The Geometric Method. In circular shafts in uniform ten¬ 
sion another method, which does not rest on compensation, may be 
followed. I.et A, Fig. 11.23, represent the position of three succes¬ 
sive fringes of order n^, We project these points on the 

diameter of the circle representing the cross section of the shaft, and 
draw chords A '-AB'-B\ C'-C', Fig, 11.23. The difference 2h between 
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Fig. 11.22 (a) Frozen Stress Pattern 

of a Circular Shaft with a Transverse 
Hole in Tension. 

Direction of ray inclined witli respect 
to axis of hole 20° af)proxiinately. D = 
0.963 in.; r = 0.131 in.; r/d - 0.187; 
P = 20.95 lb.; / (nominal) = 1.60 psi. 
shear; Nxmi. = 9.0 friiif^es. 


Fig. 11.22 {b) Frozen Stress Pattern 

of the Same Shaft with the Direction 
of the Ray Perpendicular to th(^ 
Axis of the Hole. 


the successive lengths of these chords is the thickness needed to produce 
one fringe. Clearly then, if a line be drawn parallel to the X axis, 
Fig. 11.23, distant h from it, this line would locate a point on the cir¬ 
cumference of the circle where fringe 1 must be placed. It will be noted 
that this fringe is extremely close to the edge. The order at any other 
point is obtained by dividing the chord through that p)oint, such as 
a'-A', by 2h. 

Furthermore, denoting the maximum fringe order at the center D, 
Fig, 11.23, by iV, and that at any other point C by n, and assuming a 
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Flu. 11.23 Sketch Illustrating Geometric Method of Determining Fringe Order. 
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uniform tension, it is easy to show that the distance 5 from point C to the 
nearest edge of the shaft of radius R is given by 



Fig. 11.24 Frozen Stress Pattern of a Circular Shaft wit!i Transverse^ Hole in Pure 
Bending Showing Effect of Time Stresses on Extreme Fibers. D — 0.9S0 in.; 
r = 0.110 in.; r/d = 0.145 (initial dimensions); M = 2.57 Ib.-in. 


From this equation a theoretical stress pattern could be constructed 
readily for any assumed value of N and compared with the photoelastic 
pattern. In this way the true value of N could be found. Assuming 
N to be 10, a simple calculation shows that 

51 = 0 approximately, 

52 = 0 . 02 /?, 

53 = 0.046/?, 

in which the subscripts denote the fringe orders. It is seen that the dis¬ 
tances from the edge of the shaft to the first three fringes are extremely 
small and could readily be lost in photography or printing. Thus, if one 
were to rely on this equation he might be led to conclude that in Fig. 
11.23 the first visible fringe near the edge is, say, 3, instead of 2, making 
N = 12.7 instead of the given 11.7. However, this method of fringe 
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order determination is unreliable, owing to the presence of compressive 
time stresses in the outer layers of the shaft, the effect of which is to 
increase the values of 6 neai‘ the edges, i.e., to spread the fringes apart. 
This effect is (Jearly demonsti’atcd by the stress pattern of a shaft in 
pure bending, Fig. 11.24. 

Here the fringe of zero order forms the neutral surface and appears 
clearly in the central portion of the beam. This provides a reliable ori¬ 
gin from which all other fringe orders can lie determined. Inspection of 
Fig. 11.24 shows that on the tension side we can clearly identify the 
fringe of order and even zero, whereas on the compressive side the 
lowest fringe which is definitely visible is approximately of order %. 
The effect of the initial comprcjssion on the edges is thus to spread the 
fringes apart and to make them more easily identifiable. Striking evi¬ 
dence of time stresses in bending and their complete elimination by 
removing the skin is shown in Fig. 11.25. 

In bending, the true maximum fringe order can be obtained by taking 
the average of the fringe orders on opposite sides. Tlie effect of the time 
stresses is then (*anceled out. 

The geometric method would give accurate results if, and only if, a 
portion of the shaft could be found where the state of stress is absolutely 
uniform. Su(!h an ideal condition is practically impossible to obtain, 
even if the applied loads are truly axial and the shaft is free from bending 
or twisting, Thv. time stresses combine with the uniform tension to 
produce a non-uniform state of stress, with the result that the fringe 
ordc^r ceases to be proportional to the distance traversed by the light. In 
our case these distances aie represented by the chords such as A \ 
Fig. 11.23. Because of these unavoidable disturbances in the uniformity 
of the st nvss distribution, the geometric method and eq. {11.4) may lead 
to considerable errors in the fringe order. The most reliable method for 
the determination of fringe orders is, therefore, that of compensation. 

§11.15 Fringe Value. The presence of the time stresses also compli¬ 
cates the determination of fringe values. Were it not for these stresses 
the model fringe value F could be readily found once the fringe order N 
at the center of the shaft is accurately determined. Thus, denoting the 
load and cross-sectional area by P and A respectively. 




so that 
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Fig. 11.25 (o) Frozen Stress Pattern of a Circular Shaft with Transverse Hole in 

Pure Bending. Plane of bending and direction of ray parallel to axis of hcjle, 
showing optical effects due to time stresses. D = 1.058 in.; r = 0.065 in.; r/d = 
0.070; M = 3.33 Ib.-in. {h) View of a Section Cut from the Shaft in (a) after a 
Layer in. Thick Has Been Removed by Turning. Note the complete elimination 
of the time stresses, (c) Same as (5) with the Light Perpendicular to the Plane of 
Bending Showing the Bending Stresses. 


Recalling that the fringe value of the material/ = FD, where D is the 
diameter of the shaft, we get 


/ = 


PD 
2AN ’ 


( 11 . 6 ) 


However, the effect of the time stresses is to produce an additional 
tension over a relatively large central core. As already stated the result¬ 
ant of the tensile stresses over a diametral section is greater than that of 
the compressive stresses. The net result of this state of stress is to 
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increase the fringe order N over what it would be if there were no time 
stresses. The fringe value / obtained from eq. (11.5), which we will 
refer to as the nominal fringe value, is, therefore, smaller than its true 
value. Thus, in certain shafts we found nominal fringe values as low 
as 1.42 and in others 1.49, which are considerably smaller than the fringe 
value of 1.59 psi. previously found for two-dimensional flat bars. 

However, by removing the compressive layer and allowing the tensions 
to become released the fringe value gradually returns to its normal value 
of 1.59. 

It is the difference between the true and the nominal fringe values 
which makes it impossible to obtain the actual fringe order at a point in 
the stress pattern from the true fringe valium 

§11.16 Stress Patterns from Curved or Irregular Models. Photo¬ 
elastic materials generally have indices of refraction greater than unity. 
Hence, a parallel beam of light on passing through an irregular model will 
be refracted as indicated in Fig. 1 



Fig. 11.26 Sketch Illustrating the Manner in Which a Parallel Bearn of Light 
Becomes Refracted When Passing through an Irregular Object. 

The most practical way to prevent this scatter and to obtain an unre¬ 
fracted parallel beam and hence a reliable stress pattern is to immerse 
the specimen in a liquid having substantially the same index of refrac¬ 
tion as the model. The first to suggest and to use this procedure was 
Z. Tuzi.^ He worked with Phenolite models which have an index of 
refraction of 1.64, for which carbon bisulphide, having an index of 1.62. 
was a suitable liquid. 

In current American practice, in which Bakelite specimens are used 
(index 1.573), Halowax oil {RD 11-1), obtainable from the Bakelite 

^ See Scientific Papers of the Institute of Physical and Chemical Research^ Nos. 112- 
114, pp. 97-102, Tokyo, Japan, October, 1927. 
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Corporation, has been found most effective. All the stress patterns of 
three-dimensional models in this book have been obtained by immersion 
of the specimens in this oil. 

This procedure necessitates, of course, a glass tank with good fiat sur¬ 
faces. Such tanks can be home-made, using a suitable cement. Ready¬ 
made tanks of different sizes are also available. 

Strings attached here for rotation 



Fig. 11.27 Sketch of a Universal Jig Used to Hold and to llotate a Small Section in 
Halowax Oil for Adjustment of Model with Itespect to the Light- 

One useful consequence of the immersion process is the elimination of 
the need for polishing the sections or plates cut from the specimens. 
Good clear patterns (tan be obtained from unpolished machined surfaces. 
A tank 3 in. by 8 in. and 8 in. high has been found of sufficient size for 
most work. Fig. 11.27 shows a sketch of a three-way universal jig or 
holder which facilitates the manipulation of the sections in the glass tank. 
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Simple remote control, in fact, plain long strings, can be used to adjust 
the specimen in the tank until clear boundaries and boundary stresses are 
attained. .4s in two dimensions, it is suggested dmt the photographs taken be 
devebped immediately. The photographic procedures are the same as in 
two dimensions. See Vol. I. To obtain good, clear boundary stresses 
bright backgrounds arc recommended. 



CHAPTER 12 


APPLICATIONS OF OBLIQUE INCIDENCE 
AND OF ROTATIONAL EFFECTS 

§12.1 Introduction. If an arbitrary section such as A-A, Fig. 12.1, 
parallel to the XZ plane, be made through a three-dimensionally stressed 
body each element in that plate must be assumed to be subjected to a 
general stress system consisting of six rectangular stress (jornponents 



<jy^ Txy^ Tyzi and Txz- A normal stress pattern, i.e., one obtained from 
a ray normal to its face, would give data from which the diflFcrencci 
between the secondary principal stresses in the plane of the section only 
could be obtained. These would be a function of Gx, (Tz, and Txz> 

Consider now an obli(iuc beam. Specifi(;ally for a ray in the XY 
plane making a positive or counterclockwise angle B with the Y axis th(^ 
difference between the secondary principal stresses is given by 

(p' — g')/ = (^a: COS^ B + Gy sin^ B + Txy «in 20 ~ Gz)'^ 

+ i^Txz cos B + Tyz sin B)^. 

Inspection of the coefficients shows that there exists one independent 
relation between them, i.e., sin^ B + cos^ 0 = 1. This has the effect of 
reducing the number of independent equations to five. 
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Replacing the first coefficient by (1 — sin^ B) and simplifying, we 
obtain 

{V — (Tz) + {<Ty — <Tx) sin^ 6 + Txy sin 2B]^ 

+ ^{txz cos e + Tyz sin B)^, 

The five quantities (ax — o-^), {ay — ax), Txy, txz, and Tyz can be 
determined from five stress patterns of different inclinations B. These in 
turn determine the third stress difference {ay — az). This is the theo¬ 
retical limit in th(i method of oblique incidence. The principal stresses, 
or the normal stress components, cannot be found by this method, al¬ 
though the principal shears are obtainable. 

General convsidcrations lead to the same conclusion regarding the 
normal stresses. It is well known that isotropic stresses produce no 
optical effects. Consequently two stress systems in which the shears 
are the same and the normal stresses differ by a constant are photo- 
elastically indistinguishable. 

Unfortunately, the realization of even the limited possibilities is con¬ 
nected with practical difficulties, and the resulting accuracy may not be 
great. 

However, th(i method has been found effective in certain special cases 
and these are treated in the present chapter. Specifically we describe, 
the determination of stresses in Saint Venant torsion, the separation of 
the principal stresses in two dimensions, and the determination of the 
maximum bending stresses in plates with holes, grooves, or fillets the 
axes of which are perpendicular to the neutral surface. 

PART I SAINT VENANT TORSION^ 

§12.2 Basic Equation for Pure Torsion. It is shown in the theory of 
elasticity that, in cylindrical shafts subjected to pure torsion, Saint 
Venanfs theory, the general stress system is reduced to two shear com- 
ponents only, lying in planes parallel to those of the applied twisting 
couples.^ Choosing the axis of the shaft as the Z axis, Fig. 12.2, the 
stress components induced by pure torsion are Txz and Tyz, All other 
stress components vanish; i.e., 

ax ay = az ^ Txy = 0. 

Assume now that a ray of polarized light lying in a plane parallel to the 
XZ plane passes through an element subjected to pure torsion, the ray 

^ This method was first published by the author in the Journal of Applied Mc- 
chanics, Trans, A.S,M.E.^ Vol. XI, No. 4, December, 1944. For another method, 
see Chapter 14. 

^ See Theory of Elasticity by S. Timoshenko, p. 229, McGraw-Hill Book Co. 
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being inclined at an arbitrary angle 6 to the axis of the shaft, the Z axis, 
Fig. 12.3. The direction of the light we designate by Z\ and the line 
perpendicular to it, lying in the XZ plane, by Fig. 12.3. We now 
wish to determine the photoelastic effect of the stresses r(‘sulting from 
pure torsion on the light passing through an element subjected to it. 
From the general stress-optic law we know that this opti(\al effec^t is pro- 



Fig. 12.2 Sketch of Ji ( ViHidrical Shaft in Pure or Saint Venant Torsion. 

duced by the differeinie betweciii tlui secondary [)rincipal str(\sses 
iV “*30 ip ^ plane transvense to the assumed axis of propagation, 
i.e., in a plane parallel to the X^Y plane, Fig. 12.3. The problem thus is 
reduced to determining the secondary principal stresses and their differ¬ 
ence for the specified direction of the light. 

To this end we consider ea(;h of the two stress systems, r^z and jyzy 
separately. The first of these comix)nents Txz is shown in Fig. 12.4(a). 
Consider next an element with faces parallel and perpendicular to the 
ray, the shaded element, Figs. 12.4(6) and 12.4(c). The stresses ax', 
<r,', and induced on such an inclined element by the component Txz 
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are given by the expressions 


X* — T"X 2 sin 

= —Txz sin 20, (6) 

Tx'z' = Txz cos 20. (c) 



( 12 . 1 ) 


Fig. 12.3 Sketch Showing an Eleinont from Ji Shnft in Pure Torsion under Oblique 

Incidence. 

Hay is inclined at an aiiftle 0 to axis of shaft, Z. 


The secondary priiici])al stresses for tliis (^ase are therefore completely 
(leterm ined by the horizontal stress component . II ence 

v' = <^x' = Txi sin 28 , (a) ] 

K12.2) 

g' = o. (b)J 

We next turn our attention to the second stress component Tyz, which 
is shown in Fig. 12.5 (a). On an inclined element whose faces are parallel 
and perpendicular to the ray, Figs. 12.5(5) and (c), this stress gives rise 
to two shear systems 


T y — T zy Sin 0, 
Ty ~ Tzy COS 0* 


kl2.3) 

(b)j 
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Of these only the component Tx>y will influence the secondary principal 
stresses for the given ray. 

By superimposing the two stress systems given by eqs. (12.2a) and 
(12.3a) we obtain the secondary principal stresses resulting from pure 
torsion. 



Fig. 12.4 Sketches Showing Secondary Principal Stresses Arising from Stress 

Component Txz- 

For a ray parallel to the Z' axis only the component ax', shown in (c), produces 
photoelastic effects. 

From elementary considerations it then follows that the secondary 
principal stresses y and q are given by 

p', ff' = ^ ± i 

= i Txz sin 20 db Txz sin^ 20 + ^Tzy sin^ 0, (12.4) 

Hence 


p' — g' = V Txz sin^ 20 + 4rx/ sin^ 0, 
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p' — g' = 2 sin cos* $ + tzy. (12.5) 

The photoelastic effect, i.e., the retardation n in fringes, is given by 

n = - g'). (lO.lo) 

From (12.5) and (10.1a) we obtain 



P'lG. 12.5 Sketches Showing Secondary Principal Stresses Arising from Stress 

Component Tyg. 

P'or a ray parallel to the 7/ axis only Tz>y produces photoelastic effects. 


in which 

and 


n'/ = sin Txz^ cos^ 0 + 



n 


n 


( 12 . 6 ) 


i.e., n' is the fringe intensity, or the number of fringes per inch of optical 
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path, and the units of Txz and Tyz are those of the fringe value/, that is, 
pounds per square inch. If the constant / be omitted from eq. (12.6) 
the effect of this omission is merely to cJiange the units of the stress com¬ 
ponents to fringes per inch. Dropping this constant we obtain 

n' = sin 6 cos^ 0 + (12.7) 

This is the fundamental stress-optic equation for pure torsion of 
q/lindrical shafts. 



Ficj. 12.0 Sketch of a Transverse Fig. 12.7 Sk(‘tch Showing; Boundary Ckin- 
Section Cut from a Circular Shaft ditions in Pure Torsion, 

in Torsion under Oblique Incidence. 


Inspection of the last equation shows that the stress components Txz 
and Tyz can be determined from two stress patterns of an arbitrary slice 
or plate cut from the shaft for which the light has different inclinations 

01 and 02 (0 not equal to zero). To make the idea oon(!rete, let us assume 
that we cut a transverse slice AB, Fig. 12.(5, out of the shaft into wliich 
pure torsion stresses have been fixed. Two str(‘ss patterns in which the 
light has different and arlntrary directions 6i and 02, Fig. 12.6, will give 
the necessary and suffiedent expiTimental data to evaluate the stress 
components Txz and Tyz at any point in the cross sec^tion. By inserting 
the angles 6i and 02 and the fringe intensities rii and 712 ' at a given point 
into eq. (12.7) we obtain the two equations 

n/ = sin 0 iVtx2^ cos^ 0 i + XyyA 
n2' = sin 92^^Tx/ COS^ 02 + Tyz^, 
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which upon solution give the required stress components Txz and Tyz, and 
from th(^se th(^ total shear stress can be found. 

§12.3 Boundary Stresses. The maximum shear stresses generally 
occur on the boundary, and they are of special practical significance. 
The method under consideration is even simpler for the determination 
of boundary stresses. These can be evaluated from only one stress 
pattern for an arbitrary value of 6, not equal to zero. This simplification 
is made possible by the well-known property of tangency of boundary 
stresses; i.e., at the boundary the stresses are tangemt to the boundary, 
h'ig. 12.7. At (^acli point o! tln^ boundary the relation between the com¬ 
ponents Txz and Tyz is tluindore completely determined by the geometry, 
i.e., the sha]K^ of the cross section. It follows that one stress pattern is 
siifiici(Mit to (hib'rmiiH^ the boundary stresses. Denoting the fringe 
intensity at the boundary by N' we have from the fundamental eq. 
(12.7) 

— sin 0\^''txz^ cos^ 0 + Tyz^. (12.9) 

Also from the contour of the cross section we have 

yz ~ f'TxZy ( 12 . 10 ) 

in wliich r is a known ratio Su])stituting in eq. (12.9) we obtain 

A"' = sin 6 Tx^Vcos^ 0 + (12.11) 

wliich gives Txz directly. 

All alternative procedure for the determination of boundary stresses is 
possible. Eromeq. (12.7) it follows that, for 0 = 90°, 

n' = T,.. (12.12) 

This means t hat a stress pattern obtained from a ray perpendicular to 

the axis of the shaft gives directly the component Tyz at every point of 
the cross section, including the boundary. Since at the boundary the 
direction of the total shear is known it follows that this boundary stress 
can be determined from the one component Tyz. In this method, how¬ 
ever, the sli(;e cannot be a transverse section but has to bo inclined to the 
axis of the shaft at some convenient angle a, Fig. 12.8. It should also 
he noted that at the boundary the thickness is no longer constant, but 
varies linc^arly, and this variation must be considered when calculating n\ 
However, there will always be boundary regions at which the ray is 
parallel to the surface, and these yield the most reliable results. It is 
therefore advisalile to orient the model so that the rays are parallel to the 
most highly stressed parts. 

Theoretically the two methods are equally effective. Practical con- 
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siderations, however, make the first method, in which a transverse slice 
may be used, generally preferable. This is due to the relatively large 
distortions which must be given to a Bakelitc shaft in order to obtain 
sufficiently large stresses for optical observation. If the section is 
inclined as in Fig. 12.8, the shape of the boundary at the ends of the plate 



FiCi. 12.S Sketch of an Inclined Section from a Shaft in Torsion. 

All shear stresses can be determined from two stress patterns of different angles 6 
not equal to zero. Boundary stresses can be determined from the stress pattern 
corresponding to ^ = 90°. 


may be considerably distorted from the normal shape. The resulting 
difficulties are eliminated by a transverse section. However, for circular 
shafts the method based on eq. (12.12) is very effective. 

§12.4 Stresses in a Circular Shaft. Since the state of stress in a 
circular shaft in pure torsion is known with precision the proposed 
method is first tested on such a shaft. To this end a circular shaft made 
of Bakelite BT-()l-893 and approximately 1 in. in diameter was subjected 
to a pure torque and the slu'ar system frozen into it in the usual manner. 
The time stresses were completely eliminated by removing the outer skin. 
The final diameter after turning was 0.908 in. 

From this reduced shaft a slice 0.119 in. thick and inclined at 45° to 
the axis of the shaft, Fig. 12.8, was carefully cut out. In the cutting 
process the axis of the shaft was kept horizontal and the face of the cutter 
vertical, so that the axis of the shaft and the minor axis of the elliptical 
slice were perpendicular to each other. 
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Fig. 12.9 Stress Pattern of a Section from a Circular Shaft in Pure Torsion Making 
an Angle of 4.5° with Axis of Shaft. 

Light is normal to axis of shaft, i.e., 0 — 1K)°. D = 0.908 in.; I = 0.119 in.; 

= 0.168.5 in.; N on X' axis at boundary = .5.5 fringes. Edges of plate have been 
marked for clarity. 

Two stress patterns of this })Iate w(*re taken, Figs. 12.9 and 12.10. 
In one, P"ig. 12.9, d = 90°, i.e., the axis of the cireularly polarized beam 
was perpendicular to tlu* axis of tlu* shaft; and in the other, Fig. 12.10, 
this angle was 60°. Sec also Fig. 12.8. Tlie customary procedure of 
immersing the slice in a bath of Halowax oil was followed. 

The general dimensions, notation, and relevant data are as follows: 

Material: Bakclitc Z?!r.61-893. 

D ^ 2R = diameter of shaft = 1.005 in. both before and after twisting. 

D' = diameter of shaft after removal of time stresses, 0.908 in. 

L == length between couples, 6 in. 

Overall length = 7 in. 

Time and temperature of lieating: 3 hours at 260° F. 

d = angle of twist, 107° or 1.867 radians in 6 in. 

T = applied torque, 11.42 Ib.-in. 




402 


APPLICATIONS OF OBLIQUE INCIDENCE 


Chap. XTI 


a = angle between axis of shaft and plate, 45°. 

6 = angle between axis of shaft and ray. 
t = thickness of plate, 0.119 in. 
f' = effective light path, t' = ^/sin (a + 0), Fig. 12.8. 
n = fringe order at an interior i)oint. 

n' = fringe intensity, i.e., fringes j)cr inch of thicjkiicss at an interior point. 
N = fringe order at the boundar>\ 

AT' = fringe intensity at the boundary. 

E = modulus of elasticity, 1100 psi. 

G = modulus of rigidity, 300 psi. 

V = Poisson’s ratio, 

/ = shear fringe value of material, 1.0 psi. per inch of thickness. 



Fia. 12.10 Stress Pattern of the Same Section Shown in I'ig. 12.9 with the Light 
at an Angle of CO"’ to the Axis of Shaft. 

N on A' axis at })oun(^ary = 3.72 fringes, lodges have been marked for clarity. 


§12.5 Boundary Stresses. The bouinhiry stresses w(tc detc'rniined 
by means of cq. (12.12) and the fringe orders N from stress j.'atterii 
shown in Fig. 12.9. 

Fig. 12.11 shows the actual ])roeedure in tlu' iiumerl(*al evaluation of all 
boundary stresses. Curve I represents tlui values of Tyz along the cir¬ 
cumference of the shaft, laid off radially, which are obtained from the 
stress pattern in Fig. 12.9. For example, on the Y axis Tyz = 0, and on 
the X axis Tyz = 5.5 fringes. At some general point P, Tyz = PA. 
From P as a (‘enter we draw an arc of radius PA, to obtain point P, so 
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that 

PB = PA = {ryz)p. 

In order to obtain the total boundary sln^ar stress at P we draw a 
tangent at P and a horizontal line through B to obtain the point of inter- 
sec^tion C. The length PC gives the* required boundary stress. 

Y( 



Fi<;. 12.11 Curves of Tyz and Tumx. Oidiiined from Stress Pattern Fig. 12.9; Method 
of Obtaining Tmax. Also Sliown. 

C'lirve 1 is (airve of fringe orders from Fig. 12.9. (/Urve IT is mean value of Tmax. 
<l(‘rived from <anv(' 1; A 5.3.3 fringes. Dashed curve is theoretical fringe order as 
calculated from ai)plied torque of 11.12 l}).-in.; N = 5.40 fringes. 


For purposes of comparison of the magnitudes of the boundary stresses 
wo lay off radially PD = PC^ so that PD is ocpial to the maximum or 
boundaiy stress at point P, In a circular shaft these boundary stresses 
are (dc^arly of eciual magnitudes and they should therefore fall on a circle, 
with venti^r at 0. Curve II, Fig. 12.11, represents the mean experimen¬ 
tal value of the maximum shears, which is 5.38 fringes, and shows the 
degree of deviation of the experimental values from a circular locus. 
It is seen that the theoretical requirement that the boundary stresses in 
a circular shaft be of constant magnitude is completely satisfied. 
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The dashed curve in Fig. 12.11 falling slightly outside curve II repre¬ 
sents the theoretical boundary shears based on the applied torque of 
11.42 Ib.-in. Thus 

11.42 X 0.502 X 32 ^ . 

W - 1.00.5" -57.4P81. 

From eq. (10.1a), rem(3mbering that C = 1/2/, 

4 ^ 


N = 




*^7 4 V n 1 
1.(5 


= 6.05 fringes approximately. 


Remembering that in Fig. 12.11 the diameter is only 0.908 in. as com¬ 
pared with 1.005 in. in the original shaft, we obtain 

6.05 X 0.908 


N = 


1.005 


= 5.46 fringes approximately. 


This is the fringe order whi(‘h corresponds to the experimental value of 
5.33 given by curve II of Fig. 12.11, giving an error of about eent. 

The maximum slu^ar stress was also determined from live additional 
stress patterns obtained from two thicker i)lates. One of these was a 
transverse^ section 0.245 in. thick; the other was a section incliiUHl at 45° 
to the axis and 0.246 in. thick. The mean value of the' maximum shear 
from these plates is also 57.4 psi. and agrees compleb'ly with the valium 
given by the applicnl torque. 

We thus see not only that the boundary stresses satisfy the n^quinv 
ment that they be of constant magnitude but also that these magnitudes 
agree with the re(iuired theoretical values. It should be emphasized 
that the boundary stresses were determined completely from the one 
stress pattern shown in Fig. 12.9. 

§12.6 Stresses across Radial Lines. We lU'xt determine tlu^ stresses 
across an arbitrary radial line OA iiu'lined at an angle of (50° to the X 
axis, Fig. 12.9. To this end two stress patterns with diffenmt angles of 
incidence of the light are needed. We choose those shown in Figs. 12.9 
and 12.10, in which 6 = 90° and d = (50° respectively. Fig. 12.9 being 
chosen because it gives Tyz directly. The final stresses for section OA are 
given by the curve in Fig. 12.12. We note that at A the resultant stress 
is 5.35 fringes, which provides an additional corroboration for the 
boundary stresses. The fringe order curves which are necessary for 
the calculation of Tyz and Tjcz across section OA are shown in Fig. 12.13. 

Two further checks can now be made. First the distribution of the 
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resultant stresses must be linear, and second, the stresses must be normal 
to the radius vector OA^ Fig. 12.12, i.e., must be tangent to the stress 
contours which in this case are obviously circular. Inspection of the 



Fi(j. 12.12 Curve of r acroHs Radial Line OA Obtained Photoelastically from the 
Two Stress Patterns in Figs. 12.9 and 12.10. 

Deviation from theoretical direc^tion is indicated by tangcmts drawn at ea(;h point. 
Deviation from linearity is indicated by straight dashed line drawn through origin. 



Fig. 12.13 Curves of P>inge Orders for Section OA Obtained from Figs. 12.10 and 
12.9. (a) e = 60°; {h) 0 = 90°. 

figure shows that the experimental results essentially satisfy both require¬ 
ments. All theoretical requirements for the stress system in a circular 
shaft are thus met. 

§12.7 Approximate Theoretical Stress Patterns in Torsion. Con¬ 
sider an arbitrary point (i) of (coordinates (Xj y) in the plain' of symmetry 




V i(j. 12.14 Sketches for tlie Derivation of an Approximate Theoretical Stress Pattern 

in Torsion. 


of the plate, Fig. 12.14(^/). Fhc' shear str(‘ss at that j)()iiit consists of 
two components t^z and Tyz wliich an* given by 


Ty 


(a.) 


Tx 


Tx' sin a 


'^yz ~ 




kl2.13) 


J J sin (« + 6^) 

the X' axis being in the plane of the stress jiatiern itself, i.e., in a plane 
normal to the direction of the ray, Fig. 12.14(6). 

Substituting the expressions for Tj-z and from ecps. (12.13) in 
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eq. (12.5) we have 


, , „ . T / sin^ a I 77 

f, -5 + (12.14) 


This may be written as 


where 


A2 = 


A - 


sin^ a 

sin^ (a + 0) 

2T sin 0 


+ cos^ By 


(12.15) 

(12.16) 


which is clearly a constant for each fringe. 
From eq. (12.15) we have 
^'2 


T2 + 


^=1- 


(12.17) 


[A sin (a + 0)/sin ar (A/cos 0)‘ 

The fringes corresponding to constant values of f' are therefore 
ellipses, with major and minor axes of ay and a^ , given by 

A 


ay = 


ax» = 


cos 0 

A sin (a + 0) 


and 


sin a 


sin a 


(a) 


(b) 


ax' sin (a + 0) cos 0 


(12.18) 


(12.19) 


For a transverse section a = 90°, sin a = 1 and eq. (12.17) reduces to 




+ 


and 


(A cos 0)^ ' (A/cos 0)^ 

^ =: —i—. 

ax' cos^ 0 


^ = 1 


( 12 . 20 ) 

( 12 . 21 ) 


In deriving eqs. (12.14) and (12.17) we neglected the rotational effect 
of the secondary principal stnvsses and assumed that the mean stress 
along ecpials the stress at a point halfway between the points of en¬ 
trance and exit of the ray. This treatment may be expected to give a 
good approximation in thin plates in regions close to the boundary of tlu^ 
disk, i.e., for fringe's of maximum fringe order, where the rotation is small. 
However, for points lying on the axis of rotation, i.e., on the Y axis, and 
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in particular for fringes of low fringe order, there exists a considerable 
rotation of the secondary principal stresses which increases as the center 
of the shaft is approached. Also, on the axis of rotation the mean 
shear stress is somewhat greater than that given by the value at the mid¬ 
point of the plate, so that on the Y axis the values of n corresponding to 
eq. (12.14) are considerably lower than the true values. The net result 
of neglecting the effect of rotation manifests itself in larger theoretical 
values for th(i major axis Oy. Hen(‘e the ratios (lyldx' given by eq. 
(12.19), may be expected to be in general high and to fit more nearly the 
outer fringes than the inner ones, especially in tliicker plates. 



(a) {h) 


Fig. 12.15 Stress Patterns of a Transverse Disk Cut from a Shaft in Pure Torsion. 

Angle 6 between ray and axis of shaft is 30° in both (a) and (h). D = 1.005 in.; 
t = 0.245 in.; t' = 0.is3 in.; T = 11.4 Ib.-in. 

Inspection of the experimental stress patterns in Fig, 12.15 bears out 
the above predictions. Fringe 1 is nearly circular. The successive 
fringes are elliptical and become more oblong as the order of the fringes 
increases. Thus, in Tig. 12.15, Oy/ax' = 1.2, 1.205, and 1.34 approxi¬ 
mately for n = 2, 3, 4 respectively. The corresponding theoretical 
value as calculated by eq. (12.21) is 1.33. 

From eq. (12.19) it also follows that, for 6 = 90°, % becomes infinite, 
which means that the fringes become straight. Inspection of the stress 
pattern of Fig. 12.1) shows that this is precisely what happens. Also, the 
ratios ay/a^' from the thin plate. Fig. 12.10, are approximately 1.3 for 
n = 1.5 and 1.25 for n = 1. The corresponding theoretical value is 
1.46. Further, for a = 0 = 45°, = 1 and the fringes should be 
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circular, eq. (12.19). The stress pattern of Fig. 12.16 shows that the 
outer fringes approach a circular shape. , 



Fici. 12.10 Stress Pattern of a 45° Section Cut from a Shaft in Pure Torsion. 

An^le 6 between ray and axis of shaft is 45°. IJ = 1.005 in.; t = t' — 0.246 in.; 
r - 11.4 Ib.-in. 


§12.8 Torsion of Circular Shafts of Variable Diameter. Stress Con¬ 
centrations. In circular shafts of variable diameters the stress system 
reduces to two shear components Tro and toz, Fig- 12.17 (b). The 
method developed for Saint VenanVs torsion can, with small modifica¬ 
tions, also be applied to this case. 



Fi(i. 12.17 Sketch Showing Shear Stresses in a Shaft of Variable Diameter in Torsion. 

The first component Tre can be determined from transverse or inclined 
sections with the light parallel to the axis of the shaft. The second com¬ 
ponent tbz ean be determined in one of st'veral ways. We may cut chords 
from a transverse j)late and use a beam which is normal to the chords, 
Fig. 12.18. We may also utilize the facts that the resultant fringe order 
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from the whole disk, for a beam perpendicular to the axis, is zero, 
exactly as in bending, and that optical effects appear as successive chords 
are removed, Fig. 12.19. The stresses can therefore be obtained by 
grinding off successive chords and determining the changes in the fringe 




Fig. 12.is Sketches and Stress Pattern Showing How to Determine Shears at the 

Houndaiy from a Segment. 


Maximum t for segment = 0.093 in.; I) = 1.005 in.; T = 11.4 Ih.-in. 


order in the remaining major part of the disk, the light still being normal 
to the chord. 

The complete state of stress can be determined from one meridian 
slice by means of two oblii^uc incidences. To find TrB the ray must lie 
in a plane containing the Z axis and normal to the slice. The stresses 
TBz can be found from an oblique ray lying in a plane transverse to the 
axis of the shaft. 
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Fi(i. 12.19 Sti(‘s.s Piiltorn of a Section from a IVisted Circular Shaft Showing 
( aiicf'llation of Ojdical ElTects in Solid Portion and the Presence of Optical Effects 
Where Portions are Removed. I) = 1.00.5 in.; T = 11.4 Ib.-in. 


(V)inj){ira,tiv(' curvt's of // for a longitudinal plate cut from the circular 
sliaft in ])ur(* torsion wliieh was discussed in §§12.4 to 12.() are shown in 
Fig. 12.20. Hero 


Txz 



( 12 . 22 ) 


and 


n 


_ ^max. 

F ” Tf 


(12.23) 


At point Pj Fig. 12.20, y — 0, the slu'ar AB is parallel to the ray, and 
therefore n = 0. Tlu' maximum valiu' of n is at /^i where y = 0.4 in. 
and is a maximum for the region in which t' is a (ionstant. The value of 
n at that point is 

^ , 57.4 X 0.148 X 1.414 X 0.4 

= -0 502 X 1 6- "" ^ fringes approximately. 


The corresponding experimental value is 5.8, Fig. 12.20. By eq. 
(12.23), n follows a straight line between P and P\, as is corroborated 
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Fig. 12.21 Stress Pattern of the Same Plate As in Fig. 12.20 Showing that at 
Normal Incidence the Fringe Order is Constant, Wliore the Thickness is Constant. 

^ Maximum n = 3.03 fringes experimentally. Corresponding theoretical value of 
n is 3.18, eq. (12.23). 

eixperimentally. Further, for a constant value of y, which means for 
normal incidencci, n is constant. This is clearly shown by Fig. 12.21. 
It is thus seen that the results from longitudinal plates may be of high 
accuracy. 

It should, therefore, he possible to determine photoelastically factors 
of stress concentration in torsion in circular shafts with grooves, fillets, 
or other discontinuities. Fig. 12.22 shows a stress pattern of a grooved 
shaft,in torsion, demonsti ating again the complete cancellation of optical 
effect for the whole shaft. Figs. 12.23 are stress patterns of an inclined 
section through the groove. A tranverse section through the groove 
would also be desirable. 

Three stress patterns of a circular shaft with an (acentric hole are 
given in Figs. 12.24. The first of these shows that in the vicinity of the 
hole there are radial and tangc'iitial shear str('ss('s on planes normal to the 
face of the disk, Trs Fig. 12.17. Fig. 12.25 is an instructive stress pattern 
from a shaft with a keyway. Stress patterns indicating the possibilities 
in rectangular shafts are shown in Figs. 12.2G and 12.27. 

§12.9 Separation of Principal Stresses in Two Dimensions. 
Another interesting application of oblique incidence is found in the sepa^ 



Fig. 12.22 Stress Fattorn of a Grooved Circular Shaft in Pure Torsion. 
(Overall length = (i.r) in.; distance between holes = 5.5 in.; D = 0.h0in.;r = 0.130 
in.; d = 0.53 in.; angle of twist 42.5° for 5.5 in. length; h/r = 1.42, where h is the 
depth of groove; r/d = 0.245. 






CD 


IG. 12.2:3 Stress Patterns of Inclined Section as Shown in 
0.1711 in. (a) 0 = 0°, light parallel to axis. (6) $ = .90°. 
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Fig. 12.22(6), t 
(c) e = 60°. 
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(6) (c) 

Fig. 12.24 Stress Patterns of a Transverse Section from a Twisted Shaft, Contain¬ 
ing an Eccentric Circular Hole Giving Data to Deterrnine Stresses around Hole. 


(a) Normal incidence showing the presence of shears on planes normal to the 
plane of the paper, (h) Rotation about Y axis, 6 — 30°. (c) Rotation about X axis, 

e = 45°. D = 1.008 in.; d of hole = 0.260 in.; eccentricity = 0.260. in; T = 7.73 
Ib.-in.; t = 0.185 in. 
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ration of the principal stresses in two^imensional problems. Thus, 
eq. ( 10 . 16 a) may be written 

(n2FY = ^{Txy cos d)^ + {<Tx “* (Ty cos^ Q)^ ( 10 . 16 a) 

in which F is the fringe value of the model in pounds per square inch 
shear for the particular angle B. This equation may be viewed as a rela¬ 
tion between the stress components and the retardation n resulting from 
a rotation 0 about an arbitrary .Y axis. 

It follows that, theoretically at least, the stress components for a two- 
dimensional problem can l)e determined from three stress patterns of 



Ficj. 12.25 Stress Pattern of a Transverse Section of a ^Visted Circular Shaft 

Containing a Key way. 

Rotation about Vertical Axis, 0 = 30^". D = 1.008 in,; width of keyway = 0.125 
in.; depth of keyway = 0.070 in.; T = 7.73 Ib.-in.; t = 0.183 in. 


oblique incidence Assuming a rotation about the X axis and denoting 
the angles by , 02. 03 and the corresponding fringe orders at a particular 
point by ni, n2, and «3, we have, from eq. (lO.lOa), 

(ni2fi)^ = cos 01 + (o-j; - < 7 y cos^ 0 i)^, (a) | 

(n22F2)® = cos 02)^ + (<r* — ay cos^ dz)^, (6) 1(12.24) 

{n^ 2 Fz)‘^ = 4 (tx„ cos 03)^ + {ax - ay cos^ 03)^. (c) J 

We thus have three independent equations with three unknowns. 
Similar equations can be written for a rotation about the Y axis. 
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(a) 

Fig. 12.26 Photograph and Stress Pattern of a Twisted Peetcingulai Shaft Showing 

Warping 

Overall length = 6.5 in ; distance between pins = 55 in ; cross section = 1012 
in. by 0.506 in.; T = 5.32 Ib.-in approximately. Angle of twist 00° in 5.5 in ; 
d of hole = 0 253 in ; engraved lines in apart 
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Fi(i 12 27 Stress Patterns of Plates Cut from a Rectangular Shaft in Torsion 

Cross section of shaft = 1 020 in. X 0.508 in.; angle of twist = 86 5° in 5.5 in. 
(a) Transverse section normal to light; t — 0.183 in. (5) Transverse section; 6 = 
30°. (0 Section cut at an angle of 60° with long transverse edge; t = 0.127 in.; 

0 = 45°. ((/) Section cut at an angle of 60° with short transverse edge; t = 0.181 

in.; e - 90°. 
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When the experimental values of n and 6 are determined with pre¬ 
cision the above equations will yield good results. However, the nature 
of the equations is such as to make them highly sensitive to small errors 
in n and 0 and, therefore, rather impractical to apply. 

§12.10 Sections of Symmetry. Although the general ecjs. (12.24) 
are somewhat impractical the separation of the principal stresses in 
special two-dimensional problems can nevertheless be determined by 



Fig. 12.28 Stress Pattern of a Bakelite Ring Subjected to Concentrated Diametral 
Loads with the Light Rays Normal to the Face of the Ring. 

P = 54 lb. approximately; D — 1,02 in.; 2r = 0.51 in.; t = 0.11 in.; F — 782 psi. 
tension or compression. 


oblique incidence with good accuracy. If Txy vanishes, eqs. (12.24) 
reduce to two unknowns. We then have 

{n]2F)^ = (<r* — Oy cos^ 6l)^ (o) 1 

o o , kl2.25) 

{iiziFf = (<rx - (Tj, cos^ 02)2, (6) j 

and these equations jdeld satisfactory results.' Clearly, in order to 
eliminate the shear it is necessary to rotate the stressed model about a 
principal axis at each point. This calls for a point^by’^point exploration 

^ For a discussion of th(j errors, and the first published applications of this method, 
see Photoelastic Separation of Principal Stresses by Oblique Incidence,” by D. C. 
Drucker, Journal of Applied Mechanics, September, 1943. 
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and necessitates a knowledge of isoclinics. In such cases the method 
is only of academic interest. The procedure becomes more useful for 




{h) 

Fig. 12.29 Stress Patterns of the Ring in Fig. 12.28 Rotated about Its Horizontal 

Axis 

(o) Angle 0 between normal and ray is 30®; (6) 6 = 45®. Photographs taken with 
model in halowax oil. 


sections of symmetry, where the shears inherently vanish. Two stress 
patterns obtained from a rotation about an axis of symmetry will give 
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the necessary and sufficient data for the separation of the principal 
stresses on that axis. 

An illustration of this method is shown in Figs. 12.28 and 12.29, in 
which a circular ring 1.02 in. in outside diameter, 0.51 in. in inside diame¬ 
ter and 0.11 in. thick was subjected to concentrated diametral loads.^ 
Inspection of the curves in Fig. 12.30 shows that on the horizontal sec¬ 
tion of symmetry the method yielded reliabki results. The errors at the 
free boundary can be readily corrected from the data in the normal view. 
However, along the vertical section of symmetry the results differed 
considerably from the known stress distribution. 

It should perhaps be added that the general eqs. (12.24) have been 
tested on a number of problems, and, in spite of the large probable 
errors, the results are often useful in that they indicate the general shape 
of the stress distribution, Fig. 12.31. 

PART n BENDING STRESSES 

§12.11 Bending Stresses. An ingenious application of the rotational 
effect resulting from the combination of an initial tension superimposed 
over linear bending stresses, which was discussed in ^10.11, was made 
by Drucker^ in the determination of bending stresses and factors of 
stress concentration, in thin plates with holes, grooves, or fillets, which 
are perpendicular to the neutral surface. Fig. 12.32 

It is obvious that such bending stresses produce no optical effect 
when the ray is normal to the face of the plate, i.e., parallel to Z axis, 
Fig. 12.32. The effects of the tensions are then neutralized by the equal 
and opposite effects of the compressions. However, by freezing an initial 
tension into the plate at an angle 6 to the bending stresses {d not equal to 
zero), the resulting principal stresses are made to rotate, in the manner 
shown in Fig. 10.24, and a real photoelastic effect is produced, from which 
<Tbm can be calculated. 

Two experimental i)rocedures are possible: one is based on the deter¬ 
mination of the resulting retardation n in fringes; the other, on the 
evaluation of the angle of rotation a. If n is determined ex])erimentally 
we first calculate the ratio n/nt, and then, using the curves of Fig. 10.25 
and the known angle 6, we find the value of rn corresponding to the ratio 

^ A solution for a square plate subjected to concentrated loads is given in the 
preceding reference. 

^ See “ The Photoelastic Analysis of Transverse Bending of Plates in the Standard 
Transmission Polariscope,” by D. C. Drucker, Journal of Applied ][1echanics, Tram. 
A.S.M.E., Vol. 9, No. 4, December, 1942. 
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Fig. 12.30 Curvcis of Principal Stresses across the Horizontal Section of Symmetry 
in a Circular Ring Subjected to Diametral Loads Obtained by the Use of Oblique 
Incidence. 




Stress in psi. Compression -1-► Tension 
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For stress patterns see Fig. 10.19. Experimental results are shown by full curve. Theoretical distribution, dashed. 
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nlui. The value of ahm can then be readily calculated. If, on the other 
hand, the angle of rotation a is determined experimentally the ratio m 
can be calculated from eq. (10.23). 

Of the two procedures the first is preferred, since retardations can be 
determined with greater accuracy than the angles of rotation. 

Fig. 12.33 shows the results of some experiments by Drucker, in which 
he employed cantilever bars, on the theory that the transverse shears 
have no effect on the retardation. Using several bars with different 
values of 6, i.e., different directions of frozen tensions, he measured photo- 
elastically the retardations n corrasponding to applied bending stresses 
(Tbmi which were calculated by the usual flexure formula and are shown by 
the full straight line, Fig. 12.33. From the curves of Fig. 10.25, and the 



Fig. 12.32 Sketch Showing a Bar with a Hole Cut from a Plate with a Frozen 
Uniform Tension at and Subjected to Bending about a Transverse Diameter of 
the Hole. See Fig. 10.23. 

known values of n/ut and 0, he then found the values in and the corre¬ 
sponding abm- 

Inspection of Fig. 12.33 shows excellent agreement between the experi¬ 
mental and theoretical results. It is to be noted that the greatest devia¬ 
tions are at ^ = 40°. 

In the preceding discussion it was assumed that the bending moment 
induced only one longitudinal stress In plates with holes or other 

discontinuities the application of a bending moment induces in general 
two principal stresses of unknown directions at each point. The method 
based on rotational effects is also applicable to such problems. Here, 
however, the stress patterns yield the difference between the induced 
principal bending stresses, which will be denoted by (p — q)(Tbm- At 
free boundaries this reduces to a single stress of known direction and at 
sections of symmetry to two stresses of known directions. 

Using this method Drucker determined the factors of stress concentra- 
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tion in bars with circular holes bent about a diameter of the hole. Stress 
patterns from such bars are shown in Fig. 12.34. The distributions of 
(y> — on the outside surface of the bar for three different holes are 

shown in Fig. 12.35. 



0 12 3 

D (in.) 


Fig. 12.33 . Comparison of '^Dieorotical and Experimental Values of Bending Stresses 
in Cantilever Beam Obtained by Suptuimposing Flexural Stresses over an Initijd 
Frozen Tension Making an Angle 0 with Bending Stresses. (From Druoker.) 

As a rewsult of those experiments Drucker (toncduded tliat in [mre bcuid- 
ing, for a hole of diameter equal to the thickness of the plate, the factor 
of stress concentration is 2.4, and that the facjtor is essentially the same 
for the semicircular groove of a diameter equal to the thickness.^ 

^ This result is in good agreement with the theoretical n^sults obtained by Reissmir. 
See “ The Effect of Transverse Shear Deformation on the Bending of Elastic Plates,’' 
by Eric Reissner, Journal of Applied Mechanics^ Trans. A.S.M.E., Vol. 12, No. 2, 
June, 1945. See also “ The influemee of Circular and Elliptic Holes on the Trans¬ 
verse Flexure of Elastic Plates,” by J. N. Goodier, Philosophical Magazine, Series 
7, Vol. 22, pp. 69-80, 1936. 
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(h) 


12.34 Stress Patterns of Bars with Circular Holes Bent about the Transverse 
Diameter of tlie Hole. 

Bending stresses made visible by combining them with an initial inclined frozen 
tension fixed into the bar, as in Figs. 10.24 and 12.32. (From Drucker.) 
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The above method is indicated in thin plates, where the assumption of 
lineality of the bending stresses is justified. However, it cannot be 
assumed without further investigation that the linear distribution of the 
bending stresses is also valid in thick plates. Here, the direct method 
of freezing the bending stresses into the plate and then slicing or grind¬ 
ing it should yield the desired results. 



Fig. 12.35 Curves of Stress Distribution across Section of Symmetry through Hole 
in a Bar Bent about the Transverse Diameter of the Hole. (From Drucker.) 
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CIRCULAR SHAFTS IN TENSION AND BENDING 

PART I INTRODUCTION 

§13.1 Scope of Chapter. The most useful practical results so far 
obtained from three-dimensional photoelasticity is in the relatively 
simple field of tension and bending. Here, quantitative data have been 
determined for several important cases of stress concentrations. In this 
chapter we describe photocJastic investigations of circular shafts with 
transverse circular holes in tension and bending, also shafts with grooves 
and fillets. 

The chapter consists of four parts. In Part I we discuss methods to 
determine stress coru^entration factors. In Parts II and III we describe 
stress concentrations resulting from transverse holes in circular shafts in 
tension and bending respectively. These problems are of some practical 
importance. Open holes in shafts often form a part of the lubricating 
system of a machine; the oil holes in crankshafts are one example. 
Considerable research work in that direction has already been done by 
means of strain gagc's and fatigue tests. ^ The photoelastic results from 
bending are correlated with those from fatigue tests and strain measure¬ 
ment. 

In Part IV we describe additional tension tests with circular shafts 
containing fillets or grooves. 

All models were of Bakelite BT-61-893. The method of loading and 
fringe-order detcTinination have already been discussed in chapter 11. 

§13.2 Notation. The following notation will be used: 

n = number of fringes at an arbitrary point (fringe order), 
n' = fringe intensity, i.e., the number of fringes per inch of material 
measured parallel to the direction of the ray, n' = n/(, where t 
is the thickness of the plate. The stress a is proportional to the 
fringe intensity; i.e., <r = 2/n', where 2/ is the tensile fringe 
value of the material. 

^ See Two and Three Dimensional Cases of Stress Concentration and Comparison 
with Fatigue Tests,” by R. E. Peterson and A. M. Wahl, Journal of Applied Me- 
dtanics^ Trans, A,S.M,E,^ Vol. 3, No. 1, March, 1936. 
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iVunf. “ maximum fringe order in that part of the shaft where the 
stresses are approximately uniform, best determined by com¬ 
pensation. 

Nyxnt! = fringe intensity corresponding to A^unf. If the diameter of the 
shaft where tlie stress is uniform is denoted by D, then 

= (13.1) 


riave/ == average fringe intensity in the minimum transverse area 
through the discontinuity. 

= maximum fringe order and maximum fringe intensity respec¬ 
tively, in any one section of arbitrary thickness t. 

Njaax! = maximum fringe intensity at the discontinuity. 

(Tn,ax.> <^ave. = maximum and av^erage stress in pounds per scpiare inch in the 
transverse sections through the discontinuity. 

A — transverse area in the region of uniform stress. 

Ai = minimum area through the discontinuity. 


P = total load on shaft in pounds. 


§13.3 Factors of Stress Concentration. Methods, (a) Defmition. 
The factor of stress concentration in three-dimensional work will be 
denoted by and defined by the simple expression 

*3 = . (13.2) 

^ave. ^ave. 

Both fringe intensities and n^^rj can be determined with good 

engineering accuracy from a shaft with frozen stresses, (See §§11.12 
to 11.14.) 

(b) Njnaxf- The maximum fringe intensity at the discontinuity can be 
obtained from one or more longitudinal sections parallel to the axis of the 
shaft, depending on the type of discontinuity. In cylindrical shafts, siudi 
as shafts with fillets or grooves, one central section is sufficient to deter¬ 
mine iVntxax. • Here A^max. ~ ^max. • 

In shafts with transverse holes it is necessary to take several longi¬ 
tudinal sections transverse to the axis of the hole. The maximum 
intensity in each section is determined from the simple expression 
III thin plates the intensities may be assumed to 

represent the true stress at the center of the plat(i. A curve of n' can 
then be plotted from which N^^x.' be determined. 

(c) n^ve.^ The average fringe intensity across the minimum area of 
the discontinuity can be determined in one of two ways: by the fringe 
value method, or by what may be called a photographic method. In the 
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first method 




<yave. ^ P 

2/ Ai2/' 


(13.3) 


in which 2/ is taken equal to 3.2 as determined from thin bars at 260° F. 
This method yields best results when the time stresses are small. 

In the photographic method is found from iV^nf/ which is in turn 
obtained from eq. (13.1). Thus 

, A^unf.' A 


D Ai * 


(13.4) 


In this procedure the value of nave/ is independent of the fringe value. 
The accuracy depends on that of iV^nf.* 

Another photographic procedure is possible. Here 


‘^^ave. ~ ^ ^ (13.5) 

where nynf/ is determined by means of a Babinet compensator from 
in the plate itself, and not from AT^nf. for the whole shaft. In the 
absence of time stresses 

Aunf. ^unf. • 


In very thin plates eq. (13,5) will yield good results. The several 
methods are illustrated in the cases which follow. Generally, the results 
do not differ greatly. In all cases the conservative, i.e., the lower, 
values of are plotted in the curves. 


PART II SHAFTS WITH TRANSVERSE HOLE IN TENSION 

§13.4 Case 1 {r/d = 0.164). (a) General Data. We first consider 

the shaft shown in Fig. 13.1. Inspection of these stress patterns shows 
that the stresses in the shank are symmetrically distributed about the 
axis of the shaft. Fig. 13.2 further shows that the shaft is substantially 
free from transverse stresses. The general dimensions are: 

Initial D = 1.069 in. Ai = 0.599 sq. in. 

Final Df = 1.054 in. A /Ai = 1.46 

2r = 0.265 in. P = 22.15 lb. 

d = D — 2r = 0.804 in. a = 25.3 psi. 

Initial r/d = 0.164 <ri = 36.9 psi. 
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Final r/d = jd! = 0.207, 
approximately 
A = 0.874 sq. in. 


^unf. = 9*4 fringes 

A^unf' = = 8.91 fringes per 

inch 




Fig. 13.2 (a) Enlargement of Pattern in Fig. 13.1(a); r/d = 0.154. (6) Stress 

Pattern of S(*ction fiom lt('gion of Uniform Stress Showing that Shaft is Substan¬ 
tially Free of ’’riansverse Stiesses; t — 0.257 in. 


Q>) ^m&x '• lit order to find the niaximiiin stress around the hole, the 
shaft was sawed into five plates of equal thickness, t = 0.177 in., as 
sliowii in Fig. 13.3. From the stress patterns of the plates. Fig. 13.4, it 
can be seen that th(' stresses around the hoh' increase in magnitude as we 
approach the boundary of the shaft. 

In order to determine the maximum stresses (fringe intensity) around 
the hole we divide the maximum number of fringes in each plate by the 
thickness of the platc' and plot the curve shown in Fig. 13.3. This curve 
represents the tensile stresses around the hole along the shaded horizontal 
line in Fig. 13.3. From this curve Njn&xf is seenv^to be on the surface of 
the shaft and equals 33 fringes per inch. At the center of the shaft 
is only 20 fringi's per inch. The difference is approximately 27 per cent. 
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Fia. 13.3 Curve Showing the Variation of the "I'cnsile Str(‘ss Intensity r?/ along th(' 
Edge of the Hole in Shaft of Fig. 13.1. 

Figure also shows the manner in which plates were cut. r/</ = 0.164; t = 0.177 
in. for each plate; Nm&x.' = 33 fr./in.; r/ at the center = 26.5. 


^’ 3 * We next find the average str(^ss acTOss the minimum 
section through the hole. Using eq. (13.4) we obtain 




NuntA 

Ai 


Hence, 


= 8.91 X 1.46 = 13. 
fca = ^ = 2.54. 


This is a conservative value, for, if won' based on the fringe value, 
eq. (13.3), ks would equal 2.87. As alread}" observed, the curvature of 
the hole is somewhat altered by tlu' deformations at high temperatures. 
The factor ks must be interpreted as referring to the final value of 
r/d = 0.207.1 

^ This material on stress concentration in tension is based on ‘‘Studies in Three- 
Dimensional Photoelasticity'' by the author, published in the Journal of Applied 
Physics^ Vol. 16, No. 1, January, 1944. 
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Fi(3. 13.4 Frozen Stress Patterns of Plates in Fig. 13.3, Showing the Variation in 
the Stresses along the Hole. 

Upper row shows end plates; center pattern, center plate; and lower row, inter¬ 
mediate plates. The fringe order reach(»s a maximum of iK'aiiy five in the two end 
plates, whereas it is only four in the center jdate. Note clarity of the four singular 
points around the hole showing the absence of marked time stresses. 
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Fig 13 5 Frozen Stress Pattern ol a Circular Shaft with a Transverse Hole, rjd 

0 323. See §13 5. 
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§13.6 Case 2 (r/rf = 0.323). (a) General Data. Another shaft with 

a larger hole was next studied. A stress pattern of a portion of the shaft 
containing tlui hole is shown in Fig. 13.5. The general data are; 

D = 1.116 in. Ai = 0.491 sq. in. 

Df = 1.108 in. AjAi = 1.96 

2r= 0.438 in. P = 18.481b. 

d = 0.678 in. a = 19.2 psi. 

Initial r/d = 0.323 <t\ = 37.6 psi. 

Final r/d = 0.385 iVuni. = 7.1 

A = 0.964 sq. in. N^xd! = 6.41 fringes per inch 

As in the }3r(H*eding cas(‘, the; shaft was sawed into a number of sections, 
stress patterns w(‘re obtained, and the curve of n' was determined, 
Fig. 13.6. From this cairve is again seen to be on the surface and 

is found to be 31.25 approximatel 3 ^ 



Fig. 13.6. Curves Giving the Variation of n' along Edge of Hole in the Shaft of 
Fig. 13.5; r/d - 0.323. 

Curve I gives n'; curve II gives n. Vmax/ = 31.25 fr./in. 
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By eq. (13.4) we find 

n^yj = 6.41 X 1.96 = 12.56 fringes per inch. 

Hence, 


We note that eq. (13.3) gives 11.72 for and the corresponding 
equals 2.66. 



Fig. 13.7 Curves Showing the Variation in n along h3dge of Hole in a C'ircular Shaft 

for Which r/d = 0.0()7. 

Curve I gives n'; curve II gives n. = »^7..5 fr./in. 


§13.6 Case 3 (r/c? = 0.067). (a) General Data, We last consider a 

shaft with a relatively small hole for which: 

D = 1.055 in. Ai= 0.713 sq. in. 

Df = 1.036 m. A/Ai = 1.185 

2r = 0.124 in. P = 28.47 lb. 

d = 0.931 in. <7 = 33.9 psi. 


of thickness 
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r/d ^ 0.067 (71 = 40.0 psi. 

r' Id' = 0.1 Nvad, = 11.7 fringes 

A = 0.842 sq. in. iVunf/ = 11.3 fringes per inch 

The resulting distribution of n„iax/ is shown by curve I, Fig. 13.7, from 
which Nma,xf = 37.5 fringes per inch, approximately. The average 
stress at the hole is 13.40, and the corresponding factor of stress 
concentration is 2.80. 



Fig. 13.8 Summary of lOxperimental Results for Shafts with Transverse Holes in 

'^1 ension. 

Curve I gives values of the three-dimensional factor of stress concentration, 
Curve II gives the two-dinumsionaJ factor k^ for the same r/d; curve III gives ks 
based upon the ten.sile stress at the hole in the center of the shaft. I'his last value is 
shown only for comi>arison and should not he us(hI in design. 

§13.7 Relation between and ^ 2 * The experimental results of all 
three cases discussed above are summarized in Fig. 13.8. Curve I gives 
the lower values of k-s plotted against the final values of r/d. Curve II 
is the well-established curve of k 2 for the corresponding two-dimensional 
plates having the same ratios of r/d as the shafts.^ It is seen that the ks 

^ See author’s paper Photoelastic Studies in Stre^ss Concentrations,” Mechanical 
Engineering, Journal of the A.S,M,E., August, 1936. 
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is somewhat larger than k 2 , and that the difference is 14 per cent approxi¬ 
mately. It is to be noted, however, that only conservative values of 
were used in curve I. The actual differences between k^ and ^2 inay 
therefore be greater than those indicated. 

The values of k^ given by curve I, Fig. 13.8, will be found to be closely 
approximated by the formula 

*3 = (l.l + 5 ) f X 7 X * 2 - (13.6) 


The results given by curve I, Fig. 13.8, may be considered quite reliable 
in the range of r/d between 0.08 and 0.5 approximately. There is some 
doubt about the limiting or maximum value of k^ as r/d approaches zero. 
Inspection of the curves giving n' in the three different cases, Fig. 13.9, 
shows that as the hole gets smaller the curves of n! flatten out and Nja&xf 
approaches the value of n^m.^ at the center of the shaft. Thus the ratio 
N ' 

of - is 1.353 and 1.186 for r/d = 0.323 and 0.067 respectively. It is 

^min. 

therefore reasonable to conclude that for a very small hole the limiting 
value of ks is the same as for ^ 2 , which has been established as 3. 

Curve III, Fig. 13.8, gives the factors of stress concentration ks at the 
center of the shaft. These values are considerably smaller than ks on the 
surface and should not be used in design. 

§13.8 Interpretation of Results. Independent Laminar Action. 
Inspection of curve I, Fig. 13.7, shows that in the interior, or central part, 
of the shaft the fringe intensity is constant. This is clearly true up to a 
point where t = 0.25 in. measured from the center of the shaft. Even 
beyond that point the rise is rather gradual. The interior part of the 
shaft thus behaves as if it consisted of vertical laminae or plates, trans¬ 
verse to the hole, each acting independently of the others. This is 
equivalent to saying that each transverse plate acts like a thin plate with 
a central circular hole in two-dimensional tension and that the factor of 
stress concentration for each plate, k 2 y is determined by the ratio r/d\ 
in which d' is the chord or effective width of the plate. Fig. 13.10. 

Such a laminar action being assumed, the fringe intensities n' along the 
tensile edge of the hole can be expressed by the equation 


n ==- -7-1 


(13.7) 


in which D' and d' are as shown in Fig. 13.10, and Nyjo^/ is the fringe 
intensity or stress in the region of pure tension. The values of n' given 
by eq. (13.7) we will refer to as theoretical intensities. 
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Fig. 13.11 shows a comparison of the experimental and the theoretical 
values of n', from which it can be seen that most of the shaft behaves as 




.186 

.265 

.353 


* • - V 


7^ 




i Distance from center of shaft in tenths of the radius 

Fig. 13.9 Curves Showinf? Effect of r/d on Fringe Intensities. 

Curves I, 11, and III are taken from Figs. 13.7, 13.3, and 13.6 respectively. In 
order to bring the curves to one origin the loads on the three shafts were adjusted to 
produce the same stress at the center of the shaft. The stress chosen was njata/ =■ 
23.5 fr./in., corresponding to r/d = 0.323, Fig. 13.6. The adjusted results are shown 
by curves la, Ila, and Ilia. The ratios of the maximum stresses to those at the center 
are 1.186, 1.265, and 1.353 for curves la, Ila and Ilia, respectively. 


if it consisted of separate laminae. However, this is more nearly true 
for small holes than for large ones; i.e., when the holes are large in rela¬ 
tion to the diameter of the shaft a smaller part of the shaft acts that way. 
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Fig. 13.10 Drawing Showing Notation Used for Plates Cut from Shafts with a 

Transverse Hole. 



Fig. 13.11 Comparison of Values of ri from Th(M)ry of Laminar Action and Experi¬ 
ment. 


Curve II is based on laminar values, eq. (13.7). Curve Ill gives corresponding 
photoelastic values. Curve I shows two-dimensional factors /co for bars in tension. 


Two-dimensional factor of stress concentration for each section 
treated as a separate plate 
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The deviations from tiie theoretical curve near the outside surface of the 
shaft are due to shear stresses. 

PART m STRESSES IN BENT CIRCULAR SHAFTS WITH 
TRANSVERSE HOLES. CORRELATION WITH RESULTS FROM 
FATIGUE AND STRAIN MEASUREMENTS 

§13.9 Stress Distribution in Solid Part of Shaft. Fig. 13.12 shows a 
typical stress pattern of a bent shaft. From this pattern the distribution 
of across the solid portion can be readily determined. 



Fig. 13.12 Frozen Stress Pattern of a Circular Shaft with Transverse Hole in Pure 
Bending; r/d = 0.145. See §13.10. 


The full curve of Fig. 13.13 shows the actual fringe intensities n! 
across the solid section wliicdi ar(‘ defined as the number of fringes per 
unit of thiclmess measured along a line parallel to the direction of the 
light, i.e., jiarallel to the neutral axis in a transverse si'ction of the shaft, 
such as line A~A. Owing to the fact that the time stresses an' compres¬ 
sive on the surfai^c of the shaft, the boundary stresses are considerably 
reduced on the tension side and increased on the compression side. The 
mean values of the fringe intensities on opposite sides of the neutral 
surface fall very close to the straight dashed line in Fig. 13.13, which is 
taken as a close approximation to the bending stresses in the solid part. 
§13.10 Case 1 {r/d = 0.145). General Dimensions: 

D = diameter of shaft before loading = 0.980 in. 

2r = diameter of hole = 0.220 in. 
d = D — 2r = 0.760 in. 
r/d == 0.145 (initial dimensions). 

7i = moment of inertia of a solid transverse section = 0.0453 in.^ 
(initial dimensions). 

I 2 = moment of inertia of transverse section through hole = 0.0286 
in.^ approx, (initial dimensions). 
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load = 3.50 lb. 

moment arm == 0.735 in. (final dimensions), 
bending moment = 2.57 Ib.-in. 

maximum fringe intensity at a solid transverse section in pure 
bending = 8.2. 

maximum fringe intensity at a transverse section through hole 

determined photoelastically = 25.5. 

nominal maximum fringe intensity at hole = 12.8. 


Fringe intensity • n*- tension side 
p 2 4 6 8 10 



14 12 10 8 6 4 2 6 

Fringe intensity • n’ ■ compression side 


Fig. 13.13 Curve Showing Effect of Time Stresses on Fringe Intensities in Circular 
Shaft of Fig. 13.12, at a Section Some Distance from Hole. 

Fig. 13.14 shows the dimensions of the four sur^eessive plates cut from 
the tension half of the shaft and the resulting curves oi {p — q). A typi¬ 
cal stress pattern obtained from one plate is shown in Fig. 13.15. Fig. 
13.16 shows the nominal and photoelastic stress distributions for a trans¬ 
verse section through the hole. Curve I gives the nominal stresses for a 
transverse section through a solid portion of the shaft in pure bending. 
This is the mean curve found in Fig. 13.13. Curve 11 of Fig. 13.16 is 
the nominal stress distribution through the hole. It is obtained from 
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Fig 13 14 Curves of (p — q) from Four Successive Lonj^itudinal Plates TaKen from 
Icnsiou Side of Circular Shaft in Fig 13 12 



Fig 13 15 Frozen Stress Pattern of the Tension Half of Circular Shaft with Trans¬ 
verse Hole in Pure Bending in Fig 13 12 r/d = 0 146, t = 0 430 in ; *= 

6.90 fringes. 


Total number of fringes 








Distance from center of shaft in inches 
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curve 1 by means of the simple relation 

(w2')nonm.ttI = V » (13-8) 

in which n/ and n 2 are respectively the nominal stresses (in fringe inten¬ 
sities) in the same fiber in a solid section in pure bending, and at a section 



4 6 8 10 12 14 16 18 20 22 24 26 28 30 

Fringe intensity • ni - stress in fringes per inch of thickness 


Fia. 13.1() Curves Showing Exp)erimental Stress Distribution at Section through 
Hole for Tension Side as Determined from the Four Indicated Plates; rjd == 0.145, 


through the hole*. From eq. (13.8) it follows that: 

iiominiil j (13.9) 

Curve III shows the photoelastically determincjd bending stresses at 
the hole. In plotting this curve the average fringe intensity obtained 
for a plate was placed at the midpoint of the plate. The curve obtained 
in this manner is straight for a considerable distan(!C from the center of 
the shaft and does not differ radically from a straight line thereafter. 
The assumption that the mean stress intensity corresponds to the mid¬ 
point of the plate is therefore justified for all practical purposes. Curve 
IV gives the same data as curve III corrected for time stresses. The 
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manner in which the correction is generally obtained in pure bending is 
shown in Fig. 13.13. 

§13.11 Case 2 (r/d = 0.07). General Data: 


I) == 1.0r)8 in. 
2r = 0.13 in. 
d = 0.928 in. 
r/d = 0.07. 
h = 0.0615 in.4 
72 = 0.049 in.4 


P = 4.44 lb. 
a = 0.75 in. 

M = Ptt = 3.33 Ib.-in. 

AT/ = 8.95 fr./in. 

AT 2 ' =26 fr./in. at extreme fibers. 
(A' 20 nomlnal =11.2 fr./in. 


A typical stress pattern from this shaft is shown in Fig. 13.17. The 
resulting stress distribution is shown by curve IV, Fig. 13.18. 

§13.12 Photoelastic Factors of Stress Concentration. By definition 
the factor of stress concentration is given by 


^nominal 

N 2 ' X 2 / 

Mr/J2 


(13.10) 

(13.11) 


in which 2/ is th(' fring<‘ value in tension or compn'ssion per inch of 
thickness. Remembering that 


2 / = 


Mr 


(13.12) 


we obtain after substitution 

Z _iV2'/2 

Combining with eq. (13.9), we have 


k. = 




{N2 ) nominal 


(13.13) 


(13.14) 


Eq. (13.13) shows that the factor of stress concentration ks can be 
calculated without the fringe value or bending moment, thereby eliminat¬ 
ing one or two possible sources of error. The only experimental data 
needed to evaluate this factor are the maximum nominal fringe intensity 
Ni in the solid portion of the shaft which is in pure bending, and the 
maximum photoelastic fringe intensity N 2 ' at the hole. The ratio 
I 1 /I 2 i« taken from th(' initial dimensions of the shaft, and this may 
introduce a small error. 
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Fio. 13.17 Frozen Stress Piittern of Tension Half of a Circular Shaft with Trans¬ 
verse Hole in Pure Bending. r/(/ = 0.070; />' = 1.058 in.; /imav = 7.30 fringes. 
See §13.11. 


Stress in fringes per Inch of thickness 
0 4 8 12 16 20 24 28 



Stress in fringes per inch of thickness 


Fig. 13.18 Stress Distribution at Section through Hole; rjd — 0.070. 
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For purpose of calculation eq. (13.14) is the most convenient since 
both N 2 and (iV20nominai are given directly by the curves of Figs. 13.16 
and 13.18. Using these curvt^s we find that 


and 


25.5 

(fc 3 )r/d«: 0 .i 45 = ^ = 2 approximately, 


26 

(fc3)r/rf*=.07 = TT-r = 2.32 approximately. 
11 .^ 


A third case in which r/d = 0.058 was investigated; it gave a value for 
fcs = 2.16. 

In calculating these factors the experimental curves were extrapolated 
to the extreme fibers on the assumption that the maximum stresses occur 
there. It will be shown later that a strong probability exists that this 
assumption is not always true, and specifically that the maximum bend¬ 
ing stress may actually be developed at a point some small distance 
away from the extreme fibers. The effect of this will be to reduce the 
factor ^3 for small values of r/d. 




Fig. 13.19 Sketch Showing Notation and Meaning of Laminar Action for Circular 

Shafts in Bending. 


§13.13 The Theory of Laminar Action. The exi)erimental results 
shown in Figs. 13.16 and 13.18 can be explained by assuming: (i) that, 
in transverse sections far from the hole, the longitudinal stresses follow 
the linear distribution given by the elementary flexure formula 


<T — 



(13.15) 


and {2) that each thin plate, or lamina, parallel to the neutral surface 
behaves like a two-dimensional bar in pure tension or compression. 
Fig. 13.19. 

One consequence of this assum])tion is that the factor of stress concen- 
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tration around the hole in each plate is exactly the same as the two- 
dimensional factor k 2 for the same ratio r/rf, Fig. 13.20. 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 

%• 


Fig. 13.20 Curve of for liars with Holes in l''ensi()n .Vs Applied to a Single 
Lamina in a Circular Shaft with Transverse llohi in Bending. 

For this curve sec Strength of Materiak by N. C. Riggs and M. M. Frocht, p. 3S4, 
Ronald Press, New York. 

As an illustration consider a shaft 2 in. in diameter with a hole, 
Fig. 13.21. At a point 0.5 in. above the neutral axis, the huigth of the 



Fig. 13.21 Sketch Showing Application of Theory of Laminar Action to the Deter¬ 
mination of the Stress Distribution in a Bent Shaft with a Transverse Hole. See 
§13.13. 

chord D' = Vs in., and d' 
r/d' is given by 

r 

7 '" 


= D' — 2r = 1.482 in. The corresponding 


0.125 in. 
1.482 in. 


= 0.0843. 







Distance from center of shaft in inches 
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0.50 
0.45 
0.40 
0.35 
0.30 
0.25 
0.20 
0.15 
0.10 
0.05 

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

t Fringe intensity - n'- stress in fringes per inch of thickness 

Fkj. 13.22 Kxfx^rimental and Theoretical Stress Distributions at Section through 

Hole; rjd = 0.14.'). 
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From the curve in Fig. 13.20 wo find tliat tho stress-concentration 
factor /c 2 for this plate is 2.53 approximately. The maximum bending 
stress <r in this strip is then 


d = 2.53 X 


My 


The values of a would then follow some such curve as OCF, Fig. 13.21, in 
which 


and 


AC 

AB 


— fe)r/(/'=0.0843 = 


2.53 


DF 

DE 


(fc2)r/rf'=oo = 2. 


The stress distributions whi(di follow from the above assumptions, and 
the corresponding photoelastic values for r/d = 0.145 and r/d = 0.070, 
are shown in Figs. 13.22 and 13.18. The dashed curves represent the 
distribution from the assumption of laminar action. The other curves 
are the same as in Figs. 13.16 and 13.18. 
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The distribution of the bending stresses on the assumption of laminar 
action for nine different ratios of rjd are shown in Fig. 13.23(a), and an 
enlarged view of the same curves in the proximity of the extreme fibers 
is shown in Fig. 13.23(5). Inspection of these curves shows that for 
values of r/d less than 0.14 the maximum bending stresses may occur 
below the extreme fibers. 

§13.14 Factors of Stress Concentration on the Assumption of Lami¬ 
nar Action. Assuming laminar action the three-dimensional factors of 
stress concentration would be given by 

, k2{MyJh) 

® Mr/h 

or 

A;3 = A;2—> (13.16) 

r 

in which 2/m denotes the distance from the neutral axis to the i)oint of 
maximum bending stress, in what w'e may briefly call the theoretical 
curves, and, for small holes, r ecjuals the radius of the shaft approxi¬ 
mately. Inspection of Fig. 13.23(6) shows that (r — ym) is very small. 
Thus, for r/d = 0.005, ym = 0.965r, and for r/d - 0.09, 2/m = 0.93r 
approximately. 

Since ym/r is never greater than unity, it follows that ks is never 
greater than the maximum value of k 2 . From two-dimensional studies 
we know that the maximum value of /12 is 3. Hence, assuming laminar 
action, k^ cannot possibly exceed that value. For r/d greater than 0.14 
the maximum bending stn^ss occurs in the extreme fibers and k^ = 2, 
and for r/d less than 0.14, A *3 is greater than 2. 

§13.15 Comparison with Results from Fatigue Tests and Strain 
Measurements. Factors of stress con(*('ntration based on the assump¬ 
tion of independent laminar action, i.e., on the curves of Fig. 13.23, are 
given by curve I of Fig. 13.24. 

Superimposed over this curve are th(‘ three points from the photoelastic 
tests and seven additional points from fatigue tests and strain measure¬ 
ments determined by Peterson and Wahl and reported in 1936.^ In¬ 
spection of this curve shows that all the points from fatigue tests except 
the two from small shafts (0.5 diameter) fall well on the curve. 

Moreover, there is some direct experimental evidence tending to show 
that in shafts with small holes the maximum stress is not developed in the 
extreme fibers, but at points some distance below. Examination of frac- 


^ See footnote 1 on p. 429. 
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Fi(i. 13.23(a) Curves Giving Theoretical Stress Distributions on Assumption of 
Laminar Action at Section through Hole. 

Nine different values of rjd for circular shafts with transverse holes in bending are 
shown. 
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tures from fatigue tests seems to substantiate this conclusion. A photo¬ 
graph of one such fracture is shown in Fig. 13.25. 

Inspection of this photograph shows a crack on both sides of the hole 
well below the extreme fibers. Further, the position of this crack agrees 
substantially with that given by the theoretical curve for the same ratio 
rjd. 
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Yd 

Fig. 13.24 Comparison of Theoretical and J^Jxperiinental Values of for C^ircular 
Shafts with Transverse Holes in Bending. 



I-Experimental curve of /c 2 

-Theoretical curve of fcg based on assuming laminar action \ 

\ • Fatigue test - Ni Mo steel (normalized) 2” dia. 

• Fatigue test • Ni Mo steel (normalized) 0.5” dia. I Peterson 

©Fatigue test - O.S7% C. steel quenched and drawn 2.13" dia.| and Wahl 
1 o strain measurements - steel shafts 7.25" dia. 

I Photoelastic test - Bakelite shafts frozen and sliced 1" dia. 


Returning now to the photoelastic results for case 2, in which r/d = 
0.07, and assuming that the maximum bending stresses do not occur at 
the extreme fibers but at the points indicated by the theoretical curves, 
the factor fcs from the photoelastic data would become 


24.4 

11.2 


2.18 


instead of the previously calculated 2.32. This value is in closer agree¬ 
ment with the results from fatigue tests and strain measurements, as 
well as with the curve based on laminar action. 

§13.16 Error from the Assumption of Laminar Action. Other 
Errors. The laws of equilibrium would be completely satisfied if the 
whole shaft lent itself to laminar representation. Since each lamina is in 
equilibrium, the total resisting moment would equal to the applied bend- 
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ing moment. However, the laminar representation breaks down in 
the extreme fibers above line A-A, and below line B^B, Fig. 13.26. In 
those regions the width of the plate is less than the diameter of the hole. 
The plates in those regions are, therefore, not continuous but consist of 
two disconnected parts separated by the hole. Owing to this geomet- 



Fiu. 13.25 Photograph of a Fatigue Fracture of a Steel Shaft Showing Crack Near 
Top of Hole. D = 3 in.; r = 0.1S7 in.; r/d - 0.0334. (Courtesy Mr. R. E. 
Peterson, Westinghouse Electric Corporation.) 


ric limitation shear stresses must exist on the horizontal surfaces be 
tween the extreme plates. The effect is to increase, somewhat, the bend¬ 
ing stresses on the ('xtreme plates beyond those resulting from lam¬ 
inar action by an amount ecfual to the shear. 

Inspection of Fig. 13.26 shows, however, that, for small holes, such as 
oil holes, the areas above line A-A and below B-B arc; small and approach 
zero as the diameter of the hole diminishc's. It follows that for small 
holes the disturbance in equilibrium resulting from the breakdown of 
laminar representation, and its effect on the stresses, is a negligible 
quantity of no practical significance. This conclusion is supported by 
the fact that all (experimental results from fatigue tests, strain measune- 
ments, and photoelasticity fall well on the curve of laminar action. For 
large holes, however, a correction would be necessary. It is doubtful 
whether such cases often occur in practic;e. 
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In the problem under consideration, the time stresses tend to cancel 
out, and the errors due to this cause are small. The same conclusion 
holds for the error arising from the changes in the values of r/d. 

Since the fringe value and the bending moment do not enter into eq. 
(13.14), the expression used to calculate the value of it follows that the 
effect of friction on the load, and the accuracy of measuring the bending 



moment, do not affect the results, al¬ 
though precautions were taken to free 
the pivot in the straining machine of 
frictional forces and to measure the 
bending moment ac^curately. A small 
error may have been introduced by 
extrapolation. 

§13.17 Conclusions. The photo¬ 
elastic results suggested the hypothe¬ 
sis of independent laminar action, 
which is strongly supported by the 
available data from fatigue tests 


Fig. 13.26 Sketch in Connection and strain measurements. This hy- 


with Laminar Action. pothesis leads to a simple method 


Solid areas above line A-A and of calculation of maximum bending 
below cannot be represented by stresses and theoretical factors of 


a continuous lumina. In practical 
cases, such as oil holes, these areas 
are small and their effect is negligible. 


stress concentrations. The first im¬ 
portant conclusion is that the theo¬ 
retical stress-concentration curve ob¬ 


tained on the assumptions of laminar action is in good agreement 
with the results from fatigue tests, strain measurements, and the photo¬ 
elastic tests. We thus have a simple and effective correlation between 
stress and failure. Large {2-in.) normalized Ni-Mo steel shafts with 
transverse holes in pure bending in fatigue seem to break at astressequal 
to the endurance limit divided by the factor of stress concentration. The 
behavior of such shafts is then similar to that of a brittle material except 
that the endurance limit replaces the ultimate tensile strength. 

We further conclude that, except for the limiting values, the three- 
dimensional factors ka in bending are considerably smaller than the 
two-dimensional factors *2 for the same ratio of r/d. 

Inspection of Fig. 13.24 shows that k^, like k 2 , approaches 2 as the 
lower limit, only ks reaches this limit more rapidly than /c 2 . Thus, at 
r/d = 0.14, ka is already equal to 2, whereas k^ approaches this value 
only when r/d becomes infinite. 
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PART IV FILLETS AND GROOVES 

§13.18 Shaft with Fillet in Tension, Fig. 13.27. (a) General Data: 

Initial Dimensions 

Diameters: D = 0.996 in., d = 0.760 in. 

Radius of fillet: r = 0.158 in. 

Depth of fillet: h (7) — d)/2 = 0.118 in. 
rjd = 0.208, hjr = 0.747 


Final Dimensions 


D' = 0.988 in. 
d' - 0.748in. 

r' = 0.172 in. approximately, 
r'/d' = 0.230 
h' jr' = 0.698 
Final A = 0.767 sq. in. 

A^unf.' = 8.8/0.748 = 1 


Ai = 0.440 sq. in. 

A/Ai = 1.745 
Load, P = 16.2 lb. 

O’ = 21.1 psi. 

Cl == 36.8 psi. 

A^unf. = 8.8 in smaller shaft 
.8 fringes ])er inch. 


(5) Factor of Stress Concentration. Fig. 13.28 shows a stress pattern 
obtained by means of a doubler from a thin central plate, t = 0.1525 in., 
cut from the shaft in Fig. 13.27. From this stress pattern the maximum 
fringe order at the fillet is found to be 5.07 (the average for both sides). 
Hence, 

5 07 


From eq. (13.3) we have for the average fringe order in the minimum 
section 


n 


/ 

ave. 


36.8 

3.2 


11.5. 


Also, navc.^ directly equal to the uniform fringe intensity 

Aunf/ in the smaller part of the shaft, which was found to be 11.8. 

The two methods thus give essentially the same results. 

Hence, 


h. 


16.6 

11.8 


1.41. 


We note that the two-dimensional factor for the same final r^/d' is 1.58 
or slightly greater than k^. 

§13.19 Shaft with Semicircular Groove in Tension, Fig. 13.29. 

(a) General Data: 
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Fig. 13.27 Stress Pattern of a 
Solid Circular Shaft with a 
Fillet in Tension; rjd — 0.20S 
in. See §13.18. 


Fi(i. 13.28 Stress Pattern from a Dou¬ 
bling Polariscope of a Central Plate 
Cut from Shaft of Fig. 13.27; i = 
0.1525 in. 
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Fig. 13.29 Stress Pattern of a St)lid Circular Shaft with a Semicircular Groove in 
TenMon; rjd = 0.185. See §13.19. 
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Initial Dimensions 

Diameters: D = 0.968 in , d = 0.702 in. 
Radius of groove: r = 0.130 in. 

Depth of groove: // = (D — d) /2 = 0.133 in. 
r/d = 0.185, /i/r = 1.02. 


Final Dimensions 

D' = 0.953 in. Ai = 0.370 sq. in. 

d' = 0.686 in. = 1.93 

r' = 0.151 in. P = 22.2 lb. 

r'/d' = 0.220 0 - = 31.1 psi. 

h'y = 0.88 (Ti = 60 psi. 

Final A = 0.714 sq. in. A^unf = 0.9 

^unf.^ = 10 4 fringes per inch 



/ 
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(b) Factor of Stress Concentration. Fig. 13.30(6) shows a stress 
pattern of a central longitudinal section 0.1095 in. thick obtained by 
means of a doubling polariscope. From this stress pattern the maxi¬ 
mum] fringe ord(^r at the groove was found to be 6.5. This gives a 
maximum stress at th(^ grooves of 

, 6.5 

A'nmx. = 2 X 0 1095 "" approximately. 

Using eq, (13.3) we get 

, 60 

^^ave. = ^ = 18-8 fringes per inch. 

Also by eq. (13.4) 

^^ave.^ = 10,4 X 1.93 = 20 approximately. 

The minimum value of therefore is 
29.7 

^3 “ approximately. 

2\j 

The two-dimensional factor corresponding to the same final dimensions 
of r /d^ is 1,92. 

§13.20 Circular Shaft with Three Adjacent Grooves in Tension. The 

object of this test was to see whether in three dimensions adjacent grooves 
exert a reinforcing effect similar to that found in two dimensions. 

(a) General Data. 

Initial Dimensions 

Diameter of shaft: D = 0.9625 in. 

Diameter at central groove: Di = 0.7125 in. 

Diameter at outside grooves: = 0.736 in. 

Radii: small groove, ri = 0.130 in., larger grooves, r^ = 0.251 in. 
ri/Di = 0.183, rg/Dg = 0.34, /o/n = 0.96. 


Final Dimensions 

D' = 0.947 in., D/ = 0.697 in., D 2 ' = 0.722 in. 
ri = 0.1425 in., r^ = 0.273 in. approximately. 
ri'/D/ = 0.205, /ii'/ri' = 0.88. 

Final transverse areas in square inches: A — shaft = 0.704 sq. in., Ai = 
0.382 sq. in., A 2 — 0.410 sq. in. (outer groove). 

P = 20.54 lb., (T = 29.2 psi., ni — 53.8 psi., 0*2 = 50.1 psi. 

Aunf. = 8.75, Nyxtd! = 8.75/0.947 = 9.24 fringes per inch. 

(6) Factor of Stress Concentration. Fig. 13.32 shows a central plate, 
0.1705 in. thick, cut from the shaft in Fig. 13.31. From this stress 
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Fig. 13.31 Stress Pattern of a Solid Circular Shaft with Three Adjacent 
Grooves in Tension. See §13.20. 
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Fia. 13.32 Stress Pattern of a Central Plate Cut from Shaft of Fig. 13.31; 

i = 0.1705 in. 
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pattern we find that (equals 4.6 and 4 at the small and large grooves 
respectively. The maximum intensities at the grooves are 

= 27 fringes per inch at smaller groove 

and 

('^max /)2 = 23.5 fringes per inch at larger groove. 

Also by eq. (13.3) 

(^avc/)i = 17 and (nave /)2 = 15.7 fringes per inch. 

Hence, 

(ks)i = 1.59 at smaller groove 

and 

(k ^)2 = 1.5 at larger groove. 

The results indicate that for the particular grooves chosen there is no 
noticeable reinforcing effect. For in the preceding case, in which the 
shaft had a single groove, k^ was found to be 1.5 for //d' = 0.220, 
whereas in the pr(*sent instance the maximum factor is (hs)i = 1.59 for 
T\ ID\ = 0.205. However, the test is inconclusive, and further work 
is indicated. 

§13.21 Hollow Grooved Shaft, Fig. 13.33. (a) General Data: 


Initial Dimensions 

D = 0.988 in. 
r = 0.094 in. 

d = D - 2/? - 6 = 0,357 in. 

Bore, h = 0.4375 in. 
h = 0.0965 in. 

A = 0.604 sq. in., Ai = 0.340 sq. in. 
P — 14.28 lb., O' == 23.6 psi. 


Final Dimensions 

D' = 0.978 in. 
r' = 0.096 in. 
d' = 0.356 in. 

V = 0.432 in. 
h' = 0.095 in. 

A Ml = 1.775. 

<7 1 — 42 psi. 


JVunf. = 4.10, JVunf.' = iVunf./(0' - i*') = 4.10/0.546 = 7.5 frinRes per inch 


(b) Niaax.'- From Fig. 13.34 by extrapolation the maximum fringe 
order at the fillet was found to be 3.5 approximately. This gives a 
maximum stress of 

3.5 

^— = 25 fringes per inch approximately. 

0.139 


The average stress across the groove is 

"'a.ve.' = 7.5 X 1.775 = 13.3 fringes per inch. 


Hence, 


fca = 25/13.3 = 1.88. 
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Fig. 13 33 Stress Pattern of a 
Hollow Circular Shaft with Semi¬ 
circular Groove in Tension. See 
§13.21. 


Fig. 13.34 Stress Patterns of Central Plate 
Cut from Shaft of Fig. 13.33; t = 0.139 
in ; nmax. = 3.5 fringes. 


































CHAPTER 14 


SCATTERED AND CONVERGENT LIGHT 

PART I SCATTERED LIGHT METHOD 

§14.1 Scattering of Unpolarized Light. In Vol. 1, §3.17, it was pointed 
out that when light travels through a material medium it is scattered in 
all directions transverse to the axis of propagation. Thus, the unpolar- 


Ab 



Fig. 14.1 Sketch Showing Polarization of Ordinary Light hv Scuittering. 

ized collimated beam of light traveling in the Z direction, Fig. 14.1, 
would be visible to an observer looking along any din^ction in the X Y 
plane. A basic characteristic of the scattered light lies in the fact that it is 
always plane polarized. 

For an unpolarized light source, the intensity of illumination of the 
scattered beam is essentially the same for all transverse dire(?tions of 
observation, Fig. 14.1. 

§14.2 Scattering of Polarized Light, (a) Plane-Polarizexl Light. We 
consider next the scattering resulting from a plane-polarized source. Fig. 
14.2. In all cases the intensity of the scattered light is proportional to the 
square of its apparent amplitmlej i.e., to the square of the c.omponent of 

160 
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the amplitude normal to the line of sight. Thus, an^ observer at A look¬ 
ing in the X direction would see the beam at its maximum scattered 
intensity; an observer at B looking along the Y axis would not see it at 


(a) 




ib) 

Fi«. 14.2 Sketches Showing Scattering of Initially Polarized Beams in an Isotropic 

Medium. 

all; and an observer at C would see the light in a diminished intensity. 
The s(;att(^red light is also here plane polarized, 

(b) Circularly Polarized Light. If the main beam is circularly polar¬ 
ized the scattered light would be similar to that of an unpolarized source. 
Here th(5 apparent amplitude is constant for all transverse directions of 
observation. The scattered light would therefore be plane polarized and 
of equal intensity. 

(c) Elliptically Polarized Light. If the main beam is elliptically 
polarized the apparent amplitude varies from a minimum which is pro¬ 
portional to the minor axis to a maximum which is proportional to the 
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major axis. The scattered polarized light would, therefore, vary in 
intensity. 

§14.3 Scattering in Doubly Refracting Medium. In the preceding 
section we assumed the medium to be optically isotropic. We now 
consider the scattering resulting from a j)lane-polarized beam traveling 
through a doubly refracting medium, Fig. 14.3. For concreteness we 
assume that the principal planes of the doubly r(‘fracting plate are 


A® 




Fig. 14.3 Sketch Showing the Scattering of a Plane-T^olarized Beam in a Doubly 

Refracting Medium. 


parallel to the XZ and YZ i)laiies, and that the direction of vibration P 
of the collimated plaiu'-polarized bi'am makes an angle 0 with the X axis 
as shown. 

Upon entering the birc'fringent medium th(‘ j)olarizod beam is r(\solved 
into two component vibrations V cos 6 and V sin 0, traveling respectively 
in planes parallel to the XZ and YZ planes, with different velocities. 

An observer at A would see the Y component, but not the A" compo¬ 
nent. Similarly, an observer at B would see the A" component but not the 
Y component, wluTeas one looking in an arbitrary transverse direction, 
such as (7, would perceive the (combined effect of both components. 

This effect is made up of the interaction of the two apparent ampli¬ 
tudes. Since the X and Y components travel with different velocities the 
scattered light beams which they produce will alternately reinforce and 
weaken each other. When 6 equals 45°, there will be very distinct points 
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along the path where the two scattered beams will completely cancel by 
interference. This will occur when the vibrations are out of phase. An 
observer looking in the direction of vibration P, or at right angles to it, 
will then see equally spaced bright bands separated by dark fringes. 

There is, however, a dilfcrenc^e in the visual effect resulting from the 
above two directions of observation. If the scattered light be viewed 
along the direction of vibration the components interfere at the point of 
entrance and a black fringe a})pears at the boundary. If, on the other 
hand, the observation is along a direction normal to that of vibration 
then the two beams reinforce each other and the entering boundary 
appears bright. 

It is clear that the plan(*-polarized beam at 45° may bo replaced by a 
circular beam. For clearest interference and reinforcement the direc¬ 
tion of observation would have to bisect th(i angle between the principal 
planes of the plate and to be transverse to the axis of propagation. 



Fia. 14.4 Sketch Showing Scattering Resulting from the Transmission of a Plane- 
Polarized Ream through a Plate in Pure Tension. 

§14.4 Scattering Acts as an Optical Analyzer. The optical effects 
described in the preceding section would clearly be the same if the bire¬ 
fringence were temporary such as that produced by stresses or strains in 
transparent materials. Thus, the plate shown in Hg. 14.4 may be 
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thought of as being in pure tension parallel to either the X or F axis. 
Let us assume that the magnitude of the tensile stress, say (Ty^ is vsueh 
that for the given plate of thiekness t there would result ten fringes when 
viewed through a eonventional crossed analyzer A. The accumulation 
or growth of these fringes could clearly be seen through this analyzer if 
the plate were viewed during the full interval of slow loading. 

Observation of the scattered light viewed along the direction P, or at 
right angles to it, is thus equivak'nt to viewing the plate through an 
analyzer during the full loading period. 

The effect of the scattering is thus similar to that of an analyzer; i.e., 
scattering acts as its own analyzer. Hiere is, however, one difference. 
When viewed through the analyzer in an ordinary plane polariscope the 
accumulation of the* total number of fringes can be obs(TV(Hl only tluring 
the interval in which the loads an^ applied. At any one instant, only one 
uniform fringe order, repr(‘senting the integrated effe(*t, would cover the 
field. However, the image ol the scattered light w^ould at all times show' 
the complete growth or accumulation ol the fringes. Here all the bright 
and dark bands can be sc'cn at once. 

§14.6 The Stress-Optic Law for Scattered Light. In §10.8 it was 
shown that the basic relation between the r('tardation n and the second¬ 
ary principal stresses corresponding to an arbitrary ray is 


n = Ct\p' — q). 

From this we have 




and 


, , 1 dn 1 An- " 

V -9 ^ Cdi' ^ 


(lO.lw) 


(14.1) 


in which A/i is an increm(*nt in the fringe order corresponding to an inter¬ 
val A^' in the optical path. 

Now, let An be chosen as one fringe. Then denotes th(' distance 
between successive fringes in the scattered pattern. Jiemembering that 
l/C = 2/ we have from the last expression 


or 


p' ~ 


A/' 



(14.2) 
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where is the maximum secondary shear, and / is the usual fringe 

value of the material in shear, which for Bakelite is 43 psi. at room 
temperature. 

This is the basic equation for the interpretation of a stress pattern 
resulting from scattering of a plane-polarized beam at 45° to the second¬ 
ary principal stresses when the direction of observation is in a transverse 
plane and is citluT parallel or normal to the direction of vibration of the 
incident beam, and the effect of rotation is neglected. 

In conventional photoelastic patterns the shear stress is directly pro¬ 
portional to the fringe order n. In scattered stress patterns the shear 
stress is inversely proportional to the spacings At' between successive' 
fringes. 

The theoretic^al ac(‘uracy of eq. (14.1) iiicn^ases with the number of 
fringes jx'r unit length, for then the derivative dn/dt' approaches more 
iK'arly th(' value of J/A/^ As th(' fringes g(‘t crowded, however, it is 
more difficult to iiH'asun* Al' with good accuracy, although this difficailty 
can be largely (diminated by nu'ans of micr()i)hotometric traces. 

§14.6 Photoelastic Stress Analysis by Means of Scattered Light. 
The first to suggest and to use th(‘ princi})les of scattered light in optical 
stress analysis was R. Weller.^' ^ He stated the basic theory as well as 
the general exp(*rinierital procedure. In the scattered-light method, 
Fig. 14.5, a })lane-polarized beam is collimat(Kl, and a narrow slu'et of it, 
which is foruHHl by a slit of suitable width placed betw'een the polarizer 
and the mod('I, is allowed to pass through the specimen illuminating 
within it a section of approximately uniform thickness. Where the 
directions of th(‘ i)rincipal str(*ss('s are known, as for example in pure 
tension and bending, th(* application of tlu' method is rathc'r simple. 
The beam is din'cb'd so tliat the incidence is normal to the plane of the 
str(^sses, and the slit is adjusted to be parallel to a principal stress. The 
polarizc'r is th('n so orienb'd that the direction of vibration makes an 
angle of 45° with the direction of either one of the principal stresses. The 
resulting scattered pattern should be viewed along a direction either 
parallel or normal to that of the vibrations of the plane-polarized beam. 
Stress patterns of U'lision and bending are shown in Figs. 14.6 and 14.7 
n'spectively. 

A more inten'sting example is pure or Saint Venant torsion. The 
principal stressc's at any point are in this case always in a plane normal to 
the radius of the shaft- through the given ])oint, and they make angles of 

^ See A N(^w Method for Photoelastieity in Tliree-Diinensions,” by R. Weller, 
Journal of Applied Phi/sics, Vol. 10, p. 266, 1939. 

^ See also his “ Thn;e>Dimensional Photoelasticuty Using Scattered Light,” 
Journal of Applied Phifnics^ Vol. 12, No. 8, pp. 610-616, August, 1941. 
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45® with the line through the point which is parallel to the axis of the 
shaft, Fig. 14.8. 

Two methods are available to obtain s(?attered stress patterns from 
pure torsion: in one method, the directions of vibration and observation 
are paralhd to the axis of the shaft; in the other procedure they are 
normal to it, Fig. 14.5. 



Fic;. 14.,5 Sketches Showing Nect^ssaiy Elements and Their Arrangement in a 
Scattering Polariscope, with Particular Application to Torsion. See §14.6. Slits 
are much exaggerate<l in width. 

Fig. 14.9 shows a. stress pattern of a circular shaft in pure torsion. 

Figs. 14.10 and 14.11 are two stress patterns of a circular shaft with a 
Woodruff keyway obtained in the manner shown in Figs. 14.5(a) and 
14.5(6) respectively. In order to measure accurately the distances 
between the fringes Weller used the microphotoinetric traces of Fig. 
14.12. 

Several scattered stress patterns from rectangular shafts in torsion are 
shown in Figs. 14.13,14.14, and 14.15. Weller has also studied a grooved 
circular shaft in tension.^ 


^ See reference) 2, p. 471. 
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It has recently been shown that the scattered patterns are in every 
way the same as membrane contours for pure torsion. Each fringe is a 
line of constant membrane elevation, and for a given cross section the 



Fifi 14 (i Soattoied Stress Pattern of a Bar in Tension. 



Fig. 14.7 Scattered Stress Pattern of a Beam in Pure Bending. 


difference in elevation from one fringe to the next is a constant depend¬ 
ing on the twisting moment and material constants only. The pattern 
•will not change if the shaft and the loading system are rotated as a unit 
about the axis of the shaft; i.e., the pattern is independent of the direction 
of the entering rays of parallel light which may be plane or circularly 
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polarized. The shearing stress at eaeh point on the cross section is 
tangent to the fringe contour and has a magnitude proportional to the 
fringe gradient at the point. ^ 



Fig. 14.8 Sketch Showirij? Principal 
Stresses in Pure Toi^ion. 


Fj(j, 14.0 Scalleied Stiess Pattern of a 
('irciilar Shaft in Puie ''torsion. 
(Fiji;s. 1 1.0-11.12 aie from Weller.) 


§14.7 Boundary Stresses. Tlu^ jilaiic taugc'iit to a fr(‘(' l)()Uii(lary is 
always one of the riinn* principal ])laiH\s at tlu' ])()iiit of taiigeiicy, and the 
stress normal to this plane obviously vanihlie.s. TIk' tlin*e ))riiicii)al 
stresses at the point of tangeiicy reduce to two comixuients whiidi lie in 
the tangent plane. Theoretically it should be possible' to det(‘riiiine the 
two principal stresses at a frex' lK)undaiy by scatt(*ring. In order to do 
this one must first def ermine' their elirections. Ite'ferring to Fig. 
14.10(a), let p anel q be the' unkiienvn elireediems e)f the tange'iitial princi¬ 
pal stresses. We be'gin with a ])lane'-polarize'el l)e'am at neirmal inedde'iice 
to the tangential plane' lor which the elirectieai e)f vibratiem P makes an 
arbitrary angle 6 with the ])rincipal stress p. 

The scattered pattern fe>r a elirection eif eibservation parallel to P 

^ See “Equivalence of Photo('l{i.stic Scatteriiifj; Patterns and IVIcunhrane Contours 
for Torsion,” by D. C. Drucker and M. M. Frocht, Prve. Soc.for KxpvrimvntaJ SUiss 
Analysis^ 1947. See also paper by R. A. Frigon, Proc, 15th Eastern Photoelasticity Con-- 
ferenccy p. 73. 
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Fid. 11.10 S(*att(*rc*(l Stress J’ntteni of a Circular Sliaft with a Woodruff Key way in 
Pure d'orsion. Direction of lij»;ht sliovvti in Fiji;. 14.r)(a). 

would in f>;(‘n(‘nil sliow brif^ht niid dark bands. The model is then 
r(‘\’()lved about tli(‘ axis of jn^opagation until tli(' fringes disappear and the 
field s(‘eins uniform. The jjn’ncipal Umyential drcs.^es are then parallel 
and perpendicular to the direction of ohscrvatkm giving this field. If, 
without changing llu^ direction of the beam, the model is rotated about 
the given axis of ])ropagation through 45°, then the s(*attered pattern 
from a dinudion of ol)S(‘rvation (*ither parallel to P or normal to it would 
give {}) - (j). 

Theoretically it is also j)ossible to obtain p and q directly. To this end 
the axis of pr()])agation is turiuMl through 90° so that it lies in a tangential 
])lan(' and is normal to oik* of the principal stn'sses, say />, the direction of 
vibration P being adjust(*d to make a 45° angle* with the outward normal 
ON at the* point 0, Fig. 14.10(5). Observation along a direction parallel 
or perpendicular to P should give data for the calculation of p. The 






Fia. 14.11 Pattern of Same Shaft as Shown in Fig li 10 with Diiection of Liglit 
Noriihil to Vxjs of Shaft. Sec Fig 11 5(/y). 



Fig. 14.12 Microphotometric Traces Fig. 14.13 Scattered Stress Pattern of 
of Patterns Shown in Figs. 14 10 a Square Shaft in Pure Torsion, 
and 14.11. 
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second principal stress can be determined in a similar manner, and the 
results can then be checked against the previously obtained value of 
(p - q )- 

§14.8 The General Case. Weller also discusses the possibilities of 
evaluating the stresses at any arbitrary interior point by scattered light. 




Fig. 14.14 Scattered Stress Pattern 
of a Re(^tangular Shaft in Pure 
Torsion. 


Fig. 14.15 Scattered Stress Pattern of a 
Square Shaft with a Semicircular 
Key way in Pure Torsion. 


This involves a point-by-point exploration in which that position of the 
model in relation to the ray is sought which gives the minimum spacing 
of the fringes at a point. If such a position could be determined with 
accuracy, tlu' din'ction of th(' axis of propagation would be parallel to the 
intermediate principal stress, and the spacings between the corresponding 
fringes would be a measure of the difference between the maximum and 
minimum principal stresses, i.e., of the maximum shear. The directions 
of the maximum and minimum stresses could then be found by rotating 
the model about the intermediate stress until the fringes vanish. 
Another procedure in which the spacings between the fringes from 
several different directions are utilized has been suggested by Drucker 
and Mindlin.^ 

* See Stress Analysis by Three-Dimensional Photoelastic Methods/^ by D. C. 
Drucker and R. D. Mindlin, Journal of Applied Physics, Vol. 11, p. 724, 1940. 
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Relatively little work has l)een done by the method of s(;attered light 
and this field is fertile ground for future development. Practical con¬ 
siderations suggest that the method of scattering will have to be com¬ 
bined with that of freezing or fixation. It is rather impra(‘tical to im¬ 
merse a complicated model and the straining fixtures in a suitable fluid 
for observation. Not only would this r(M|uire large' tanks and much 




Fi(i. l 8k(^tcli Showing the Application of ScatUirod Ligl>t to tlie PossiVdc 

Detennirjation of Boundary Str('ss(‘s. 


fluid, but also the fixtures would, in most cast's, interfen' with the light. 
In order to obviate these difficulties it is more jiractical to fix or freeze the 
stress system into the model and to (*xamine the model as a whole, or in 
l)art, by means of scattered light. 

The necessity of resorting to the method of freezing, howt'ver, removes 
one theoretical advantage of scattering which was expc'cted to result from 
the small deformations at room tempcTatunx A geiu'ral ai)praisal of the 
potentialities and practical value of the method involving scattered light 
must be postponed until much more work has been done with it. A 
special polariscope for scattering designed by Weller is shown in Fig. 
14 . 17 . 
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Fia. 14.18 Photographs of a Crankshaft Studied by Hiltscher by Means of Con¬ 
verging-Light Method. 





Fig. 14.19 Some Results Obtained by Hiltscher. 



Fig. 14.20 Typical Stress Patterns from Converging Light. 








Sec. 14.9 HILTSCHER’S CONVERGING-LIGHT METHOD 
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§14*9 HUtscher^s Converging-Light Method. In 1937 Hiltscher pro¬ 
posed a procedure for three-dimensional photoelastic analysis which 
combines frozen stresses with converging light. The technique of con¬ 
verging light is widely used by petrologists in crystallographic investiga¬ 
tions. 



14.21 Basic Ajiiwiratus in the Method of Converging Light. 


By this mc'thod it is possible to obtain: (1) the directions of the princi¬ 
pal stressc's and (2) the threes principal shear stresses. It is not possi¬ 
ble, how(‘V('r, to obtain din^'tly the principal str(\sses themselves. The 
procedure involves point-by-point explorations, and it is yet not clear 
whether the results are a function of the physical constants. 

Thus far Hiltscher seems to have been the only one to have used this 
method in optical-stress analysis. He studied the stress distribution in a 
crankshaft of the type shown in Fig. 14.18. His results are shown in 
Fig. 14.19. Typical stress patterns from converging light on which the 
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results are based appear in Fig. 14.20, and the apparatus used is shown in 
Fig. 14.21. For a detailed discussion of the method the reader is re¬ 
ferred to the original paper by Hiltscher.^ 

^ See “ Polarisationsoptische Untersuchung des raumlichen Spannunszustandcs im 
konvergenten Licht,” doctor’s dissertation by Rudolf Hiltscher, Technische Hoch- 
schule Miinchen, 1937, or Fnrsc-hmg auf dem Gebiete des Ingenieurwesem, Vol. 9, pp. 
91-103, 1938. 



APPENDIX* 

FOSTERITE** —A NEW MATERIAL FOR THREE- 
DIMENSIONAL PHOTOELASTICITY 

PART I GENERAL CHARACTERISTICS 

§A.l Introduction. A new material, known as Fosterite, partic¬ 
ularly suitable for three-dimensional photoelastic stress analysis em¬ 
ploying frozen stress patterns and free from the main limitations of 
J^akelite, was recently announced by the Westinghouse Kesearch Lab- 
oiatoiies. 

§A.2 Chemistry. Fosterite is a general name for the resins of the 
styiene-alkyd type in which alkyds (alcohols and acids) are copoly- 
mcj-izc^d with styrene. Only three of the many styrene alkyd resins 
A^'hich have been investigated for photoelastic properties by the West¬ 
inghouse Research Laboratories are des(*ribed by Leven. These are 
adipic Fosterite, sebacic Fosterite, and fumaric Fosterite. The chemi¬ 
cal components and curing time are giv('n in Table A.l, in which the 
first three parts form the alkyd. Thus in adipic Fosterite the alkyd 
is composed of adipic acid, maleic acid, and diethylene glycol. 


Adipic Fosterite 

Adi})i(; acid 
Maleic acid 
13i(*thylen(* glycol 
Styrene 54 % (by weight) 
Curing temperature 135° C. 


TABLK A.l 
Sebacic Fosterite 

Sebacic acid 
Maleic acid 
Diethylene glycol 
Styrene 54% 

Curing temperature 135° C. 


Fumaric Fosterite 

Si‘bacic acid 
Fumaric acid 
Diethykine glycol 
Styrene 54% 

Curing temperature 190° C. 


§A.3 Time of Curing. The total time retpiired to complete a 
Fosterite casting is approximately 30 days, whereas Bakelite requires 
roughly 18 months. 

^ This appendix is baaed on a paper of the same name by M. M. Leven from the 
Westinghouse IU*search Laboratories, which was presented before the Society of 
Fxperim(*ntal Stress Analysis at its meeting of December, 1947. All the curves and 
stress patterns in this appendix are from the above paper and are reproduced by the 
courtesy of the Westinghouse Ilesearch Laboratories. At the time of appearance 
of this paper, plates for the book had already been cast and further coordination 
with Chapter 11 where this material properly belongs was impracticable. 

“ Named after its inventor, N. C. Foster, Research Chemical Engineer, Westing¬ 
house Res(‘arch Laboratories. An early form of Fosterite was first used in photo¬ 
elastic tests by M. Hetenyi. 
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Fkj. A.l Coiiipiiri.soii ol Obiainiihle BiikoliU? with Fostonto. 

(a) Bakelite platii, I — 0.25 in.; (6) Impost BaknliUi plate inaiiulacturtMi, 12 in. ])y 
G in. by l| in. appro.xiinately; (rj Fosturito shaft with hypi'rboloidal notch showing 
slice roinoved for frozen patt(*rn, I) = 3.-4 in.; (d) Fosteritt; cylindijr, 30 in. long, 6 
in. diaintiter. 


complicated machine parts such as pistons, (aninecting; rods, camshafts, 
and crankshafts. As yet, Fosterite cannot l)o cast into forms having 
holes or cavities. 

§A.6 Machinability and Transparency. There is no greater diffi¬ 
culty in machining Fosterite than Bakelite. Fosterite is somewhat 
yellowish, but it is sufficiently transparent for all photoelastic uses. 
This can be clearly seen from the stress patterns in Fig. A.2. 

§A.6 Strains in Fosterite at Elevated Temperatures. The strain 
behavior of Fosterite at elevated temperatures is rather anomalous. 


APPENDIX 


485 



(a) (b) 


iMf. \ 2 Pro7(‘ii StK'ss I *\\ii nis of \ Bir ^\lth Oioovos in Tension Cut fiom Adipic 
Fosteiile, Showing AIiscikc of Turn Slusses (a) Tinmedlately aftei Fiee/ing, 
(b) 30 1) i>s L it( 1 

P — 5 73 lb it 00 C Inifnl dinunsions ; = 0 157 in , (J — 0 425 in , dipth 
of gioov(s, h = 0 2^5 in I in il diiiKiisions / = 0 179 in , d = 0 420 in , depth 
of gioovts, h = 0 2 53 in 

Inspcx'tion of Fig. A.3 shows tliat between 80° C. and 100° C. the strain 
decreases as the temfiei'aturci increases. Thus, after 2 hours at a stress 
of 90.0 psi. the strains at. 80° (\, 97° C., and 100° C. are respectively 0.08, 
0.074, and 0.000 apiiroximately. 

§A.7 Minimum Temperature for Elastic Behavior. Critical Tem¬ 
perature. At aj^iiioximately RKF ('. Fosterit.c^ seems to behave in a per¬ 
fectly elastic manner. In pure tension the stress optic relation is linear 
up to about ten fringes for a thickness of }/i in., Fig. A.4. At this temper¬ 
ature it is free from creep. Also, upon loading, the full deformatioiis 
develop rapidly, and upon unloading, recovery is equally fast. The 
minimum tempei-alure at which all these properties first develop is 
approximately 100° C, It is called the critical temperature. This tem¬ 
perature is of basic importance to photoelasticians. Since very high 
temperatures generally have a detrimental effect upon the chemical 
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Fig. A.3 Strain-Tirno Curves from Adipic Foslcritc at Constant Tx)ad and Different 
Temperatures, Showing th(» Absence of Creep and ttie Instantaneous Recovery at 
97° C, When* ^ - 1228 psi. 



0 20 40 60 80 100 120 140 160 180 200 

Stress in psi. 

Fig. A.4 Basic Curves Showing the Linear Stress Optic Relation for Sebacn; 
Fosterite at the Critical Temperature of 100° C. 

Solid curve is based on dimensions at room temperature. Dashed curve is 
corrected for thermal expansion and lateral contraction. 2F — 13.66 psi. tension: 
2/ = 3.00 psi. tension. 
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stability of the Fosterite resins it is of course desirable to stay at the 
lowest possible temperatures which give elastic frozen stress patterns. 
(See also §A.12.) 

§A.8 Frozen Patterns. At 100° C. Fosterite behaves like a diphase 
material. Excellent frozen stress patterns from Fosterite models have 
been obtained by Leven, Figs. A.2, A.8, and A. 11. Frozen Fosteiite 
models can be machined without disturbing the stress system. 

§A.9 Time Stresses. For all practical purposes Fosterite may be 
said to be free from time stresses, which is a chief source of error in 
J^akelite. Fig. A.2 shows two stress patterns of one and the same model 
taken 30 days apart. Inspection of these patterns shows only negligible 
time effects.^ 

§A.10 Modulus of Elasticity and Fringe Value. At elevated tem¬ 
peratures Fosterite has a somewhat higher modulus of elasticity than 
Bakelite. Conse(|uently, there are smaller distortions in the geometry 
of the model and therefore a greater accuracy in the final lesults. Fos¬ 
terite also compares favorably with Bakelite in its optical sensitivity. 


r.\BLE A.2 


Material 

Adipic 

Seback^ 

Fumaric 

Bakelite 

Fosterite 

Fosterite 

Fosterite 

BT-61-893 

Fringe value, 2/ in psi. tension* 

2.26 

3.35 

4.49 

3.30 

Modulus of elasticity, E in psi. 

1155 

2010 

2865 

1100 

E 

Figure of merit, Q = -— 

2f 

511 

600 

660 

334 

Relative figure of merit. 





Q-Fosterite 

Q-Bakelite 

1.53 

1.79 

1.98 

.... 


* Ijt^von us(vs / for the tensile fringe value, whereas in this book the corresponding 
notation is 2f. 

The physical and optical properties of Fosterite seem to be determined 
entirely by the ciontent of styrene and the curing temperature. In gen¬ 
eral the fringe vahie and modulus of elasticity increase with decreasing 
styrene content and increasing curing cycle temperature, while their 

^ The small time stresses which are developed are of signs opposite to those in 
Bakelite; i.e., the outside layers of the model are in tension and the interior in com¬ 
pression. This is indicated by the sudden reversal of direction of the fringes at the 
boundary. 
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ratio Q remains essentially constant.^ Table A.2 shows the fringe values 
2/in psi. tension and the modulus of elasticity E in psi. for the three types 
of Fosterite. The values for Bakelite are given for comparison. 

§A.ll Creep in Fosterite. (a) At room temperature Fosterite 
shows a pronounced tendency to creep which would seem to make the 
material of doubtful value for photoelastic use. 

(b) At elevated temperatures the tendemy to creep diminishes. At 
approximately 100° C. the strain-time curve is essentially a straight 
horizontal line for a considerable range of stress and time. 



Temperature in per cent of critical 


Fig. A.6 Curves of E/Ecriticai Function of 7'/Pcnticai Showing that at 100"' C 
Fosterite is Free from Creei). 


§A.12 Creep at the Critical Temperature. The cuirvcs in Fig. A.5 
show conclusively that at 100° C. Fosterite is free from creep. This 
follows from the fact that all curves intersec^t at this temperature, Avhich 
of course means that the modulus of elasticity is independent of time; 
i.e., for a constant stress the strain remains (‘onstant even in 24 hours of 

* The quantity Q is (railed by Ixrven iha figure of merit. It nrpresciiits an index of 
suitability of the makrrial for photocdjistic, roscrareh. The great,(rr tliis index, the 
better the inateiial, for clearly a larger modulus, a siiiallor fringe value, or both mean 
smaller distortions of the geometry and therefore smaller errors. It is seen that all 
three Fosterites have greater values of Q than Bakelite and that for fumaric Fosk^rite 
the relative index Q' is nearly 2; i.e., for the same fringe order n the distortions in 
Fosterite would be about half of those in Bakelite. 
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loading. Hence, there is no creep at this temperature.^ At every other 
temperature iS/jE-critical is a variable depending on the time, which 
shows the presence of creep. The curves of Fig. A.6 are typical creep 



0 20 40 60 80 100 120 140 160 180 

Time in minutes 

Pkj. A.() Typiciul Croop (Mrvos of Fostorito at 80° C. 

curves showing that the moduli of elasticity are independent of the 
magnitude of the stressc^s, provided they do not exeteed the critical pro¬ 
portional limit, i.e,, the proportional limit at 1(}()° C. 

§A.13 Fringe Order a Function of Strain. Fig. A.7 shows charac¬ 
teristic curves for the moduli of elasticity and the fringe values of Fos- 
terite as a function of tcmiperature. The results are given in terms of 
the critical valiums of E and /, which are obtained when the calibration 
member is still at 100° (\ These values are slightly greater than those 
given in Table A.2 which (^oriespond to the same calibration member 
after it was cooled down to room temperature. The curves of Fig. A.7 
are idcuitical in shape and almost coincide, showing that for the given 
range of temperature 

E 

^'-critical /-criti(;al 
or 

/ /-critical 

E A'-critical 



^ These curves further show that the critical temperature is not really very critical 
and that no serious errors would result from a small deviation from that temoero ture. 
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From eq. (1) it follows that for a given interval of loading time the 
fringe order r? depends only on the strain e and is independent of the 
temperature.^ Thus, from eq. (1) we have 


A 




a constant. 


( 2 ) 


K(*membering that 


a 



( 3 ) 



Fio. A.7 


Curves of E/Ecnticai ///critical FuiHitioii of 77 critical Showing that. 
Shapes are Nearly Coiricidimt. 


where n denotes the fring(‘ oi-d(»r for the stress tr, eq. (2) may be written as 


- = C', a constant. 
n 


Hence 


c 



( 4 ) 


This would seem to show that as the temperature varies the optical 
effect is a function of the strain rather than stress. The full implica¬ 
tions of this rather remarkable result have still to be explored. 

^ This observation was made by D. C. Drucker in a private conversation about the 
above results. 
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PART II QUANTITATIVE TESTS WITH FOSTERITE 
§A.14 Flat Bar with a Central Circular Hole in Tension. In order 
to check the elastic character and the numerical accuracy of the results 
attainable from the new material, Leven froze a stress system into a flat 



Fio. A.8 Fn>/iC*n Stress Pattern of a Sel)aeie Fost(*rite liar with a Cinailar Hole in 
Tension Used in Fig. A.9. 

Initial dimensions: L) — 1.0*40 in.; t — 0.230 in.; 2r = 0.156 in.; P = 7.53 lb.; 
2 / = 3.35 psi. tension. 


bar of sebacic Fosterite having a central circular hole in tension, Fig. 
A.8. Fig. A.9 shows a comparison of the tangential stresses around the 
hole as obtained photoelastically from the Fosterite model with the cor- 
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responding theoretical vaules of Howland.^ The results are expressed 
in terms of the uniform stress c at infinity. The applied load P was 
7.53 lb., which for a bar of width D = 1.046 in. and thickness t = 0.230 
in. gives 


a = 


_P 

ID 


7.53 

0.230 X 1.046 


31.25 psi. 



Fici. A.9 Comparison of ThcomUcal and Photoelast.ic Tangential Stresses MiTHind 

Hole in Bar of Fig. A.8. 


The maximum observed fringe order is 6^, oecuirring at the hole on tlu^ 
horizontal section. This gives 


^niax. 


= n2F = 


7 ^ 2 / 


6.75 X 3.35 
0.230 


= 98.4 psi. 


3.15(r. 


This compares with Howland's value of 3.33(7, giving an error of 5.4 per 
cent. It is to be remembered, however, that the abovt^ comparison is 
based upon the initial dimensions and shape of the model, no account 
being taken of the (changes in shape and dimensions caused by the load¬ 
ing. Thus the radius of curvature has increased and the thi(4iness of 
the model has decreased at the point of maximum tension. Both these 

^ See On the Stresses in the Neighborhood of a Circular Hole in a Strip und(ir 
Tension ” by R. C. J. Howland, PhiL Tram, Roy. Soc., A229, [)p. 49-86, 1929. 
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factors would tend to decrease the maximum stress obtained photo- 
elastically. 

§A.15 Shaft in Tension with a Deep Hyperboloidal Notch. As 

another test showing directly the applicability of Fosterite to three- 
dimensional problems a (drcular shaft with a deep cinnimferential ex¬ 
ternal not(!h of hyperboloidal shape was chosen, Fig. A. 10. The diam¬ 
eter of the straight part was 3.4 in., the minimum diameter at the 



Fin. A. 10 SkoU'h Showing Initial Dimensions of Circular Shaft with Deep 
IlyjMii'holoidal Notch. I) = 3.4 in. 


base of the notch was 1 in., and the minimum radius of curvature was 
0.125 in. The model was made of sebacic Fosterite, and the applied 
load, which included one-half of the weight of the model, was 66.6 lb. 
The loading temperature was 95° C., where 2/=3.66 psi., and the tem¬ 
perature drop was held to 2° C. per hour. 

After the stress system was frozen into the model, a central slice 
parallel to the XY plane was removed for study, Fig. A. 10. Fig. A. 11 
shows the frozen stress pattern when the thickness of the slice was 
reduced to 0.125 in., from which the maximum fringe order at the base 
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of the notch was found to be 6 . Remembering that at 95® C. the fringe 
value 2/ is 3.66 psi. tension, we obtain 




iniix. 


6 X 3.66 
0.125 


175.7 psi., 



Pid. A.ll(a) Stress Pattern of Central Slice from a Sebacic Fosterite Notched 
' Circular Shaft in Tension. 

t = 0.125 in.; 2/ = 3.00 psi. tension; for initial dimensions of sliaft see Fi^. A.10. 


where Ou denotes the principal stress on the hyperl:)ol()idal siirfa(‘e, in 
the A^F plane, Fig. A. 12 . The nominal strevss cr then is 

Loud P 66 .() 

77 :- = —=-= 84.8 psi. 

Mm. area 7 ra“ 3.14 X 0.25 

175.7 

(<^«)nia*. = TjT- = 2.07(7-. 

Fig. A.12 shows a comparison of the surfac^e stresses <Tu obtained photo- 
elastically with the theoretical values of Neiiber^ for an infinitely deep 
notch. When the finite depth of the notch and the changes in the curva¬ 
ture of the root are considered Neuber^s theory gives (<ru)max. = 2.045<7 
as compared with the photoelastic value of 2.07a from sebacic Fosterite. 
This is obviously an excellent agreement. 

' Theory of Notch Stresses by II. Neuber, J. W. Edwards, Ann Arbor, Mich., 
p. 84, 1946. 


a = 

Hence 
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Fi(}. A.12 ("oiiipiirison of Taiigontinl Stresses PliolooUist.ically from 

Scbiiric I'\)stt*rik‘ with Corresponding Theui-eiiciil Values of Neuber, for Shaft of 
Fig. A. 10. 
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Arridental pure tension in thi(^k pla<(*s, 
367 

Airy stress function and components, 
12, 23 

Aluminum plate pulled by a pin, 
179 

Amplitude, apparent, of scattered light, 
466 

Analytic fumdions, 299, 305 
Analyzer, S(^att(iring as an, 469 
Angle of rotation, 362; arc alao Rotation 
Annealing of thick jjlates, 364 

Bahinet compensator, 383 
Bakelit.(% at elevated tiunperatines 
E, p,f, and 6 " of, 215, 38t), 402 
strmigth of, 36t) 

Bakelite, size of standard plati's, 
3()4 

Bar, Bakelite, jiulhal by a. pin or rivet 
method of loading, 183, 188 
curve of A% 189 

comparison with results fnjin alumi¬ 
num, 191, 192 
patterns of, 185, 186, 187 
Bar in tiuision 

with circular hohe. {p + 7 ) from 
ros(d.tes in, 254; cf)nformal trans¬ 
formation of, 320; iiattern of, 255; 
isopachic pattiM-n of, 323 
with grooves; conformal transforma¬ 
tion of, 322, pattern of, 324; iso- 
});\.chic pattern of, 329; str(*sses in, 
332 

scrattered pattern of, 473 
liar of tinite width with concentratc'd 
load, 172 
Bar, thick 

stresses and deformations in, 18 
(P + Q) from extensometers, 215 
Beam on elastic foundation, 76 


Beams, ciuitrally loaded 

striisses in: general, 105; across sih’- 
tion of symmetry, 112 
maximum sluiars in, 107 
isotropic points in, 112 
maximum tension in, 116 
patterns of, 109, 114, 115, 116 
theoretical pattern for, 108 
Beams in pun' bending 
stress function for, 23 
method of loading for, 366 
jiatterns of, 30, 337, 344, 349 
scattered iialt-ern of, 473 
are. also Circular shafts 
Beams, triangular or wedge-shaped, 
.see Winlges 
Bending, .see Beams 

Bending combined with frozen inclined 
tension, 358, 422 

B(‘rnoulli-k]uhir theory for Ixnims, 104 
Bipolar coordinates, 307 
application to bar with grooves, 322 
Block 

short, in comjiression, 22, 30 
on a- si'ini-infinite plate, pressures 
linden’, 73 

iti^at ion of rectangular areas, 258 
with frozen tension, oblique pattern 
of, 342 

Body forces, 9, 12 , 20 
Boundary (conditions 

in plane probli'ins, 10 , 20 
of (/> + ry), 269 
in pure torsion, 398 
lh)undary stri'sses 

in st('el and Bakelite rings, 196, see 
also Frontispiece 

(‘ffect. of tiimi stresses on, 376, 379 
in pure torsion by oblique incidence, 
398, 403 

by scattered light, 474 


*Photoelastic stress patterns are abridged to patterns or stress patterns. 

m) 
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(yiint ilcvcr beam prot ruding from a wnll, 
78; alao Wedges 
Cauchy-Uieinann eqiuition.s, 200 
Centrally loaded Ixvinis, see Beams 
Circular shafts in pure torsion 
method of loading, 300 
stresses by obliqiK' incidencii, 403, 405 
theoretical stress components, 400 
with variable diamet(*r, 400 
patterns of sc'ctions: (‘(luations for, 
405; i)hotoelastic, 300, 401—113 
with grooves, patterns of, 414, 415 
with eccentric hole and keyway, pat¬ 
terns of, 410, 417 
scattered patterns of, 474-470 
Circular shafts in tension 

with fillets: A' 3 , 457; patterns of, 45S 
with semicircular grooves: /ra, 401; 

patterns of, 450, 400 
with thi’ee adjac^ent grooves: A‘ 3 , 401, 
patterns of, 402, 403 
hollow, with grooves: 401; pat¬ 

terns of, 405 

(■ircular shafts with holes in bending 
loading, 300 

effect of liim‘ stresses on, 114 
stress distribution in, 440, 4 18, 451 
laminar action in, 452, 453, 454 
/ts from photo(4asticily, strain gag(‘s 
and fat igue, 454 
fatigue fracture of ste(4, 455 
patterns of, 380, 388, 443, 445, 448 
Circular shafts with holes in tension 
loading, 305 
curves of ks, 130 
A' 3 , formula for, 440 
laminar action in, 440 
stress distributions, 441 
patterns of, 375, 384, 385, 432, 133, 
435, 430 
Co(4ficient 

in harmonization of curved bounda- 
ri(vs, 201 
stress-optic, 330 

Ck)mpatibility equation, 8, 10, 14, 17 
Compensator, permanent, 83 
Complex variable's, 299 
Compression, pure 

short blocks in: 22; patterns of, 22, 30 
stress funct ion for, 21 


Coinijression, pure 

difficulties at higher temperatures, 

305 

Concentrated load 
statical (‘quivalent of, 38 
infliK'nce (!urve for: in a semi-infinite 
plate, 50; in a disk, 140 
for sti’(^sses, see Plate's; Wedgcis; 
Disk; I'tc. 

Conformal transformations, see 
Contents, Chapter 9 
(kmjugate functions, 299 
(kmtact pre^ssuH's 
under rigid die, 73 
under long j)lank, 70 
C/ontinuity or ctnnpatibility eciiiation, 
8 , 10, 14, 17 

Converging-light metbod and patti'rns, 
480, 481 

C-orr(‘lation of theoretical ami (*xperi- 
meaital values of k, 191, 192, 454 
CV)rresponding [wants and curveis, 298 
Coujdes, sirt'sses due' to, 78, 171 
Cninkshaft, patterns of, 480 
Curve^d boundaries, in harmonization, 
201 

Ik'formations, 1, 2 
lateral, t‘([uation for, 17 
of Bakelite at higher temperaturi's, 
372 

Di(‘, or block, rigid on semi-infinite 
j)late, 73 
])att.erns of, 74 
I lith'rence, met hod 
in Laplaew^s (‘([nation, 270 
in slicing, 373 

Dipolar e([uat ion for disk, 135 
Directional derivativ(\ 227 
Diri(!hlet’s tlu'on'iii, 238 
Disk in diametral comjm'ssion 
slip lines in, 45 
stresses in, 120, 127 
equations of isochromath^s: dipolar, 
135; Cartesian, 130 
curves of slmar, 110 
isoclinics in, 142, 151 
st ress trajectork's, 150, 153 
as a [)hotoelastic dynamometer, 154 
as a calibration member, 155 
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Disk in diam('tral oonipnission 

under oblique incidence: s(‘<‘ondary 
principal str(\ss(\s in, 350; loa<ling 
ji^i; for, 352; (;onip:irative curves of 
//, 335, 357 

stress pait-erns: photo(‘lastic, 27, 29, 
137, 142; comparative, 143, 144 
isopachic pattca’ii, H5 
obliqiu; stress patterns of, 353, 354 
Disk in pun' shear, 120 
Disk, str(\ss('s in, loaded along chords, 
133 

Disk with uniform pressure, 118 
])att(^rn of, 119 

(^olonnl pattern of, betw'een 118 and 
119 

Disks from shafts, oblique patterns of, 
3-13, 340, 317, 408, 409 
Dislocation, 177 
Displacements, 2 

singly and multiply valiu'd, 20 , 101 , 
165 

in s(‘mi-infinite and infinite plates, 
159, 105 

Doubk' refraction in sc^attering, 408 
Dynarnic^s, 2 

Dynamomi^ter, disk as, 154 

Elasticity, 2 
1 Equivalent systi'ins, 25 
for concentrated loads: on a s(*mi- 
infmile plat(', 34, 38; on a wc'dge, 
83; on an iiifinitc' plate, 101 
Exlensomet<'rs, lateral 
(p + r/) from, 202, 215 
of int(‘rferonu‘t(‘r type*. Mesnager’s, 
204;Vose’s,205; Fabry and Maris’s, 
200; Favre’s, 207 
C'ok(‘r’s tyf)e of, 207 
Ilugg(‘nburg(‘r, tensometers as, 210 
SR-4 gage type as, 211 

Factors of stress concentration in a bar 
in tensioii due to a single pin 
{‘ff('ct of ch'arance and other factors 
on, 186 

curvt's of k, from aluminum and 
Bakelite, 191, 192 

approximate vidue of maximum ten¬ 
sion, 192 


Factors of st ress concentration for plates 
with hol(\s or grooves in traverse 
bi'iiding, 420 

Factors of stn>ss concentration in three 
dimensions 

methods for, 430, 447, 452 
curves of A* 3 : for shafts with holes in 
tension, 439; for shafts with holes 
in b(*nding, 454 

for shafts with fillets and grooves in 
tension, 457, 461, 464 
Fatigue, correlation of data, 454 
Fixtures, 352, 365, 366, 372, 390 
Flamant’s solution, 34, 39 
Fosterite, 483 

Four-point influence equation, 240, 289 
Fractun' of steel shiift, 455 
Fringe ordca- 

(‘fleet of time stresses on, 379, 386 
methods for, 381 
Fringe value 
from a disk, 155 
(‘IT(‘ct of time stresses on, 387 
Frozen stn^ss patterns, see Bars; Beams 
Fly’s ('telling process patterns, 45 
Furnac(i ('xaniple for Laplac(*’s equation, 
285 

Furnace for thre(vdimensional work, 
370 

Cifmeralized plane stniss, 5 
(h'ometric method for fringe order, 383 

Ilalowax oil, 389 
Harmonic functions, 238 
Harmonization, 241 
1 heating of thick models, 370 
Hiltscher’s (ronverging-light method, 481 
Hook(rs Law, 2, 18, 156 

Infinitesimal deformations, 2 
Influence* curv(vs 

for coruH'iit rated load on S('mi-infinit(^ 
])late, 56 

for disk under diamet ral loads, 1 fO 
lnflu(;n(;e of material, see Physical 
constants 
Initial stressc's 

in combination with bending, 358, 422 
sec also Time stress(^s 
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Initial values in numerical solution, 248, 
251, 268 

Interference, 203, 469 
Interferometers, 204; see also Extensom- 
eters 

Isochromatics or fringes 
basic equations for, 334 
see also Plates; Disk; etc. 

Isoclinics 

basic equation for, 142 
see also Plates; Disk; etc. 

Isopachic stress patterns, 193 
by reflection: 217; set-up for, 220 
from transmitted light, 224 
Neuber’s nKitliod for, 226 
for: disk, 145; steel ring, 222, 319, 194; 
region around a tunn(d, 225; semi- 
infinite plate, 315, 317; bars with 
holes and grooves, 323, 329; region 
around a straining pin, 216 
Iterative process, 248 

Jigs and fixtures, 352, 365, 366, 372, 390 

Key values in rectangles, 241, 260, 294 

Laminjir action for shafts in bending, 449, 
452 

Laplace’s equation 
and (p + ^), 10 

numerical solution of, .src Contents^ 
Chapters 8 and 9 
Laplacian perimeters, 246 
IJebmann formula, 240 
Light, scattering of, 466 
Linear rosette, 251 
Loading 

jig for oblique incidence*, 352 
methods for, 365 

frame and fixtures for three-dimen¬ 
sional work, 371, 372 

Machining, 376 

Materials, see Bakelite; Foster! te 
Membrane analogy for pure torsion, 473 
Multiply connected bodies, 19, 160, 174 

Networks, 266 

Neul)er’s method and equations for 
(p -f ry), 226, 228 


Numerical solution of Laplace’s equation, 
see Contents, Chapters 8 and 9 

Oblique iiKadeiice 
stress-optic law for, 334, 393 
Saint Venant torsion by, 393 
separation of principal stresses by, 
413 

for patterns: see Beams; Disk; (5t(r. 
see also Str(>ss-optic law 
Optical eflecls, srv Stn^ss-oj^ti<t law 
Order of imi)rovement. in harmonization, 
251 

Orthogonal transformations, 298 
Ov(5rshooting, 283 

Permanent compcaisator, wtulge arul 
beam as, 83 

Ifliotoelaslic cITects, .see St.i<*ss-optic law 
Physical constants {y and K), intiuenc<i 
on str(‘sscs 

in simply connect(‘d bodic's, 20 
in multiply comuicted bodies, 161, 171 
in intinit(^ plates, 169 
in C’elluloid, Bakelite, and steel plates, 
175 

(kdermined from dislocations, 177 
in BakiJite and aluminum bars, 179 
in steel and Baktdite rings, B)3, 196; 
see also Frontispieee 

Plane piobkans, conditions for exact 
solutions in, 20 
Plane str<‘ss and strain, 4 
Plane stress, generaliz(‘d, 5 
Plank on elastic foundat ion, 74 
Plasticity, 2, 45 

Plato, aluminum, pulknl by a pin or rivet 
loading and strain measurenu'iits in, 
179 

see also Factors of stress concc'iit i’atiou 
Plate, infinite, with concentrated loads 
stress functions for, 156, 162 
strains and displacements in, 165, 169 
stresses in, 168, 169 
Plab*, se,mi-infinit.(i 
stress functions for, 34, 69 
stressiis due to: concentrated loads, 37, 
44, 49, 55; uniform pressures, 60, 61, 
63; a couple, 78 
slip lines, in, 45 
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Plate, semi-infinite 

isoehromat.ics or fringes for a, 40, 49, 
50, 53, 65 

isoclinics and stress trajectories in a, 

41, 43, 54, 64 
influence curv(\s for, 56 

j>ressures under: a rigid die, 74; long 
{dank, 76 

disjdaceinents in, 159 

coriforinal transformation of, 313, 317 

st?xiss patterns for: con(Hmtrated loads, 

42, 51; uniform loads, 67; rigid die, 
74; long plank, 76 

comparative patt(;rns, 42, 52, 54, 67, 

68, 6t) 

isopachic pat Uan of, 315 
I’lates in tension, thick, 17, 19, 367 
Plates in transverse bending with in- 
clin<*d froziai tension 
curvtis of n a, for, 361 
A’ for bar with hol(‘, 426 
stress j)att(jrns of, 427 
Poisson’s equation, 288 
Poisson’s ratio, inflmmciy on stress of, .sec 
Physi(;al constants 
Polar coordinates 
in compatibility e(iuation, 14, 17 
in conformal transformations, 305 
l\)lariscoj)e for corma’gtait light , 481 
Pola,risco])e for sc,att.i‘red light, 472, 479 
Polarization by scattc'ring, 466 
Polishing of mod<*ls, 390 
Pressure measured p]iotoelasti(;ally, 83 
Pressunvs under a rigid die and long 
plank, 74, 75 

Kadial stresses, 32, 80, 122, 156 
Uectangular areas, 241, 258, 294 
]le<4.arigular shafts in torsion 
photograplis of, 418 
obli(iU(^ patterns of, 419 
scattered patterns of, 476, 477 
Ihdaxatioii method, 281 
Th^siduals, vanishing, 281 
lie tarda I ions, stress-optic law for, 333 
335, 393 

liigid body motion, 1 
Ring und(a* diametral loads, see also 
Frontispiece 

boundary stn?sses in, 196 


Ring undc^r diametral loads 
application of linear rosettes to, 257 
stress patterns of, 195, 420 
isopachic patterns of: 319; from steel 
222, 194 

oblique patterns of, 421 
Rivet, plate pulled by, 197 
At, from aluminum and Bakelite, 191, 
192 
Rosett(‘ 

method for initial values of (p 4* ^), 
251, 254 

examples of, 256, 257, 258 
Rotation 

effect on retardation of, 334 
appli(*ation of, to l)cnding stresses, 358, 
422 

angle of, 362 

in Sjiint Venant torsion, 407 

Saint. Venant.’s principle, 26 
demonstration of, 27, 29, 30 
Saint. Vcmant torsion, see Torsion 
Scatt<*.r(*d light, 466 
stress-()pti(! law for, 470 
polariscope for, 472, 479 
Scattered patterns, 473-477 
S(HH)ndary principal strc^sses, 333 
for pure bending, 336, 341, 344 
for i)ure tension, 339 
for pure torsion, 338, 3tl6 
for a disk under dianuitrnl loads, 350 
for ji general stress system, 392 
for a ring, 420 
Semi-infinite i)late, see Plate 
Shaft, sec Circular shafts; Rectangular 
shafts 
Shear, 25 

traje<’t.oru;s for semi-infinite plate, 43,54 
transv(‘rse, in beams, txv, 94, 107 
j)hotoelastic effects of, 338 
maximum, sec Plates; Beams; etc. 
see also Torsion 

Simply connected bodies, 19, 174 
Slicing of models, 373 
Statically equivalent systems, 25, 34, 38 
Steel 

photographs of slip lines in, 45 
fatigue fracture in, 455 
see also Ring 
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Sl<eel ring uiidor diaiiK^trnl comprossion 
boundary stresses from, 196 
isopaeliic pat ((an of: 222; experimental 
set-up f<jr, 220 

Stokes (Wilson-Stokes) solution for 
beams, 112 
Strain 
plane, 4 

compatibility equation in i(*rms of, 7 
stress relations, 8, 156 
Strain gage as an extensometer, 211 
Strain gage* nKiasuremierits 

in aluminum plal(‘s pulled by a pin, 
191, 192 

in steel shafts with holes in lu'iiding, 
451, 450 

Straining frame) fe)r three-dime)nsie)nal 
work, 371 
Stress 

plane and geiieralizeel plane*, 1, 5 
strain rehitiejiis, 8, 18, 156 
Airy (*e)m})e)n(Mits of: in Chrte'sian e‘o- 
ordinate?s 12, 23; in polar eoordi- 
nateis, 13 

two-dimensiejiial, sejlutiems for, 20 
pure), raelial, 32, 80, 122, 156 
six components of, 392 
nominal, in bending, 416, 448, 451 
initial, see Time stre)sse;s 
see also Plate's; Wealge's; Disk; e*te*. 
Streiss conci*iitralion, sec ta.e*t.ors of 
stress e*e)ne*e)ntrat ion 
Stress fune'tions, 12, 14 

for pure tensie)n, 21; be*neling, 23, shevir, 
25 

foi' e;oneentrate*el leiaels e)n semi-infinite* 
plates, wealge’s, disks, 34, 81, 118, 156 
for uniform le)ads e)n a semicircular 
plate, 69 

for infinite jjlate, 165 
St,re)ss-oplie* law for scattereal light, 470 
Stress-ejpt.ie) law in thiee dime^nsions fe)r 
transmitted j)aralle)l light, 334, 3!13 
deme)nstratie)ns fremi e)bliqiie ine*i- 
denea* of: l)ending, 337, 344, 346, 317, 
349; temsiem, 339, 408, 409, 412; 
tension, 342, 343; disk, 353, 354 
tables e)f n for disk, 356, 358 
Stress patterns of (p — e/), see I’hites; 
Disk; et^*. 


Strevss patterns of {p — q) 

see also Se\‘dlereHl light; Converging 
liglit; Ise)pa.chic patterns 
Stress t rajeert e )ries 

fen* semi-infinite; plate, 41, 52, 63 
basic eejuatiem fen*, 150 
fe>r circular disk, 153 
Stret e'h ratie), 300 

Struts, unifewm e;oinpre;ssion in, 22, 30 

Tank, glass, for thre;e'-dimensie)nal work, 
390 

Tensie)n, in comi)ressed re;e*l,angular 
blex'ks anel eircular eiisks, 39, 127 
Tensie>n, ine*line;d fre)zen, e;e)mbine;d with 
beneling, 358, 422 
Temsion, pure*, 21 

see:onelary principal stresses from, 339 
in thick bars e>r shafts, 365, 367, 370 
see also Bars; (4rcular shafts; etc. 

I^'me* stresse;s in three;-eiimensie)nal [rrob- 
leins 

magnit-ueJe', elistribution, anel reme)va4 
of, 376 

e*frect, e>n fringe e)rele;r and fringe value*, 
386, 387 
see also Preface 

Teu’siem, pure; e>r Saint Venant- 
metherel of leraeling, 3t)6 
stre;ss e*ennpone*nls in, 393 
by me;thoeJ e)f obliepie incielenen;, 398 
boundary st,re*sse;s in, 402 
tht'e)re;tie*al j rati eras e)f, 405 
in shafts of variable* eliame'te'r, 409 
by mcthe)eJ of se*a,ttere;el light, 471 
membrane analergy for, 473 
for patterns, see Cire;ular shafts; lte*e'- 
taiigular shafts; etc. 

Traction, 33 
Transferrmations 
('epial ierns of, 297 
e)rthe)gonal, 298 
e'onformal, 30! 
see also (Jonients, Chapter 9 
Tr'ansie;nt or accidental pure tension, 367 
Transverse bending of beams or plates 
wit h hole;s, 358, 422 
Tunnel, patterns of, 225 

lTnde.*rshooting, 283 



SUBJECT INDEX 


505 


V'jJves, diesel engine, patterns of, 374 

Warping in torsion, 418 
Wedges with loads at apcix 
radial stresiuis in, 80, 83, 94 
as perman(‘n( compensators, 83 
rectangular stresses in, 87 


Wedges with loads at apex 
as beams, comparison with elementary 
formulas, 91 
patterns of, 82, 103 
comparative patterns of, 86, 101, 102 
theoretical patterns of, 99, 100 
Wilson-Stokes’ solution for beams, 112 





